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Abstract 
The exact solution of the two-dimensional momentum and continuity equations governing the unsteady airflow 
in an inclined trachea was carried out. The oscillating airflow was described by setting one side of the boundaries 
be a periodic pressure function. The solution was obtained using Bromwich integral. The present results show 
that the inclination angle θ and gravitational force g reduces the pressure drop and has a greater effect on the 
velocity profile of airflow from the trachea to the lungs. Therefore, sleeping in a horizontal position may lead to 
negative effects for many patients. However, the inclined position is better, and it is dependent on the slope angle 
position taking, the benefits of gravitational force and utilizing it to improve the breathing of the body. These 
results are of help in breathing problems, mild sleep apnea, snoring, asthma and chronic obstructive pulmonary 
disease. 
Keywords: exact solution, inclined trachea, unsteady airflow, Bromwich integral 
1. Introduction 
Nowadays, predicting and understanding in depth of the mathematical modelling phenomena development in life 
science and physiology has increased dramatically. Chong et al. (2015) used mathematical models in the medical 
industry to understand the dynamics of chronic viral infection. Many researchers applied mathematical models to 
solve problems in different branches of science (Orakbayev et al., 2015; Shangytbayeva et al., 2015; Stroiteleva 
& Vukovich, 2015; Efimov et al., 2015). 
In recent years, inclined bed therapy (IBT) has been the subject of ongoing research. It is a new therapy 
introduced by Andrew Fletcher (1990), (Billen & Ting, 2013; Inclined Bed Therapy, 2013; Life & Gravity, 2013). 
The key to this therapy is to maximize the ability of the body to perform on its own without introducing harmful 
chemicals or other substances. The advantage of the technique is clear for many of the diseases like breathing 
problems, mild sleep apnea, snoring, asthma and chronic obstructive pulmonary disease (Rowley et al., 2009; 
Van Vliet, Ellis, & Hila, 2005; Ragavan, Evrensel, & Krumpe, 2010). 
Investigators have observed six distinct tracheal shapes from a study of 200 patients by Mehta and Myat (1984) 
which are elliptical, C-shaped, U-shaped, D-shaped, triangular and circular O-shaped. As well, Terho et al. (1987) 
collected the seventh and twelfth trachea ring from 205 autopsies. They also observed six distinct shapes. The 
length of the trachea is about 11-14 cm long connecting the crocodiles cartilage in the larynx to the primary 
bronchi of the lungs. Its cross-sectional diameter in normal human adults is 1.3-2.5cm in the coronal plane and 
1.3-2.7cm in the sagittal plane. The diameters for females are slightly smaller (Tu, Inthavong and Ahmed, 2013). 
It is an almost rigid organ containing 16 to 20 tracheal rings that hold and support the trachea, preventing it from 
collapsing in on itself, but also providing some flexible movement for any neck movement. The main role of the 
cartilaginous tracheal structures is to maintain the windpipe open despite the inter-thoracic pressure during 
respiratory movements by Roberts et al. (1998). Also, it kept the airway free of foreign material through 
coughing as well as intrinsic defence mechanisms and the innate cellular and acquired immune responses 
(Satpahi, Kumar, & Chandra, 2003).  
A few researchers had investigated the effect of the slope angle position in the trachea, such as VanVliet et al. 
(2005). An experimental study was conducted to investigate the effect of angle and different types of oscillations 
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on simulant mucous velocity in a flexible tube. It is similar in diameter to the adult human trachea using a 
repeated-measures design in a tube and mucous simulant model for different angles of 0o, 30o, 60o, and 90o. 
Symmetrical oscillation was applied in both the transverse and longitudinal directions with frequencies of 5, 15 
and 25 Hz at amplitudes of 1 mm and 2 mm peak-to-peak. The commercially available oscillator asymmetrical 
oscillation was applied using repeated cycles of slow acceleration and fast deceleration in the longitudinal 
direction at 0°and 30" downward and up a 5° slope using a custom-built apparatus. They found simulant mucous 
velocity increased significantly with increasing angle. At an angle of only 30° simulant, mucous velocity had 
already reached 50% of its maximum value at 90° with the support of gravity to assist in secretion clearance. 
Clearance of airway mucus during a cough is most effective with more gel-like mucus when the trachea is 
situated at angles (30o, 45o) larger than horizontal position (Ragavan, Evrensel, & Krumpe, 2010). They used 
experimental studies to investigate the effect of some parameters on the displacement of mucus simulant aliquot 
during simulated cough in a rigid tracheal model like mucus simulant elasticity and superimposed airflow 
oscillations and by placing trachea at larger slope angles with respect to horizontal position. Movements of two 
types of mucus simulants, (patients with severe breathing diseases and representative of healthy individuals) 
during simulated cough events were measured with and without superimposed airflow oscillations at 0°, 15°, 30°, 
and 45° angles of a plexiglass D-shaped tracheal model having slightly larger dimensions than adult human 
trachea at low cough velocities (5-30 m/s range). Their results indicated that the effect of the body position 
during a cough can facilitate the expiratory muscle function and might alter the shape of mucus secretions in the 
central airways. In other words, increasing average cough velocity at a higher incline angle (30o 45°) of the 
trachea compared with the horizontal position.  
Knowledge about airflow in human airways was known as the alternative source that helps in the treatment for 
breathing patients. Mathematical model describes the dynamics of airflow motion in the trachea through the 
solution of the momentum and continuity equations. Obtaining the exact solutions, on the other hand, is crucial 
for many reasons. They provide a standard for checking the accuracies of many approximate methods such as 
numerical or empirical. Although, currently, computer techniques make the complete integration of momentum, 
and continuity equations feasible, the accuracy of the results can be established only by a comparison with an 
exact solution. 
A few researchers have tried to find analytical solutions for airflow velocity in the human respiratory instance. 
Kongnuan and Pholuanghad (2012) proposed a mathematical modelling of the airflow in a human upper 
respiratory tract, including oral cavity, nasopharynx region and trachea. The airflow can be described as an 
incompressible, laminar, Newtonian fluid, which has constant density and viscosity without the effects of any 
external force. The governing equations for the oscillating two-dimensional airflow are the continuity and 
momentum equations in the Cartesian coordinate system which have been solved using the analytical method of 
a Fourier series-based and derived from consulting the research of Tsangaris and Vlachakis (2003). 
The objective of the present study is to investigate the effect of the inclination angle and the gravitational force 
of the airflow in the trachea using Bromwich integral. 
2. Method 
2.1 Governing Equations 
Consider the unsteady airflow in a two-dimensional, incompressible, laminar, Newtonian fluid of constant  
density and viscosity in a long straight trachea. Let ( , )x y be the Cartesian coordinates of any point in the airflow 
domain in trachea (D-shaped), where x -axis is along the bottom of the trachea and is the vertical of the trachea, 
while L, h length and width are measured on x -axis, y -axis of the considered region respectively. The 
momentum and continuity equations of unsteady airflow form can be written as 

0 ,u v
x y
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∂ ∂

                                                     (1) 

2 2
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Where  and u v  are the components of the velocity along, x and y directions respectively, p  stands for the 
pressure, ρ , μ are density and dynamic viscosity of the air respectively, g is a gravitation parameter (the 
acceleration due to gravity), and θ is the inclination angle is shown in Figure 1. The pressure gradient p x∂ ∂  
has been taken following Kongnuan and Pholuang (2012) for a human being who is given by: 

sin( ) ,  for 0p P t t
x L

ω∂ = >
∂

                                                  (4) 

Where: P L  is the constant amplitude of the pressure gradient, ω the cyclic frequency of the oscillating 
pressure gradient. 
2.2 Boundary and Initial Conditions 
According to Kongnuan and Pholuang (2012), the velocity components should be zero at the rigid walls (no-slip 
condition).  

0, 0   for 0,  and 0u v y h x L= = = ≤ ≤                                   (5) 
The inlet velocity profile of the trachea the flow is assumed to be fully developed  

( , ), 0,  for 0 , 0   and 0u u y t v x y h  t= = = < < >                           (6) 
While the boundary conditions in the outlet section of the trachea are given by 

0, 0,  for , 0  and 0u v x L y h t
x x

∂ ∂= = = < < >
∂ ∂

                        (7) 

The initial condition for this problem is given by 
( , y,0) ( , y,0) ( , y,0) 0 ,   at 0,   0 u x v x p x t x= = = = >                  (8) 

 

 Figure 1. Sketch of the straight trachea geometry 
 
2.3 Method of Analytical Solution 
For equations (1-3), we see that three partial differential equations have three unknown ,  and u v p  functions of 
three independent variables ,  and .x y t  Assuming fully developed airflow in these regions, 0 and ( , )v u u y t= =  
the continuity equation (1) is satisfied and when developed flow conditions equation (3) can be omitted. Hence, 
we can reduce equations (1)-(3) and (4) to  

2

2
1 sin sin , where (  is kinematic viscosity)u u p gt
v t Ly

ρ μω θ ν
μ μ ρ

∂ ∂− = − =
∂∂

             (9) 

Take Laplace transforms of the motion equation (9) with the boundary and initial conditions in equation (5), (8) 
respectively, we get 
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(0, ) 0 and ( , ) 0u s u h s= =                                           (11) 
Where ( , )u y s  is the Laplace Transform  
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The solution of equation (10) is given by  
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Substituting equation (14) into the equation (13) becomes 

2 2 2 2 2 2
/ sin sinh / sinh / ( ) / sin( , )

( ) sinh / ( )
p L g s v y s v h y p L gu y s

s s s s vh s s s
ω ρ θ ω ρ θ

ω ω
   + −= − − +    + +    

       (15) 

The singularities in the Laplace transform are located at 
2 2

n20, , and s  , where 1,2,3,.... and all simple poles.n
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By using Bromwich’s integral we can find the inverse Laplace transform in equation (15), as follows: 
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and Bromwich’s integral is given by
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The volume flow rate (Q) through trachea is given by 

0

( , )
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(18) 
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3. Results  
When the breathing period is about 1Sec of the breathing cycle, the cyclic frequency ω = π/ 2, g=9.8 m/s2 gravity 
acceleration, ρ =1. 148 kg/m3, µ= 1.82 × 10−5 Pa.Sec, L=0.10 m, and h=0.02 m length and width of the trachea. 
Also, the amplitude of the oscillating pressure P= -133.32 Pa has been taken from the literature (Kongnuan and 
Pholuang, 2012), with normal body temperature (37o). From Eq. 17, Figure 2,3,4 and Figure5 has been 
determined after substituting the values of t, θ and g.  
 

Table 1. Results of quantity of flow for different time t and inclination angle 

 
 
 
 
 
 
 

 
 
 
4. Discussion  
Figure 2 shows the amplitude of velocity, where the higher value is in the central region, and reducing gradually 
to zero value close to the walls. Therefor, the behaviour of the velocity profile is in agreement with Kongnuan 
and Pholuang (2012) establishments of the laminar flow profile (parabola curve) According to the results in 
Figure 3, the maximum velocity shows around 1.44 and minimum velocity about 0.00003 at t=2s and t=1s 
respectively. In the other words, the velocity increases with increasing time. The effect of the inclination angle 
on the velocity profile is displayed in Figure 4, which shows that the increasing of θ (0o, 15o, 30o, 45o, and 60o) 
leads to increasing the velocity of airflow. These results close to Van Vliet et al. (2005) and Ragavan et al. (2010) 
when they established the inclination angle had reasonable effect.  
Figure 5 illustrates that the increasing of gravity parameter g leads to increasing of the airflow velocity when 
θ=30o. Therefore, it is supported the phenomenon that increasing of gravity g may lead to reducing the flow 
resistance, also the velocity of air flow increases with the increase in gravity g. Figure 6 and Table1 shows that 
volumetric of the flow rate Q and quantity of flow increase with a higher inclination angle θ in comparison with 
the horizontal position (θ=0o). Moreover, an increase of the airflow velocity leads to reducing the pressure drop 
in the trachea using Boyle’s law gas. It can be seen that the extremely important in diving physiology of this law 
by increased pressure could collapse the air chambers of the diver’s body, and often causes serious damage 
especially in the lungs (Hall, 2010). 
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Figure 2. Velocity profile for airflow at angle θ=0o and t=1.65 

 

 
Figure 3. Velocity profile for unsteady airflow for different t at angle θ=0o 
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Figure 4. A variation of velocity profile for different inclination angle θ at t=2 

 

Figure 5. A variation of velocity profile for different values of g at θ=30o and t=2 
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Figure 6. A variation of the volumetric flow rate for different inclination angle θ 

 
5. Conclusion 
An analytical solution is obtained by the Bromwich integral to examine the effect of an inclination angle and the 
gravitational force of unsteady airflow in the trachea. The inclination angle θ (30o, 45o) and gravitational force g 
reduced the pressure drop in the trachea. As a result, there is a positive effect on the increasing of airflow 
velocity from the trachea to the lungs. Also, the sleeping in a horizontal position leads to adverse effects for 
many patients, whereas the inclined position is better and depending on the slope angle, taking the benefits of 
gravitational force and utilizing it to improve breathing of the body.  
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