
Modern Applied Science; Vol. 12, No. 7; 2018 
ISSN 1913-1844   E-ISSN 1913-1852 

Published by Canadian Center of Science and Education 

166 
 

Stability Analysis Through the Direct Method of Lyapunov in the 
Oscillation of a Synchronous Machine 

Carlos Alberto Abello Muñoz1, Pedro Pablo Cárdenas Alzate2 & Fernando Mesa2  
1 Universidad del Quindío, Facultad de Educación and GMME Research Group, Armenia, Colombia 
2 Universidad Tecnológica de Pereira, Department of Mathematics and GEDNOL Research Group, Pereira, 
Colombia 
Correspondence: Pedro Pablo Cárdenas Alzate, Department of Mathematics, Universidad Tecnológica de Pereira, 
Vereda la Julita. AA:97 – Código Postal: 660003, Pereira, Colombia. E-mail: ppablo@utp.edu.co 
 
Received: May 25, 2018              Accepted: June 6, 2018          Online Published: June 30, 2018 
doi:10.5539/mas.v12n7p166           URL: https://doi.org/10.5539/mas.v12n7p166 
 
The research is financed by GEDNOL Research Group and GMME Research Group. 

 
Abstract 
This paper deals with the determination of the stability of a synchronous generator connected to an infinite bus 
when one of its parameters is varied. The direct method of Lyapunov is proposed for the construction of a scalar 
function that allows to characterize the stability of said system, this method is chosen since it has several practical 
advantages. 
Keywords: synchronous generator, method of lyapunov, stability analysis 
1. Introduction 
The electrical power system can approach its stability limits due to the increase and variation of the energy demand, 
the generation capacity, the bad operation of automatic voltage regulators, the disconnection of some line or a 
generator, and different factors such as the quality regulations and environmental restrictions. Said stability refers 
to the ability of the power system to maintain the operating point on all buses in the system under normal conditions 
of operation.  
There are several actions to try to improve the robustness of the system, one of them is the reinforcement of 
transmission lines between the generation and the load centers, the improvement in the control devices and the 
real-time communication (Khalil,1996). The main criterion of stability for synchronous machines is to maintain 
the speed of synchronization once the point of operation of the power system to which it is connected is altered, 
the time it takes to reach the new point of operation is known as transient, which is a key concept to define stability, 
since, if said transient is damped, then the system will be asymptotically stable in a finite period. This characteristic 
is desirable in all physical systems and is considered necessary for electrical power systems. (López, Sánchez, & 
Moreno, 2014). 
Among the different methods to analyze the stability of nonlinear dynamic systems, the most used is the direct 
method of Lyapunov, which not only allows the characterization of the point of equilibrium points, but also, 
through the functions of Lyapunov it is possible to analyze the regions of attraction of the system, transient states, 
estimation of the time of convergence and stability in finite time. The method is based on the existence of a function 
of the positive defined scalar type V, such that its derivative along the trajectories is negative. The method 
establishes the conditions of existence of function V but does not address the procedure to determine this function. 
(Malisoff, & Mazenc, 2009). 
2. Methodology  
We will try to find a Lyapunov function for the stability analysis of the dynamics of a synchronous generator 
connected to an infinite bus, for this we use the theory established by Lyapunov for the necessary conditions that 
the function that we want to find must fulfill. Then, we analyze the dynamics of the synchronous generator, its 
linearization around the point of operation and finally how a Lyapunov function can be determined from the 
linearized model. 
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2.1 Lyapunov Stability 
The theory of stability is of great importance in the analysis of dynamic engineering systems, where different 
problems such as stability at points of equilibrium (fixed points) or stability of input-output are analyzed. The 
characterization of stability at equilibrium points of the dynamic system is usually done using the stability theory 
of Lyapunov. 
A point of equilibrium is said to be stable if system solutions that start close to that point remain close to it and are 
said to be asymptotically stable if, in addition, all solutions converge at that equilibrium point. Otherwise the point 
will be unstable. Mathematically, it is presented as follows: 
Let the dynamic system be described by its state equations 𝑥ሶ = 𝑓(𝑥)  where 𝑓: 𝐷 → ℝ௡  is a map locally 
Lipschitz from a domain 𝐷 ⊂ ℝ௡ in ℝ௡. Now, assuming 𝑥∗ ∈ 𝐷 is a point of equilibrium, i.e., 𝑓(𝑥∗) = 0, then 
its classification is given by: (Seron, 2000) 
 Stable if exists 𝛿 for all values of  𝜖 > 0 such that ‖𝑥∗‖ < 𝛿 ⇒  ‖𝑥(𝑡)‖ < 𝜖 for all 𝑡 ≥ 0. 
 Unstable if it is not stable. 
 Asymptotically stable if it is stable and 𝛿 can be chosen, such that ‖𝑥∗‖ < 𝛿 ⇒  lim௧→ஶ 𝑥(𝑡) = 0 
The stability of the equilibrium point can be determined by Lyapunov's theorem, which states that 𝑉: 𝐷 → ℝ is a 
continuously differentiable function in the domain 𝐷 ⊂ ℝ௡ that contains the origin, the derivative of V along the 
the trajectories are given by: 

𝑉ሶ (𝒙) = ෍ 𝜕𝑉𝜕𝑥𝑖 𝑥ሶ 𝑖𝑛
𝑖=1 = ෍ 𝜕𝑉𝜕𝑥𝑖 𝑓𝑖(𝑥)𝑛

𝑖=1  

Theorem: Let 𝑥∗ be a point of equilibrium in the domain 𝐷 ⊂ ℝ௡. Let 𝑉: 𝐷 → ℝ be completely differentiable 
such that: 𝑉(𝒙∗) = 0  and 𝑉(𝒙) > 0  in 𝐷 − {0}  and 𝑉ሶ (𝒙) ≤ 0  en 𝐷 , then 𝑥∗  is a stable point. Also, if 𝑉ሶ (𝒙) ≤ 0 in 𝐷 − {0}, then it will be asymptotically stable. (Strogatz, & Fox, 1995) 
Now, to determine the function of Lyapunov 𝑉(𝒙)  one way is to assume the quadratic form: 𝑉(𝒙) = 𝒙்𝑃𝒙 , 
where P must be a Hermitian matrix, positively defined, that is, the self-values of the matrix P must all be positive. 
Now, once the function 𝑉(𝒙) has been defined, the matrix P must be terminated by the following procedure: 𝑉ሶ (𝒙) = 𝑑𝑑𝑡 (𝒙𝑇𝑃𝒙) = 𝒙்𝑃𝒙ሶ + 𝒙ሶ ்𝑃𝒙 = 𝒙்𝑃(𝑨. 𝒙) + (𝑨. 𝒙)்𝑃𝒙 = 𝒙்(𝑃. 𝐴 + 𝐴். 𝑃)𝒙 = −𝒙்𝑄𝒙 
for which 𝑃. 𝐴 + 𝐴். 𝑃 = −𝑄 to guarantee asymptotic stability, it is enough that Q is arbitrarily defined positive, 
it is convenient to choose 𝑄 = 𝐼, where I is the identity shade. Finally, to find the elements of the matrix P, the 
elements of 𝑃. 𝐴 + 𝐴். 𝑃 with -Q are equal element by element. 
2.2 Characterization of generator stability by Lyapunov 
The power system considered in this paper, consists of a synchronous generator (Revel, León, & Moiola, 2010) 
connected to infinite bus as shown in Figure 1. 

 
Figure 1. Generator connected to an infinite bus 

 
The mathematical model that describes the previous system is represented by the equations: 

                       𝑀𝛿ሷ = 𝑃 − 𝐷𝛿ሶ − 𝜂ଵ𝐸௤ sin 𝛿                               (1) 
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                       𝜏𝐸௤ሶ = −𝜂ଶ𝐸௤ + 𝜂ଷ cos 𝛿 + 𝐸                              (2) 
where 𝛿 is the angle of the rotor in radians, 𝐸௤ is the generator voltage in p.u., D is the damping coefficient, E 
is the input voltage, P is the mechanical power, M is the inertial coefficient of the rotor, τ is a time constant and  𝜂ଵ, 𝜂ଶ, 𝜂ଷ are constant parameters related to internal characteristics of the generator. (Paghi, & Mishra, 2015) 
The above equations can be rewritten to form the system state space, in the following way: Taking 𝜔 = 𝛿ሶ and 𝜔ሶ = 𝛿ሷ, therefore the system will be written using the equations of state: 

                          
𝛿ሶ = 𝜔𝜔ሶ = (𝑃 − 𝐷𝜔 − 𝜂1𝐸𝑞 sin 𝛿)/𝑀 𝐸𝑞ሶ = (−𝜂2𝐸𝑞 + 𝜂3 cos 𝛿 + 𝐸)/𝜏                          (3) 

Clearly, we can observe the non-linearity of this system of state equations, which should be easily analyzed and 
analyzed using computational tools such as the ode45 function available in the Matlab software. Then, each one 
of the curves of the state variables can be observed, once the system is solved with the following values of the 
parameters: 𝑃 = 0.815, 𝐸 = 1.22, 𝜂ଵ = 1.22, 𝜂ଶ = 2, 𝜂ଷ = 1.7, 𝜏 = 6.6, 𝑀 = 0.0147, 𝐷 = 0.0588. 
 

 
Figure 2. Synchronous generator state variables 

 
Figure 3. Phase diagram for δ vs ω 
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The stability of the system occurs only if 𝜔 = 𝛿ሶ = 0, a condition that makes the machine not lose synchronism 
with the network. It can be shown that this stability will depend both on the values of the parameters of the machine, 
such as that of the initial conditions, which can be seen in Figure 4 where the region of attraction of the state 
variables δ and ω is shown. 

 
Figure 4. Region of attraction of the system 

 
If the value of the damping coefficient D is modified, the system loses stability, since ω stops being equal to zero, 
this case is shown in the following Fugure. 

 

Figure 5. State variables for 𝐷 = 0 
 
2.3 Construction of the Lyapunov function 
For the system of state equations proposed in (3) it can be considered that the voltage of the machine remains 
constant and equal to 1 p.u., then the equations of state can be reduced to a system of two equations, also taking 
as state variables 𝑥ଵ = 𝛿  and 𝑥ଶ = 𝜔,then: 

                         
𝑥ሶ 1 = 𝑥2𝑥ሶ 2 = 1𝑀 (−𝜂1 sin 𝑥1 − 𝐷𝑥2 + 𝑃)                              (4) 

from the previous model and with the values of the parameters set before, we get 
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𝑥ሶ 1 = 𝑥2𝑥ሶ 2 = 55.44 − 8.99𝑥2 − 4 sin 𝑥1 

For the construction of Lyapunov energy function, we linearize the model around its operating point: 

             
𝑥ሶ 1 = Δ𝑥2𝑥ሶ 2 = 1𝑀 (−𝜂1 cos 𝑥10 ∗ Δ𝑥1 − 𝐷 ∗ Δ𝑥2 + 𝑃)                          (5) 

where 𝑥ଵ଴ and 𝑥ଶ଴ are the values of the operating point of the state variables, which are 0.3840 rad and 0 rad/s 
respectively. With this linearized model we obtain the function of Lyapunov: 𝑉(𝒙) = 𝒙்𝑃𝒙 
Now, to determine the matrix P, we do 

𝐴 = ൥ 0 1−𝜂ଵcos 𝑥ଵ଴𝑀 − 𝐷𝑀൩ 

and then 𝑃. 𝐴 + 𝐴். 𝑃 = −𝑄 ൤𝑃11 𝑃12𝑃21 𝑃22൨ . ቂ 0 1−76.95 −4ቃ + ቂ 0 1−76.95 −4ቃ𝑇 ൤𝑃11 𝑃12𝑃21 𝑃22൨ = − ቂ1 00 1ቃ 
൤ −153.9𝑃12 𝑃11 − 4𝑃12 − 76.95𝑃22𝑃11 − 4𝑃12 − 76.95𝑃22 2𝑃12 − 8𝑃22 ൨ = − ቂ1 00 1ቃ 

where we obtain the system −153.9𝑃12 = −1𝑃11 − 4𝑃12 − 76.95𝑃22 = 02𝑃12 − 8𝑃22 = −1  

Finally, the matrix P is given by  𝑃 = ቂ9.769741 0.0064970.006497 0.126624ቃ 
which is a definite positive hermitic matrix, therefore, the final Lyapunov function will be: 𝑉(𝒙) = 9.7697401𝑥ଵଶ + 0.012994𝑥ଵ𝑥ଶ + 0.126624𝑥ଶଶ 
which meets the condition of stability, which can be proven by calculating the self-values of the matrix P, which 
must be positive. The solution of the linearized system can be seen in the following figure. 

 
Figure 6. Phase diagram for the linearized model 
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5. Concluions 
When the value of the damping coefficient parameter is modified, a change in the dynamics of the system is 
obtained, which represents that there is a bifurcation for this parameter, this is a topic which can be analyzed in a 
broad way in other studies. There are stable systems, whose region of attraction is given by a limit cycle, these 
systems are oscillating systems, and their dynamics are undesirable for electrical power systems, since these 
oscillations cause damage to the devices, therefore, for these systems Asymptotic or fixed-point stability must be 
guaranteed. When a scalar function can not be established that meets the conditions necessary to be a function of 
Lyapunov, it is not possible to conclude on the stability of the dynamics of the system. Therefore, other algorithms 
must be applied for the determination of FL as is the use of partial equations. 
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