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Abstract 
The nonlinear free vibration and frequency veering of a single wall carbon nanotube (SWCNT) based on 
nonlocal elasticity theory is studied and investigated in this paper. The carbon nanotubes (CNT) is assumed to 
have an imperfection modeled as half sine and clamped at both ends. The Euler-Bernoulli Beam and Hamilton’s 
principle were used to derive the nonlinear equation of motion of the SWCNT. The effect of; nonlocal elasticity, 
geometric initial rise/imperfection, and the effect of the axial force induced by mid-plane stretching are 
accounted for in the derivation of the nonlinear mathematical model of the CNT. The governing partial 
differential equation includes quadratic and cubic nonlinearities due to the initial imperfection and the mid-plane 
stretching. The derived equation of motion is discretized using the assumed mode method by inserting the exact 
linear eigen mode shape. The resulting nonlinear temporal equation was solved using the method of multiple 
scales (MMS) to obtain results for the nonlinear natural frequencies of the first three modes of vibrations, for 
different values of rise/imperfection amplitude, and for different values of the nonlocal parameter. The results are 
presented in non-dimensional characteristic curves to show the effect of variation of rise/imperfection amplitude 
and nonlocal parameter on the vibrational behavior of the CNT. 
Keywords: Geometric nonlinearity, Nonlocal elasticity, Imperfection, CNT, Veering, MMS 
1. Introduction 
Since the discovery of carbon nanotubes (CNTs) in (1991) by Lijima (Lijima, 1991), they have drawn the 
attention of scientists/researchers and much research and studies have been devoted to analyze and understand 
their behavior. In addition, CNTs are gaining more interest and the nano materials are being used widely in many 
applications and became the core and the most important element for many applications in nanotechnology as 
well as nano engineering. 
Their extraordinary mechanical and electrical properties made them appropriate for many applications such as; 
ultra-sensitive mass detection, nano-electro-mechanical systems (NEMS), radio-frequency signal processing, 
nano-composites as filling agents, nano-sensors, nano-actuators, nano resonators and nano-devices. 
Due to the growing need, in the last two decades, to understand CNT’s static and dynamic behavior; i.e. 
vibration, bending, buckling and post-buckling, the issue of developing accurate mathematical models for the 
CNTs has attracted the attention of many researchers and investigators (Eringen & Edelen,1972; Mettler, 1962).  
In the reported studies, researchers used the continuum mechanics and molecular dynamics theories to accurately 
study and predict the behavior of CNTs, and since the computational time from using the molecular dynamics is 
cumbersome, Some research and investigations were directed towards the continuum mechanics models due to 
their significant accuracy in modeling and predicting the dynamic and vibrational behavior of CNTs (Harik, 
2002; Sazonova, Yaish, Ustunel, Rounday, Arias & McEuen, 2004; Mayoof & Hawwa, 2009; Hawwa & 
Al-Qahtani, 2010). 
Recently, studies of micro and nano beams based on the Eringen's nonlocal elasticity theory given (Eringen & 
Edelen,1972), have been an active research area and many studies and investigations have been published and 
reported using this theory due to its importance to account for the small size/scale effect on static and dynamic 
behavior of micro- and nano-beams. Among these studies;  



mas.ccsenet.org Modern Applied Science Vol. 11, No. 10; 2017 

92 
 

Zhang et al. (Zhang, Liu & Xie, 2005), studied the free transverse vibrations of double-walled carbon nanotubes. 
They discussed the effect of small length scale on the vibrational behavior of a double walled CNT. Additionally, 
they demonstrated that the natural frequencies and the associated amplitude ratios of the inner to the outer tubes 
are dependent upon the small length scale. 
Fang et al. (Fang, Zhen, Zhang & Tang, 2013), used the Hamilton’s principle to derive the mathematical model 
of double-walled CNT and they took into consideration the von Karman geometric nonlinearity and van der 
Waals forces. The results obtained have demonstrated that the nonlocal parameter and aspect ratio affect the free 
nonlinear coaxial vibration of the double-walled CNT. 
Mehdipour et al. (Mehdipour, Barari, Kimiaefar & Domairry, 2102), studied the effect of curvature or waviness 
and mid-plane stretching on the nonlinear natural frequencies of a curved SWCNT on Pasternak elastic 
foundation. The amplitude frequency response curves were obtained and presented for the effect of the; 
amplitude of the waviness, mid-plane stretching nonlinearity, shear foundation modulus, surrounding elastic 
medium, radius, and length of the curved carbon nanotube on the amplitude frequency response characteristics. 
They concluded that the combination effects of waviness and mid-plane stretching nonlinearity on the nonlinear 
frequency of the curved SWCNT with a small outer radius were larger than that of a straight CNT. 
(Xia & Wang, 2010), obtained results for the vibration characteristics of fluid-conveying CNTs with curved 
longitudinal shape. They concluded that the curved CNTs are unconditionally stable even for a system with 
sufficiently high flow velocity. 
Farshidianfar & Soltani (2012), investigated the nonlinear flow-induced vibration of a SWCNT with geometrical 
imperfection. They observed that the nonlinear flow induced frequency ratio is decreased as the imperfection/rise 
of the CNT increases. Also, they studied thoroughly the effect of flow velocity, elastic foundation stiffness and 
boundary conditions on the reduction of natural frequency. 
(Mustapha & Zhong, 2012), studied the stability of single-walled carbon nanotubes and carbon nanocones under 
self-weight and axial tip force. They predicted results for the range of critical loads, and they also studied the 
influence of the nonlocal parameter on these critical loads. 
Eltaher et al. (2012), investigated the size-dependent on static-buckling behavior of functionally graded 
nanobeam. They used the finite element method to study the significance of the material distribution profile, 
nonlocal effect, and boundary conditions on bending and buckling behavior of nanobeams. 
Kong et al. (2008), used the modified couple stress theory to solve the dynamic problem of a micro beam. They 
presented results for the effect of size on natural frequencies for two types of micro-beams. Also, they 
demonstrated that the difference between the natural frequencies predicted by their model and classical beam 
model is very significant when the ratio of characteristic sizes to internal material length scale parameter is 
approximately equal to one, and diminishes when the ratio is increased. 
Papanikos et al. (2008), derived expressions to evaluate the equivalent beams "geometric characteristics and 
elastic properties" of a CNT. They used the atomistic-based finite element in conjunction with the mechanics of 
material of beams that have the same tensile, bending, and torsional behavior. Also, they concluded that using a 
hollow cylinder is more appropriate to be used as an equivalent beam. 
(Civalek & Demir, 2011), studied the static analysis of microtubules using the method differential quadrature. 
They conducted numerical analysis about the effect of boundary conditions, load types, and nonlocal parameter 
on the static response of microtubules. 
Roque et al. (2011), obtained numerical solutions to study bending, buckling, and free vibration of Timoshenko 
nanobeams using meshless method. The results were compared with those available in the literature. Within the 
same contest Thai (Thai, 2012), used nonlocal shear deformation beam theory to study bending, buckling, and 
vibration of nanobeams. They presented analytical solutions for deflection, buckling load, and natural 
frequencies and compared them to those obtained in (Roque, Ferreira & Reddy, 2011). 
Other studies were directed towards the limits of the applicability of the continuum mechanics models without 
any reference to the size/scale effect. Among those, (Harik, 2002) studied and analyzed thoroughly the validity 
of the continuum-beam models, length scale effects, and scaling analysis of the structures of CNTs. He 
constructed the applicability map of two classes of nanotubes; nano-beams and nano-shells. In many studies, the 
conditions stated in (Harik, 2002), are used to assure the validity of the continuum mechanics beam theory. 
On the other hand, in some studies, researchers used the continuum mechanics models to study the dynamic and 
the vibrational behavior of CNTs (Ouakad & Younis, 2011; Pantano, Boyce & Parks, 2003). Ouakad and Younis 
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(2011), studied the natural frequencies and the associated mode shapes of initially curved CNT under electric 
excitation. In their study, they used the Galerkin procedure to derive the nonlinear mathematical model and the 
discretization was based on a single mode approach using the linear mode shape of a straight beam. They 
presented results for the mode crossing and veering as the level of slackness/rise of a CNT and the electric 
excitation load are varied. As a case study, they used the dimensions of the CNT studied in (Sazonova, Yaish, 
Ustunel, Rounday, Arias & McEuen, 2004). 
Fathi and Hawwa (Mayoof & Hawwa, 2009), investigated the nonlinear vibration and the chaotic behavior of a 
CNT with waviness along its axis. They used the continuum mechanics theory to derive the nonlinear equation 
of motion and they substituted a close enough shape function to obtain the nonlinear uni-modal equation of the 
curved CNT. They studied the effect of the mid-plane stretching and the curved geometry on the dynamic 
response of a CNT and the bifurcation turns to chaos. 
Hawwa & Al-Qahtani (2010), used the continuum mechanics approach to study the nonlinear oscillations and 
chaotic motion characteristics of a double-walled CNT. Also, they used the Galerkin’s approach to discretize the 
coupled non-linear integro-partial differential equations of the inner and outer nano-beams. They investigated the 
frequency response, periodic and chaotic motions of the first and second vibration modes. 
Mehdipour & Barari (2012), studied the variation of natural frequencies of a single-walled CNT bridged with 
masses at different locations along the tube. They validated their results by comparing them to other mass sensor 
models available in the literature. 
Finally, Pantano et al. (2003), used the nonlinear structural mechanics of the FE to model the structure and the 
deformation single-wall and multi-wall CNTs. They also studied the mechanics of wrinkling, as well as the 
inter-wall van der Waals forces and their effect on buckling and post-buckling behavior. 
In light of the aforementioned review, one notes that a mathematical model for a CNT with initial 
imperfection/rise over the whole length of the CNT, using the continuum mechanics associated with the nonlocal 
elasticity, to the author’s best knowledge, is still missing. Even for a CNT with initial rise/imperfection, to 
discretize the mathematical model researchers used a straight beam eigen function or used approximate eigen 
function, despite the fact that CNTs or beams usually exhibit a certain degree of waviness (Farshidianfar & 
Soltani, 2012), which can have a significant role on the dynamic and vibrational behavior (Mehdipour, Barari, 
Kimiaefar & Domairry, 2102; Farshidianfar & Soltani, 2012; (Sazonova, Yaish, Ustunel, Rounday, Arias & 
McEuen, 2004; (Hawwa & Al-Qahtani, 2010; Mehdipour & Barari, 2012; Mettler, 1962; Al-Qaisia & Hamdan, 
2009; 2010; 2013). Due to the lack of accurate mathematical models for a CNT with an arbitrary 
rise/imperfection using nonlocal elastic theory and continuum mechanics, this work is motivated. 
The objective of this study is to derive a mathematical model based on nonlocal elasticity theory along with 
continuum mechanics for a CNT with geometric imperfection/initial rise and using the exact mode shape/eigen 
function that takes into account the waviness of the CNT to discretize the nonlinear integro-partial differential 
equation of motion. This study also analyzes the vibrational behavior (linear and nonlinear natural frequencies) 
of the CNT in which the initial imperfection is modeled as half sine wave. In addition, the objective is to 
evaluate the size/scale effect on the characteristic curves of nonlinear natural frequencies. 
The present work intends to extend the findings of two previous studies by the author (Al-Qaisia & Hamdan, 
2009; 2013) on frequency veering by considering the effects of imperfection amplitude and size/scale, i.e. non 
local parameter, on the vibrational behavior of a CNT clamped at both ends. 
This paper is organized as follows. In section 2 the derivation of the nonlinear mathematical model of a CNT 
with geometric imperfection/rise is presented followed by formulations to analyze the linear and nonlinear 
vibrations in sections 3 and 4, respectively. Section 5, discusses the effect of imperfection/rise amplitude and the 
nonlocal parameter on the CNT’s dynamic and vibrational behavior. Conclusions and recommendations of this 
work are drawn and summarized in section 6. 
2. Derivation of the Mathematical Model of the CNT 
The carbon nanotube (CNT) under consideration is modeled as a hollow cylindrical Euler-Bernoulli beam 
clamped at both ends and has an initial imperfection/rise in the form of ½ sine. The CNT is assumed to have an 
outside diameter oD , inside diameter iD , length l , cross sectional area A , area moment of inertia I , 
density ρ , mass per unit length A m ρ=  and Young’s modulus E. 
The equation of motion of the CNT will be derived using the energy principle, i.e. by evaluating the strain/elastic 
and kinetic energy. To this end, based on Euler-Bernoulli beam continuum mechanics theory, the axial strain of a 
beam with initial rise/imperfection can be written as (Mettler, 1962). 
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Where u  and w  are the axial and transverse deflections, respectively. The initial imperfection/rise 0w  of 
the CNT is given by 

( ) Lx   Rw0 πsin=           (2) 
Where R  is the maximum amplitude of the imperfection/rise. Additional extension due to bending will have 
the form 
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Where z  is the distance of a point material measured from the neutral axis of the beam. And the total strain is 
therefore  

10x εεε +=            (4) 
The total strain and elastic energy of the beam can be expressed as 
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Substituting equation (4) into equation (5), one obtains 
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Where xσ  is the longitudinal bending stress. Evaluating the integral given in equation (6) and imposing the rise 

0w , the potential energy of the CNT can be expressed as 
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Where xN  and xM  are the induced normal force and bending moment at the beam's cross sectional area and 
are defined as;  

=
A
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The kinetic energy of the beam is given by 
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Applying the variational methods, evaluating the Lagrangian ( )wwwuwwuLUTL ,,,,,, ′′′′′=−=   of the 
considered CNT and using Euler-Lagrange equation of the system Lagrangian L , i.e. 
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the system equations of motion for u  and w  are obtained as: 
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To include the size/scale effect in the derivation of the mathematical model of the CNT, the nonlocal Eringen's 
constitutive relation for the uni-axial bending stress and normal stress are (Fang, Zhen, Zhang & Tang, 2013; 7, 
Eltaher, Emam & Mahmoud, 2012) 
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Where 0e  is a constant appropriate to each material and a  is an internal characteristic length (e.g. lattice 
parameter, granular distance, distance between C-C bonds) (Fang, Zhen, Zhang & Tang, 2013). 
Integrating equation (16) over the beam area A , =

A

zdA0 , one obtains 
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Differentiate (17) with respect to x, we have  
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Solving for 2
x
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x
M

∂
∂  from (14) and substituting into (15), one obtains 
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Differentiate twice with respect to x we can get 
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For a slender non-movable end conditions, the variation of the longitudinal inertia forces can be neglected and 
the axial strain 0ε  does not depend on x , and with the help of equation (13), it then follows that 
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Substituting the expressions of xN  and 2
x

2 xM ∂∂  into (21), the nonlinear integro-partial differential 
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equation of motion of the nonlocal SWCNT can be derived  and given as 
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The above equation can be re-arranged and have the form 
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The last equation represents the equation of motion of a CNT with initial imperfection/rise 0w , as given in 
equation (2). To simplify the analysis, the following non-dimensional parameters with respect to the cross 
sectional area radius of gyration r  of the CNT, are introduced 

rwy = , rwy 00 = , rRb = , Lx=ξ , 4mLEItt =∗ , Lae0=μ  and AIr =  

Where ( ) 64DDI 4
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i
2
0 −= π , 0D  and iD  are the outer and inner diameters of the CNT 

respectively. 
Substituting the above dimensionless parameters into equation (24), the equation of motion of the CNT that takes 
into account the size effect takes the form; 
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Where dots are derivatives with respect to ∗t , and primes derivative with respect to ξ . As mentioned 
previously, in the present study, the initial rise/imperfection 0y  is assumed to be a half sinusoid and given by 

( )πξsin by0 =           (26) 
Where b  is the non-dimensional rise amplitude equal to the actual rise amplitude R  divided by the CNT’s 
radius of gyration r, i.e. rRb = . 
3. Linear Vibration Analysis (Natural Frequencies and Frequency Veering) 
It was reported in previous studies (Ouakad & Younis, 2011; Al-Qaisia & Hamdan, 2010; 2009; 2013) that the 
veering phenomenon takes place for structures such as the CNT under consideration. This phenomenon occurs 
when the amplitude imperfection/initial rise is varied as the two frequencies approach each other causing them to 
veer away from one another. Also, this phenomenon is always associated with a drastic change in mode shapes 
and sometimes leads to mode localization, snap through, period doubling bifurcations and chaos. This 
phenomenon, i.e. frequency veering, can be explored from analyzing the natural frequencies obtained from the 
linearized version of the nonlinear integral-partial differential equation (25), which takes the form 
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To discretize the linearized version of the partial differential equation, here in this study, the single mode 
Galerkin's approach will be used by assuming ( ) ( ) ( ) ( )∗== tA tq y Lm ωξφξφ sin* , i.e. harmonic in time, where 

Lω  is the unknown linear natural frequency. Substituting for y  and 0y  leads to the following boundary 
value problem: 
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It is clear that for a beam without imperfection/rise, i.e. 0b = , the right side of equation (28) is zero and thus 
this equation has only a homogenous solution and represents the equation of motion of a straight beam. Also, for 

0=μ , the equation reduces to the classical Euler-Bernoulli beam obtained from the classical continuum 
mechanics model, i.e. local elasticity theory. However, for the CNT with imperfection/rise, the total solution 

)(ξφ  of the non-homogeneous linear boundary value ordinary differential equation (28) will include a particular 
part, i.e. a solution of the non-homogeneous linear boundary value ordinary differential equation (28) is given by 
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The arbitrary constants 1A , 2A , 3A  and 4A , can be determined from the following boundary conditions for 
clamped-clamped end conditions: 
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The procedure of solving for; 1A , 2A , 3A , 4A  and D , is similar to that followed in (Al-Qaisia & Hamdan, 
2010; 2009; 2013). Substituting equation (33) into equation (32), one obtains 
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  (34) 
The constant D  can be obtained and calculated form the following expression, after some mathematical 
manipulations, it takes the form 
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where  
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                    (36) 
At this stage, the constant D  can be obtained in terms of 1A , 2A , 3A  and 4A , as given in equation (35). 
Then the total solution, given in (33), can be obtained and calculated by applying the four boundary conditions 
given in (30), which yields a system of linear equations for the arbitrary constants; 1A , 2A , 3A  and 4A . The 
obtained equations can be written in a matrix form, i.e. 44 ×  matrix equation, where the SWCNT linear natural 
frequency Lω , for a given value of initial imperfection/rise b  and nonlocal parameter lae0=μ , can be 
obtained by setting the determinant of the coefficient matrix to zero. Once the linear natural frequency is 
calculated, the corresponding mode shape can be obtained from equations (33) and (35). 
It is worth mentioning that the obtained mode shape is an exact one which takes into consideration the waviness 
of the CNT, i.e. the assumed ½ sine initial imperfection/rise. 
4. Nonlinear Vibration Analysis 
The nonlinear integral-partial differential equation (25), can be discretized by assuming  

( ) ( ) ( )∗
∞

=

∗ = tq ty ii
21i

ξφξ
,

,          (37) 

where ( ) i ξφ  and ( )∗tq i  are the associated linear mode shape of the beam and the generalized coordinates, 
respectively. Here in this study, the associated linear mode shape ( ) i ξφ  is the exact mode shape obtained in the 
previous section, unlike other studies in which the mode shape of the straight beam, or an approximate one, were 
used (Ouakad & Younis, 2011; Mayoof & Hawwa, 2009; Mehdipour & Barari, 2012). Also, it was shown in 
previous studies (Al-Qaisia & Hamdan, 2010; 2009; 2013), that using the single mode approach is enough to 
capture the dynamics of the CNT beam. 
Using the single mode approach, i.e. )()( tq y ξφ=  and substituting 0y  from equation (26) into equation (25), 
multiplying by ( ) ξφ , integrating from 0 to 1, and for convenience using the abbreviations φ  and q  instead 
of )(ξφ  and )( ∗tq , respectively, one obtains the following reduced single-mode nonlinear temporal equation: 
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Equation (40) can be re-arranged and written in the from 

0qqqq 3
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The expressions of iβ  given in equations (42-45) contain all of the CNT physical and geometrical parameters: 
size/scale effect lae0=μ  and initial imperfection/rise amplitude rRb = . The calculation of iβ  for a given 
value or combination of the CNT parameters were carried out numerically using a developed code on 
MATLAB® Software. The non-dimensional natural frequency ω  can also be calculated from equation (41), i.e. 

01L ββω = , which is equal to the one calculated in the previous section from the determinant of the 
coefficient matrix. 
For convenience, equation (45) can be scaled and rewritten in the following non-dimensional form: 

0qqqq 3
3

2
2 =+++ εε                                   (46) 

where a dot denotes a derivative with respect to **)( t tT 21
01 ωββ == , and 2ε  and 3ε  are dimensionless 

coefficients defined as 122 ββε =  and 133 ββε = . As it can be concluded from the non-dimensional 
equation (46), the calculated nonlinear natural frequency will be equal to 1, if the nonlinear parts are neglected. 
Accordingly, the non-dimensional nonlinear natural frequency that will be calculated from the non-dimensional 
equation (46), will be a non-dimensional ratio that relates the nonlinear frequency to the linear one, i.e. 

LNL ωω . 
The coefficient of the quadratic nonlinearity 2ε  is due to the initial rise/imperfection rRb =  while the 
coefficient of the cubic nonlinearity 3ε  is due to the mid-plane stretching. Both coefficients are functions of all 
of the CNT physical and geometrical parameters and include the size/scale effect, i.e. nonlocal parameter 

lae0=μ . 
In this study, the non-dimensional nonlinear natural frequencies of the nonlinear oscillator given in equation (46) 
can be obtained from using one of the perturbation techniques such as the method of Harmonic Balance Method 
(HB) or the method of Multiple Scales (MMS) (Nayfeh & Mook, 1979). It is worth mentioning that using the 
HB method will result in the assumed solution to contain a bias constant term since the oscillator given in 
equation (46) includes asymmetric nonlinearity “quadratic term q^2”. However, more details about the HB 
method, both single or two terms, can be found in (Al-Qaisia & Hamdan, 2010; 2009; 2013). Here in this paper, 
the nonlinear natural frequencies of the SWCNT will be obtained using the MMS method, and the expression 
will have the form (Al-Qaisia & Hamdan, 2009; Nayfeh & Mook, 1979); 

( ) 22
23LNL A

12
5

8
31 






 −+= εεωω         (47) 

Where ωωNL , as mentioned before, is the non-dimensional ratio that relates the non-linear to linear natural 
frequency of the CNT, and A  is the amplitude of the motion. 
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5. Results and Discussion 
To simplify the numerical solutions of the dynamic behavior of the CNT, all linear and nonlinear results are 
presented in non-dimensional forms. Also, it worth mentioning that results for 0b = , represents the case of  

 
Figure 1. Variation of linear natural frequencies ω  versus the CNT rise/imperfection b  and the zoomed view 

of the first veering zone, for the classical theory 0=μ  

 
Figure 2. Variation of linear natural frequencies ω  versus the CNT rise/imperfection b  for the case 20.=μ  
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Figure 3. Variation of linear natural frequencies ω  versus the nonlocal parameter μ  of the first three modes, 
for the case 0b = . st mode, 2nd mode, 3rd mode 

 

 

Figure 4. Same as in Figure (3), but for 5b =  
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Figure 5. Same as in Figure (3), but for 10b =  

 
Figure 6. Same as in Figure (3), but for 15b =  
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straight CNT, i.e. with no rise/imperfection and results for 0=μ , represents results for the local elasticity 
theory. 
Figures (1 and 2) display the variation of the first four linear natural frequencies versus the CNT initial 
imperfection/rise for 0=μ  and 20.=μ , respectively. It is well known that beams with initial rise, like the 
CNT under consideration, depending on system parameters, may exhibit a variety of complex dynamic behavior, 
e.g. frequency veering, mode localization, snap through, period doubling bifurcations and chaos (Ouakad & 
Younis, 2011; Al-Qaisia & Hamdan, 2010; 2009; 2013). These frequencies are obtained by solving the 4x4 
coefficient matrix derived in section (3). It is clear that the veering occurs between the 1st and 2nd natural 
frequencies; at 358b .≈  as shown in the zoomed view in Figure (1) for 0=μ  and at 5b ≈  for 20.=μ . 
Other veering zones between the 2nd and 3rd frequencies and between 3rd and 4th frequencies are also present for 
the two cases but at different values of initial rise. As shown in the figures and as indicated in (Al-Qaisia & 
Hamdan, 2010), for dynamical systems with rise/imperfection, two of the system natural frequencies (usually the 
lowest ones) tend to approach each other as a system parameter is varied (rise in the present study). Afterwards, 
the two frequencies may veer away with high local curvature or intersect transversely ”crossover". Also, 
previous studies have shown that the frequency veering can lead to mode localization (Al-Qaisia & Hamdan, 
2013), bifurcation instability (Mayoof & Hawwa, 2009), and significant changes of the associated mode shape 
functions (Al-Qaisia & Hamdan, 2013). From Figures (1 and 2), one can conclude that using the nonlocal 
elasticity theory leads to reduction in natural frequencies associated with decrease in the gaps between the first 
and second veering zones. For example, the 1st and 2nd veering zones took place at 358b .≈  and 17b ≈  for 

0=μ  and at 5b ≈  and 8b ≈  for 20.=μ , respectively. 
Examples of the obtained natural frequencies for the first three modes, for a given CNT rise as the nonlocal 
effect lae0=μ  varies, are shown in Figures (3-6). For instance, as indicated in the figures, increasing the rise 
b  from 0 to 5 “Figures (3 and 4)” will cause the 1st natural frequency to approach the 2nd one at a value of 

1950.=μ , then they veer away as the value of μ  increases. On the other hand, further increase in the 
rise/imperfection b , leads to initiation of another veering zone between the 2nd and 3rd natural frequencies, as 
demonstrated in Figures (5 and 6). Results presented for the linear natural frequencies, i.e. Figures (1-6), indicate 
that the variation of the natural frequency with the CNT initial rise is not linear as the nonlocal parameter is 
varied, and vice versa. This depends on how the effect of one parameter is dominant over the other. For example, 
increasing the nonlocal parameter μ  leads to decrease in natural frequency and the “qualitative and 
quantitative” reduction depends on the initial rise value b , whether it is before, at, or after the veering zones, i.e. 
between the 1st and 2nd or between the 2nd and 3rd natural frequencies. 
Results for the effect of the nonlocal parameter and initial rise on nonlinear natural frequencies of the CNT, of 
the first mode, are presented in Figures (7-10). 
The non-dimensional natural frequencies are presented as a ratio that relates the nonlinear to linear natural 
frequency LNL ωω  and obtained from equation (47). As indicated in (Nayfeh & Mook, 1979), the MMS 
method gives results with high accuracy even for large values of vibration amplitude A . 
It can be seen from these results that the nonlinearities are not of fixed type; e.g. the system behavior can be of 
hardening or softening type depending on the selected values of the CNT parameters, i.e. initial rise b  and the 
nonlocal effect lae0=μ . By examining nonlinear equation (46), the quadratic nonlinearity depends on the 
initial rise and the cubic nonlinearity depends on mid-plane stretching. It is to be noted that for this type of 
nonlinear oscillators which is similar to the one studied thoroughly in (Al-Qaisia & Hamdan, 2009; 2013), the 
behavior of the CNT, i.e. softening or hardening, depends on the quantity of ( )910 2

23 εε −  wither it is positive, 
zero, or negative. 
(Nayfeh & Mook, 1979) concluded that for this class of nonlinear oscillator, which describes the nonlinear 
vibration of the CNT given in equation (46), for ( ) 0910 2

23 >− εε , the oscillator response exhibits a hardening 
behavior, and a softening behavior if ( ) 0910 2

23 <− εε . 
Accordingly, regardless of the sign of 2ε , the quadratic nonlinearity has a softening effect and the nonlinear 
oscillator given in (46) is of softening type unless 910 2

23 εε > . Also, when 910 2
23 εε = , the effects of the 

two nonlinearities cancel each other and consequently the behavior resembles that of the corresponding linear 
oscillator (Nayfeh & Mook, 1979). 
In Figure (7), the behavior of the CNT is of hardening type for all values of the nonlocal parameter μ  and 
vibration amplitude A . Upon increasing the value of the rise b , Figure (8), the behavior is of softening type 
for all values of the nonlocal parameter μ , but to a certain value of the vibration amplitude A . For example, 
for 150.=μ  , the nonlinear natural frequency ratio LNL ωω  decreases as the amplitude increases and 
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becomes equals to zero at 50A .= . Other values of the nonlocal parameter μ , exhibit the same trend but with 
different values of vibration amplitudes. These results should be considered when studying the forced vibration 
of the  

 
Figure 7. Nonlinear frequency ratio ( )LNL ωω  versus the vibration amplitude A  of the fundamental 

frequency and 1b = .         0=μ ,  ……… 050.=μ ,         100.=μ ,        150.=μ ,      

200.=μ . 

 

Figure 8. Same as in Figure (7) but for 4b =  
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Figure 9. Same as in Figure (7) but for 7b =  

 

Figure 10. Same as in Figure (7) but for 10b = . 
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Figure 11. Nonlinear frequency ratio ( ( )LNL ωω  versus the vibration amplitude A  of the 1st and 2nd modes for 

5b =  and 200.=μ .               1st mode,               2nd mode. 

 
Figure 12. Nonlinear frequency ratio ( ( )LNL ωω  versus the vibration amplitude A  of the 1st and 2nd modes 

near the 1st veering zone for 10.=μ  and different values of CNT rise b .       1st mode,       2nd mode 
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Figure 13. Nonlinear frequency ratio ( ( )LNL ωω  versus the vibration amplitude A  of the 2nd and 3rd modes 

near the 2nd veering zone for 10.=μ  and different values of CNT rise b .                              
2nd mode,      3rd mode 

 
CNT, i.e. exciting the CNT with certain level and frequency that gives these responses, may lead to loss in its 
stability at which bifurcation and chaotic behavior take place. 
Results obtained and presented in Figures (9 and 10) also indicate, depending on values of CNT initial rise b  
and nonlocal parameter μ , that the behavior may switch form softening to hardening depending on how the 
effect of the two parameters b  and μ  compete with each other as the vibration amplitude increases. 
The veering phenomenon, in general, may exhibit a complex dynamic behavior like; mode localization or cross 
over. As mentioned previously and as indicated in Figure (2), the veering took place between the 1st and 2nd 
natural frequencies at 5b ≈  for 20.=μ . To examine this effect on the nonlinear behavior, results are obtained 
for the 1st and 2nd natural frequencies and presented in Figure (11). As shown in the figure, the behavior of the 1st 
and 2nd modes of vibration are of hardening and softening types, respectively. Here, the two modes intersect at an 
amplitude of 10A .=  “ as shown in the zoomed view” and exhibit a cross over behavior. Again, exciting the 
CNT under these conditions, i.e. 5b ≈  and 20.=μ , may lead to chaotic behavior or internal resonance between 
the two modes. 
Finally, and to shed some light on how the cross over develops, results are obtained and presented in Figures (12 
and 13) between the 1st and 2nd modes and between the 2nd and 3rd modes, respectively, but for 10.=μ . 
In Figure (12), the 1st mode switches from softening to hardening and the 2nd mode switches from hardening to 
softening as the CNT initial rise increases. Here, the nonlinear analysis matches with linear results presented in 
Figures (1 and 2), and the veering takes place at a given value of rise b  and nonlocal parameter μ , but in the 
nonlinear analysis, in addition to veering phenomenon, the cross over becomes evident as the vibration 
amplitude increases. The same trend for the results is shown in Figure (13), but for the 2nd and 3rd modes of 
vibration. This behavior is due to the competence between the quadratic and cubic nonlinearities resulted from 
the effect of the CNT initial rise/imperfection with the nonlocal parameter as the vibration amplitude varies. 
6. Conclusions 
The nonlinear vibrational mathematical model for the single walled carbon nanotubes (SWCNT) was derived 
and developed based on the nonlocal elasticity theory and continuum mechanics. The CNT was modeled as 
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Euler-Bernoulli beam with initial rise and clamped at both ends. The Hamilton’s principle was used to derive the 
nonlinear integro-partial differential equation of motion and s single mode Galerkin’s approach was used to 
discretize and reduce the equation to a uni-modal single temporal equation. The effect of CNT initial rise and 
nonlocal parameter were studied and investigated thoroughly and presented results for the analyses of the 
nonlinear free vibration of the CNT may exhibit a very complex dynamic behavior like; frequency veering and 
crossover instability, depending on the amplitude of the initial rise as well as the value of the nonlocal parameter. 
It was demonstrated that the nonlocal parameter, along with the initial imperfection, have a significant effect on 
the qualitative and quantitative linear and nonlinear natural frequencies. 
Results obtained using the MMS method for different values of CNT initial rise and nonlocal parameter suggest 
that a more detailed analysis is required to study the qualitative behavior and to have a global picture on the 
forced vibration of the CNT nonlinear response governed by equation (46), near or at the frequency veering 
zones, which is currently under consideration. 
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