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Abstract

The aim of this paper is to introduce multi and study a new concept of the %2 space via ideal convergence of
difference operator defined by modulus. Some topological properties of the resulting sequence spaces are also
examined.
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1. Introduction

Throughout w, x and A denote the classes of all, gai and analytic scalar valued single sequences, respectively.
We write w? for the set of all complex double sequences (x,,), where m, n € N, the set of positive integers. Then,
w” is a linear space under the coordinate wise addition and scalar multiplication.

mn

Let (Xmn) be a double sequence of real or complex numbers. Then the series Zm X is called a double

mn

series. The double series Zm X give one space is said to be convergent if and only if the double sequence
m,n=

(Suw) is convergent, where

S, = Zm’" X, (mn=123,..).

ij=l U
A double sequence x = (Xy,) is said to be double analytic if

1

m+n
an

sup,,., <o,
The vector space of all double analytic sequences are usually denoted by A®. A sequence X = (Xp,) is called
double entire sequence if

i
"™ —(0 as m,n — oo,

mn

|x

The vector space of all double entire sequences are usually denoted by 2.  Let the set of sequences with this
property be denoted by A? and I'? is a metric space with the metric

(%, Y) = 5UPpy { Ko = Y| ™ 031,230, (11)

forall X = {Xmn} and y = {yma} in T>. Let ¢ = {finite sequences}.

[m,n]

Consider a double sequence X = (X,). The (m, n)™ section x!™" of the sequence is defined by
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[m,n] _ m,n
X = xi,S..
g0 0

forallm,n e N,

0000
0000

8l‘l’ll"l—s
0010 -
0000 -

with 1 in the (m, n)™ position and zero otherwise.

An Orlicz function is a function f : [0, e) — [0, o) which is continuous, non-decreasing and convex withf(0) =0,
f(x) > 0, for x > 0 and f(x) —eo as x —eo. If convexity of Orlicz function f'is replaced byf(x+y) < f(x) + f(y), then
this function is called modulus function. An modulus function f is said to satisfyA>- condition for all values u, if
there exists K > 0 such that f(2u) < Kf(u), u > 0.

Remark 1.1An Modulus function satisfies the inequality f(A x) <A f(x) for all A with 0 <A< 1.

Lemma 1.2 Let f be an modulus function which satisfies A’-condition and let 0 <8< 1. Then for each t >0, we
have f(t) < K& 'f(2) for some constant K > 0.

Let M and @ be mutually complementary modulus functions. Then, we have

(1) For all u, y = 0,uy < M(u) + ®(y), (Young’s inequality) (Kamthan& Gupta, 1981).(1.2)
(i1) For all u =2 0,un(u) = M(u) + ®(M(w)). (1.3)

(iii) For all u > 0, and 0 <A< 1,M(A u) <A M(u). (1.4)

Lindenstrauss, J. and Tzafriri, L. (1971), used the idea of Orlicz function to construct Orlicz sequence space

by = {xe w ! z; M[M] <o, forsome p > 0},

p

The space () with the norm

||x|| = inf{p >0: z; M(%] < 1},

becomes a Banach space which is called an Orlicz sequence space. For M(t) = t* (1 < p <o), the spaces {y
coincide with the classical sequence space £y,

A sequence = (f,,;) of modulus function is called a Musielak-modulus function. A sequence g = (gn,) defined by
gmn(V) =sup{ [vlu — f,(w) :u =0}, myn=1,2, ...
is called the complementary function of a Musielak-modulus function f. For a given Musielak modulus function

f, the Musielak-modulus sequence space t; is defined by

tf — {XE W3 :Mf (|X )l/m+n+k

— 0asm,n,k — oo},

mnk

where M is a convex modular defined by

M, (x) = Z; z; z; e €

We consider t; equipped with the Luxemburg metric space, (i.e.))

)1/m+n+k

ank H X=(ank)e tf'

Let (X, d;), i € I be a family of metric spaces such that each two elements of the family are disjoint. Denote
X: U IXi If we define

_ di(Xa y)a lf X:ye Xi
d(X’Y)‘{+oo ifxe X, ye X,i#]
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then the pair (X, d) is a Luxemburg metric space.The notion of difference sequence spaces (for single sequences)
was introduced by Kizmaz(1981)as follows

Z(A)={x=(x) e w:(Axy) € Z},
for Z = ¢, ¢y and L.., where A X, = x,— X,y for all k € N,

Here c, ¢q and £.. denote the classes of convergent, null and bounded sclar valued single sequences respectively.
The difference sequence space bv, of the classical space €, is introduced and studied in the case 1 < p <e by
Bagar and Altay and in the case 0 <p < 1. The spaces c(A), co(A), €(A) and bv,, are Banach spaces normed by

AX | and ||x

[l = .|+ sup

v =) asp <o)
Later on the notion was further investigated by many others. We now introduce the following difference double
sequence spaces defined by

Z(A) = {x=(Xm) € W: (AXpm) € Z },

where Z = Az, x2 and A X = Xmn— Xmn+1) — Kmtin— Xm+1n+1) = Xmn— Xmnti— Xmein T Xmeiner TOr all m, n € N. The
generalized difference double notion has the following representation: Ay Xpn = A™" Xpn=A"" X 1=A™ " Xme1n
+ AT Xm+1n+1, and also this generalized difference double notion has the following binomial representation:

A= 3 S (B T

2. Definitions and Preliminaries

Let A™ X be a non empty set. A non-void class 1< 2™ (power set, of A™ X) is called an ideal if I is additive
(i.e A,Be I= AUB e I)and hereditary (i.e Ae Iand B A= B € I). A non-empty family of sets F c 2*%
is said to be a filteron A" X if ¢¢ F; A,Be F=>AnBe Fand Ae F, AC B = B e F. For each ideal I there is
a filter F(I) given by F(I) = {K c N : N\K e I}. A non-trivial ideal 1< 2*™* is called admissible if and only
if {{x} :xeA"X} L

A double sequence space E is said to be solid or normal if (0lp, A™ Xn) € E, whenever (A™ Xp,) € E and for all
double sequences o = (0ty,,) of scalars with |ot,,| < 1. for all m, n € N.

Let n € N and X be a real vector space of dimension w, where n < w. A real valued function d,(xj, ..., X,) =
I(di(x1, 0), ..., du(Xs, 0))]|, on X satisfying the following four conditions:

@) [|(di(x1, 0), ..., da(Xn, 0))||p = 0 if and and only ifd;(x;, 0), ..., ds(Xy, 0) are linearly dependent,
(i1) ||(d(xy, 0), ..., dn(Xn, 0))||, is invariant under permutation,

(iif) [(or di(x1, 0), .., du(Xn, 0Dl = [0t] [[(d1(x1, 0), ..., du(Xn, 0))]p, Ot R

(iv) dp((X1, 1), (X2 ¥2) -o- (Ko Yo)) = (dx(X1, X2, oo Xo)* + dy(Y1, Y2 <. Yo))'P for 1 <p <oo; (or)

V) d((x1, Y1), (X2, ¥2), --- (Xn» Yn)) == sup{dx(Xy, X2, --- Xn), Av(Y1, Y25 --- Yn)}, fOr X1, Xa, .. Xo€ X, Y1, V2, --- Yu€ Y i
called the p-product metric of the Cartesian product of n-metric spaces is the p-norm of the n-vector of the norms
of the n-sub spaces.

A trivial example of p-product metric of n-metric space is the p-norm space is X = R equipped with the
following Euclidean metric in the product space is the p-norm:

||(d1(X1, 0)7 ey dn(Xm 0))HE = Sup(ldet(dmn(xmn: 0))|) =

d) (%,,0) dp,(x15,0) -+ dy,(x,,0)
p d21(X‘2190) dyy (X9,0) -+ d,, (X5,,0)

dnl(xnl’o) an(Xn2’O) dnn(x

Su

0)

nn >

where x;= (Xi1, ... Xiy) € R" foreachi=1, 2, ... n.

If every Cauchy sequence in X converges to some L € X, then X is said to be complete with respect to the
p-metric. Any complete p-metric space is said to be p-Banach metric space.

3. Main Results

In this section we introduce the notion of different types of I-convergent double sequences. This generalizes and

67



www.ccsenet.org/mas Modern Applied Science Vol. 10, No. 1; 2016

unifies different notions of convergence for x°. We shall denote the ideal of 2 *N by .

Let I, be an ideal of 2" *N, f be an modulus function. Let u and v be two non-negative integers and W = (Un,) be a

sequence of non-zero reals. Then for a sequence N = (N,.,) be a double analytic sequence of strictly positive real

v

numbers and ( ()

n-vector of the norms of the n subspaces. Further x’(p—A,,X) denotes A

() (wu)

Now, we define the following sequence spaces:

Xil(‘i.u)f ["(dl(Xl’O)""’dn (Xn ’0))"1) =X= (AV u)xmn)e X (p A ;,Lu)X) : v £> 05

{(rs)eNxN NN [

X.

)™ (05,00 (5,00 } > s}e L,
for every dl(Xb O): LX) n(Xn 1» 0) € A (wu)

A ||(d (%,0)5d,, (%, 0| 1" =x = (x,5,) € A’ (P =4[, X): TK >0,

(wu)

(;Lu) X mn

{(rs)eNxN DT [

for every d(xy, 0), ..., dy(X,1, 0) € A™X

), 4,00 5, O] | K}elz,

A%y 11 (x0),d, G, O T = x = (A7x,,,) € A% (=AY, X):TK >0,

(wu)

{(r s)e NXN: - zm 1zn 1[fH(‘A<p,u) )

(M)X
If N =MNm= 1 for all m, n € N we obtain

Nmn
)™ (d (%,,0),.,d, (xn_l,o))M < K}

for every dl(Xb O): ey n(Xn 1» 0) SN

ol CRCUNSTNEKD) INAESSe| (CHCONS NERY) N
Ail\'z f [”(dl (Xl ’O)""ﬁ dn (Xn 70))||p] Ail‘fz f [||(dl (Xl 90)9"" dn (Xn ,0))”13 ]’

A2 (0,0, (5, 0D, T = A2 1](d (5,0, (%, 0D ]

Afwf Awf

The following well-known inequality will be used in this study: 0 < infi,, My = HoSNunS SUpmy = H <eo,
D = max(1, 2", then

Nin }
) for all x,,e C.

<D{x,,

N
+Y

H/m+n

Nmn
|an + Y mn

for all m, n € N and X, Y€ C. Also |x o/

< max(1, |x

X, ||(d1(x1,0), . n(xn,O))” ) be an p-product of n metric spaces is the p norm of the

X -valued sequence space.

Theorem 3.1 The classes of sequences xi'(iu)f["(dl(xl,O),...,dn(xn,O))"p]”'“", Ail(viu)f["(dl(xl,O),...,dn(xn,O))"p]“

are linear spaces over the complex field C.
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Proof: Now we establish the result for the case Xilf f["(dl(xl,O),..., d,(x, ,O))”p]”’"“ and the others can be proved

similarly. Let x,ye lez [||(d1(x1,0),...,dn(xn,O))"p]“’"" and o, Be C. Then

‘m+n €
)™, d, (5,00 d(xnl,o»H 5} €L,

{(r,s)e NxN:L3" 3 _l[fu(‘A(w -

and

{(r, e NxN:LY' 5 _{f (8 Y)

Since ||(di(x1, 0), ..., du(Xn, 0))[|, be an p-product of n metric spaces is the p norm of the n-vector of the norms of
the n subspaces and f is an modulus function, the following inequality holds:

4,0 000, | >5}e1

)I/m+n

A
DI Hq ”“"f ﬁl::é"“&yj“ 4,500, (x, 00 | <

p

| |1/m+n TMimn

%Z:n:l Zs W )1/m+n ), dl(xl>0)"">dn (Xn—]’o))“p +

mn

| |l/m+n ] Mmn

r s
D e
rs m=1 | |l/m+n | |1/m+n

)““”“),dl(xl,O),...,dn(xn,l,O))“ <
p
1/ o
z Z I: (u,u) mn e )9 dl(XI’O)""ﬂdn (Xn—lﬂo))“p:| +
N [ o) (5100 (5, O }
From the above inequality we get
| Y Nin
. s OA (X mn FBALY Y mn|) mn
u)“*mn (pu)J mn
(r,S)e NXN:'—LSZm*IZn ‘ (v | |1/m+n |gl/m+n :d](xlgo)s-..;dn(xn—l,o))
= o +

- {(r, s)e NxN: Zm 1Zn ll:fH(‘A(“’“) mn

; Nmn 8
" O, 00 |25 e,

u{(r,s)e NxN: Zm_ Zn 1[ H(‘A ww Y ma )

This completes the proof.

)4 (x,,0),nd (xn,O))H } > 2}e L.

Theorem3.2The class of sequence " Al ||(d1(x1,0),...,dn (xn,O))"p]" is a paranormed space with respect to the
paranorm defined by
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1

1/ Mmn \H
)4 (%,,0),.d, (xn,()))Hp:| <1,

(u,u)xmn

gr. (x)=inf [Suprs = Z Z [

for every d;(xi, 0), ..., dy(X4-1, 0) € X.

Proof: g(0) = 0 and g,(—x) = g,(X) are easy to prove, so we omit them.

Let us take x, y € Xilzi K [||(d1(xl,O),...,dn(xn,O))”p]”m" .

Let

TMmn
o (x) = inf{suprs L3S fH(‘A(M) ) HE SO N HESHL) l,vX},

and
T n mn

)1/m+n’ d,(x,,0),....,d, (x,, ’0))Hp

grs<y>=inf{suprsi2;_l > fH(\Awymn

Then we have

sup rlsz;ﬂ ZZ - f”(‘A o Xmn T Al Yo Y d (00 (X, 1,0))” :ln.m.

Nmn
sup, 13 T (A 500 d 0D |

1 r s |
Suprs EZ‘lmzl Zn:l

Thus -

,...)

‘A(H,U)Ymn )]/mn’ dl(Xl’O)""’dn(xn'ljo))up:l mn

suprséz;zlz;l f (‘A wXm T Afy Y

nmn
)1/m+n d (XI’O) n Xn-l ,O))Hp:| Sl

and g (X +y) = gr(X) + Z(Y).
Now, let A — A, where A

mn mn 2

grs(% A(M)xmn ?»A(M)xmn)—w as u —oo. Let

s = 0 s

and

Ae C and g,s(AV A(M)xm“)%o as u —oo. We have to prove that

(u,u)xmn

nmn
1/m+“, d,(x,,0),...,d, (xn_l ,0))”})} <1,Vxe X}

g1 (X _X) {Suprs s Zm IZn II:fH(‘A (wu)Xmn AVuu) mn )l/mﬂl’ dl(Xl’0)""’d“(Xn'l’o))up:rm“ < 1’}

for all x € X. We observe that

ku A X )\‘Av )1/m+n
(u)*mn (i u) mn
f ( . 1/m+n - 1/m+n ’dl(Xl’O)ﬂ"”dn(Xn—l’O)) <
M =N+

p
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)\‘;m ;lnn 7\,AV u )1/m+n
u,u) mn
e (%0 (x, 0 [+
)\’mn }\‘| |

P

‘XA(M)xmn —AAY

(p,u) mn
u
A =

l/m+n I/m+n
+

)1/m+n

,d,(%,,0),....d, (x,_,0)) |<

p

U

)1/m+n , dl (Xl ,0),~-5dn (Xn—l ’0))“}3] +

Mo =
Mo =N+ (

M (
AL —x\ +

From this inequality, it follows that

A; -A]

yimn d,(x,,0),....d, (x,_, ,0))“p )

(M»U)Xmﬂ (wwXmn

Nmn

MDA X —MAX

(T8 u) mn mn

)\‘u _ X‘l/m+n n |)\’|l/m+n

mn

)1/m+n

( , d,(x,,0),....d,(x,_,,0)) <1

p

and consequently

—X|) i inf g,s(A wwX mn)}

grs (}“;JnnAZp,u) mn p1u) mn) (

() ¥ infle. (AL 1% — )< max{m b }g,s(Aw LA

Hence by our assumption the right hand side tends to zero as u, m and n —eo. This completes the proof.

Theorem 3.3(i) If 0 < inf;Nm, = HiSNma< 1, then
2 ol 600, O] 1T € 0% (L (5,,0),cnn,d, (%00
(i1) If I SMpyn< supmnNmn = H <eo, then

tar ol (x,,0)....0d, (5, 0D T < 2 [ (3,.0).0d, (x, OD T

Hinn

(iii) If 0 <Npu<tLym<co and {
Mon

} is double analytic, then
2 016,00y 5, O, T € 22 (5100, 5, D) 1
Proof The proof can be established usmg standard technique.
The following result is well known.
Lemma 3.4 If a sequence space E is solid, then it is monotone.
Theorem 3.5 The class of sequence xil(fwf[||(d1(xl,0),...,dn (xn,O))"p]“ is not solid and hence not monotone.

Proof: It is routine verification. Therefore we omit the proof.

71



www.ccsenet.org/mas Modern Applied Science Vol. 10, No. 1; 2016

Theorem 3.6 Let f, f; and f, be modulus functions. Then we have

() %2 1 (5100, e O T € 22 T (5,0),d 5, 00, T

(CIRF el CHESRURSI: NCO) I abaeal| CRCIU NN G0 B AR=F S |

(d,(%,.0)...d, (x,.0))] T

m )fZ

Proof: (i) Let inf,;Nm, = Ho. For given > 0, we first choose €,> 0 such that max{sg‘,e('f“} <e&. Now using the
continuity of f, choose 0 <6< 1 such that 0 < t <4 implies f(t) <g.

Let A}, Xx€ Xil:i\.)f. [||(d1(x1,0),...,dn(xn,O))"p]”

We observe that

A(0) = {(r s)e NxN:— z Zn 1[ H(‘A(w .|

Thus if (r, s) ¢ A(d) then

Zm IZn 1[ H(‘A(M)an

Nmn
Y d(x,,0),..d (xnl,O))H } H}e L.

nmn
1/m+“’ dl(Xl,O),...,dn(Xn_l,O))Hp:| <ot

=3

nmn
jimen g (xl,O),...,dn(xn_l,O))M <rsd",

(p u)an

nmn
[ H(‘A(M)an yimen d,(x,,0),...,d, (XH-I,O))Hp:l <&", forallmn=1,2, ...

= (H(‘A(u Ko

Hence from above inequality and using continuity of f, we must have

( (H(‘Am w¥Xmn

XL (i (S

)l/m+n’ dl(leo))"'7dn (Xn-l’o))H ) < 6, forallm,n=1,2, ....
p

e d(x,,0),....d, (xn_l,O))H D <g,, forallmn=1,2, ...
p

T]lnn
1/m+n’ dl(Xl,O),---:dn (Xn'l’o))Hp)j| <rs max{ggl’g(l;lo} <ISE

STLZ;F]Z;]{ ( H(‘A(M) mn

Hence we have

{(r,s)e NxN:éZ;ﬂZi:l[ ( H(‘A(M) o

(i) Let x € > 1 x,,0).....d, (x,.00)]| T X [d, (x,,0),....d,, (x,,,0) T

)7 dy(5,.0),d (5,1, 0)) ﬂn <e.

MNmn
Y™ 510)dy (5,.0))] ﬂ } > c A@)e L.

Then the fact that
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1y S ][(f +f)(H(\A“.,u> ) 1/m+n,dl(xl,O),...,dn(Xn_l,o))upﬂnmn )

(p,u) mn

%Z;Zizl[ ( ), (5100, (5,00 ﬂ

Y™ 06,00, (5, 0)) )T

(p,u) mn

D3 L

This completes the proof.
Theorem 3.7 The class of sequence Ailiu)f["(dl(xl,O),..., d, (xn,O))”p]rl is a sequence algebra

Proof: Let (A%, %, J(A%,. %) A2 [ (%100, (x,,0)), 1" and 0 <e< 1. Then the result follows from

the following inclusion relation:

{(r s e NXN:LS" 3 1[ A ® A mn)l/“”“’dl(xl,0),...,dn(Xn_l,o))up:l”mn}EIz

(p, u) mn

QH(T’S) SNNATLUE[f )"0, (0 00, | < }e}

(p,u)Ymn

Nmn
A {{(r,s)e NXN:LS" z[ e, d1<x1,0>,...,dn(xn.l,O»HJ < s}e Iz}

Similarly we can prove the result for other cases.
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