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Abstract 
The linear boundary layer of the free flow around a circular horizontal cylinder with uniform surface temperature 
in the presence of heat generation was studied. Upon obtaining the non-dimensional boundary layer equations, 
the Runge-Kutta series method was used to solve the non-linear partial differential equations numerically. The 
surface shear stress results and surface heat rate were subsequently obtained in terms of the internal shell friction 
and the local Nusselt number respectively. The following heat generation parameters (C) were selected:  0.0, 
0.2, 0.5, 0.8, and 1.0. The following results were obtained: 1) increasing C led to a corresponding increase u, v , 
VM , and θ , 2) Increasing i led to a corresponding increase in u, v , and VM, and 3) increasing C increased 
velocity variations and, naturally, the value of Cf, and 4) increasing i from i=0 to i=100 led to a decrease in the 
Nusselt number (Nu).  
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Nomenclature 
a    radius of the circular cylinder 

Cf    local skin-friction coefficient 

Cp    specific heat at constant pressure 

f    dimensionless stream function 

Gr    Grashof number 

g    acceleration due to gravity 

k    thermal conductivity 

Nu    local Nusselt number 

Pr    Prandtl number 

Q0    constant 

qw    heat flux at the surface 

T    temperature of the fluid in the boundary layer 

T∞    temperature of the ambient fluid 

Tw    temperature at the surface 

U∞    dimensionless free stream velocity 

u,v    dimensionless velocity components along x and y-directions 

û, v̂  Fluid velocities in the  xˆ and  yˆ directions 

x, y    axis in the direction along and normal to the surface respectively 

Greek symbols 

ψ    stream function 

τw    shearing stress 
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ρ    density of the fluid 

μ    viscosity of the fluid 

ν    kinematic viscosity 

γ    heat generation parameter 

θ    dimensionless temperature function 

β    coefficient of thermal expansion 

Subscripts 

w    wall conditions 

∞    ambient temperature 

Superscript 

′    differentiation with respect to y 

1. Introduction 
Free convection heat transfer occurs as a result of the change in density resulting from slight differences in 
temperature between fluid components, which create buoyancy forces in the fluid. Therefore, any change in the 
existing temperature difference would introduce instabilities in the heat transfer flow. 

Due to the significance and frequent occurrence in nature of free convection flow, this form of heat transfer has 
long been the subject of numerous studies (Takhar 1968; Merkin 1969; Sparrow, Husar, and Goldestein 1969; 
Corcione 2005; Molla, Hossein, and Paul 2006). 

The convective heat transfer can be classified in terms of the nature of the flow. “Forced convection” is caused 
via external sources such as fans, pumps, and atmospheric winds. An example of forced convection is the 
cooling of hot electrical components on integrated circuit boards through forced convection provided by a fan. 
On the other hand, “free (natural) convection” is created via forces of buoyancy resulting from differences in 
density caused by temperature difference between adjacent fluid layers. An example of free convection can be 
observed in the heat transfer from the hot components in the vertical arrays of integrated circuit boards in 
stagnant air. The temperature of the air in contact with the hot surfaces increases, resulting in a decrease in its 
density. As hot air is lighter than the ambient air, buoyancy forces are created, resulting in an upward motion of 
the hot air and its consequent replacement with cold air.  

Wageravelo and Hodgincolova (Vajravelu, Hadjinicolaou 1993) studied the heat transfer characteristics of the 

linear boundary layer flow of a viscous fluid on a linearly expanded continuous surface in the presence of 

viscous friction heat loss and internal heat generation. They observed that the volumetric heat transfer rate 

3
[ ]

h

m
φ  was obtained from the relation 1: 

(1) 

 

Where Q0 is the steady state heat transfer rate and T∞ is ambient temperature. The above relation is used for 
some of the exothermic process that begins when the temperature T is existent. 

On the other hand, many physical phenomena involve convective heat transfer resulting from heat generation. 
Heat generation study is also important where moving fluids are concerned in spite of numerous physical 
difficulties that exist including chemical reactions resulting in decomposition of the fluid.  

The rate of free convection heat transfer is much less than that of forced convection due to the higher velocities 
involved in the latter. Perhaps less importance is generally attaché to processes which include free convection. 
However, free convection plays a significant role in the design and performance of hybrid heat transfer systems 
because of the high resistance to heat transfer associated with it (Incropera, Dewett, Bergman, and Lavine 2002). 

The effect of heat generation and absorption on magnetic water flow on a plate in the presence of heat and mass 
transfer was studied by Chamkha and Isa (2000). Mendez and Trevino (2000) also studied the combined effects 
of conductivity and natural convection along a thin vertical sheet in the presence of non-uniform heat generation. 
Molla, Hossein, and Yao (2004) studied the natural convective flow in the presence of heat generation along a 
warped uniformly heated vertical surface.   
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In 1976, Sparrow and Lee investigated the problem of simultaneous convection on a heated horizontal circular 
cylinder. They developed a solution for velocity and temperature profiles in the x direction corresponding to the 
lowest point on the cylinder. Merkin (1976, 1977) was the first author to present a complete solution to this 
problem by combining the Blasius-Gurlter series expansions with an integration method and a finite difference 
program. Merkin (1977) also studied the problem of boundary layer free convection from elliptical cylinders. 
Later, Ingham (1978) studied the boundary layer free convection flow on an isothermal horizontal cylinder. 
Hossain and Alim (1997) also investigated the mutual effect of radiation on natural convection boundary layer 
flow along a thin vertical cylinder. Hossein and Kutubuddin (1999) conducted studies on the effect of 
radiation-conductivity on the mixed convection flow on a horizontal circular cylinder. Later, Molla, Hossain, and 
Gorla (2005) studied the natural convection flow around a horizontal circular isothermal cylinder where the 
temperature was dependent on viscosity. 

There are also several articles published in various journals on micro magnetic flux applications. For example, 
Pop, Nazar, and Amin (2002), studied the problem of natural convection flow from a lower to a higher stagnation 
point on a horizontal circular cylinder submerged in a micro magnetic flux. Subsequently, Pop, Nazar, and Amin 
(2002) investigated the natural convection flow on an isothermal sphere inside a fluid. In several other studies, 
the natural boundary layer flow on a sphere was investigated. For example, Chiang, Ossin, and Tien (1964) 
studied the free linear convection flow on a sphere by taking into account surface temperature and thermal flux. 
In 1987, Huang and Chen studied the natural convection flow on a sphere caused by blowing and suction. 
Simultaneous analysis of free and forced convections around a sphere was conducted by Chen and Mocoglu 
(1977). Molla, Hossain, and Gorla (2004) studied heat and mass transfer from a sphere as a result of chemical 
reactions. 

In the present study, the linear boundary layer in free convection from a horizontal circular cylinder at uniform 
surface temperature in the presence of heat generation was investigated. First, the non-dimensional boundary 
layer equations were obtained, and then the system of partial differential equations were numerically solved via 
the Runge-Kutta series technique (Butcher 1974). The results of shear stress and the surface heat rate were 
obtained in terms of the internal shell friction and the local Nusselt number respectively for the selected values 
of the heat generation parameter (C= 0.0, 0.2, 0.5, 0.8, and 1.0). Results are presented in diagrams.  

1.1 Dominant Equations 

Figure 1 shows the heated cylinder. A steady linear 2D free convection flow is established on the surface of a 
circular horizontal isothermal cylinder with radius a, submerged in a viscous incompressible fluid. Tw is the 
surface temperature of the cylinder ( wT T∞> ). T∞  represents the fluid ambient temperature, and T is the fluid 
temperature. The 2D physical representation of the cylinder is shown in the Figure 1. 

 

 

 

 

 

 

 

 

 

 

Figure 1. The physical model and the assumed coordinates 

 

Relations 2 to 4 are obtained upon applying the boundary layer and Boussinesq approximations to the continuous 
mass, momentum, and energy equations respectively(Molla, Hossein, and Paul , 2006) : 
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Where (u,v) are velocity components in the (x,y) directions, g is the acceleration of gravity, ρ  is fluid density,  
k is thermal conductivity, μ  is fluid viscosity, Cp is specific heat at constant pressure, and Q0 is constant 
(positive or negative) heat generation. Q0>0 and Q0<0 correspond to heat generation and heat absorption 
respectively. 

The proper boundary conditions for solving equations 2 to 4 are: 

  

(5a) 

(5b) 

Upon obtaining the non-dimensional forms of equations 2 to 4 and substituting the non-dimensional variables, 
we obtain: 

1/4ˆ ˆ
, ( )

x y
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= =                                (6) 
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Finally, by substituting Equations 6, 7, and 8 into Equations 2, 3, and 4 respectively, we obtain: 

0
u v

x y

∂ ∂+ =
∂ ∂

                                  (9) 
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                           (10) 
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u v
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θ θ θ θ
μ

∂ ∂ ∂+ = +
∂ ∂ ∂

                       (11) 

The boundary conditions are: 

0, 1 0u v at yθ= = = =                                 (12a) 
0, 0u as yθ→ → → ∞                                 (12b) 

C in Equation 11 is defined as: 

C=
2

0
1/ 2

p

Q a

C Grμ
                                     (13)           

Substitution of equation 13 into 11 results in the relation 14: 
2

2

1

Pr
u v C

x y y

θ θ θ θ∂ ∂ ∂+ = +
∂ ∂ ∂

                              (14) 

We shall try to obtain v, u, and θ from Equations 9, 10, and 14 respectively. To this end, we obtain 
u

x

∂
∂

 from the 
conservation of mass equation (Equation 9) and replace it in Equation 10. Subsequently, we solve this system of 
equations simultaneously to obtain: 

       
u v

x y

∂ ∂= −
∂ ∂

        →  0
u v

x y

∂ ∂+ =
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                     (15) 
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Substitution of equation 15 in 10 results in the following relations: 
2

2
* ( )

u v u u
u v Sin x

t y y y
θ∂ ∂ ∂ ∂− + = +
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                   (16) 
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                      (17) 

On the other hand, the required physical quantities, i.e., shear stress and heat transfer rate (expressed in terms of 
surface friction coefficient, Cf, and the Nusselt number, Nu) can be written as: 

2 / 2
s

fC
u

τ
ρ ∞

≡                               (18) 

(19) 

Where: 

 

(20)    

 
(21)  

 

Where sτ  is the shearing stress, q" is the local thermal flux, h is the local convection coefficient,  ρ  is the 
fluid density, k is thermal conductivity, μ  is the fluid viscosity, L is length scale, Ts is the surface temperature, 
and is the ambient temperature. 

3. Results 
The variations in the u and v velocities and in temperature were studied. The variations in Nu and Cf were also 
investigated. The problem was solved considering Pr=0.7 [1], dx=0.01, and dy=0.01. The accuracy of dt was 
assumed as 0.00001. According to Figure 1, and by solving equations (9), (10), and (14), the variations in 
velocity and temperature was obtained by changing the parameter C from 0 to 1 and assuming a constant x at i=0, 
50, and 100. These variations are shown in the Figures 2 to 7. 

 

 

 

 

 

 

 

 

Figure 2(a). Variations in the velocity of u in the x-direction at I = 0 at different values of C.TIF 

 

 

 

 

 

 

 

 

Figure 2(b). Variations in the velocity of u in the x-direction at I = 50 at different values of C 
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Figure 2(c). Variations in the velocity of u in the x-direction at I = 100 at different values of C. 

 

As seen in Figure 2, increase in C increased the magnitude of u. This is due to a direct dependence of the 
parameter C to Q0 as indicated in equation (13). Equation (13) implies that increase in Q0 increases the parameter 
C. It can be said that increase in Q0 increased the u velocity which is justifiable and shown in Figure 2(a), 2(b), 
2(c). 

 

 

 

 

 

 

 

 

Figure 3(a). Variations in the velocity of v in the x-direction at I = 0 at different values of C 

 

 

 

 

 

 

 

 

Figure 3(b). Variations in the velocity of v in the x-direction at I = 50 at different values of C 

 

 

 

 

 

 

 

 

 

Figure 3(c). Variations in the velocity of v in the x-direction at I = 100 at different values of C 
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As shown in Figure 3(a), 3(b), 3(c), v increased as the parameter C increased, which is due to the direct 
dependence of the parameter C to the heat generation parameter, Q0. This is consistent with the obtained results. 

 

 

 

 

 

 

 

 

 

 

 

Figure 4(a). Variations in the absolute velocity of VM in the x-direction at I = 0 at different values of C 

 

 

 

 

 

 

 

 

 

 

Figure 4(b). Variations in the absolute velocity of VM in the x-direction at I = 50 at different values of C 

 

 

 

 

 

 

 

 

 

 

Figure 4(c). Variations in the absolute velocity of VM in the x-direction at I = 100 at different values of C 

 

Equation (6) defines the absolute velocity, VM, as the resultant of the magnitudes of the velocities u and v. 
Therefore, according to the results presented in Figures 2 and 3, increase in C increased the magnitude of VM 
which is consistent with the obtained results (Figure 4(a), 4(b), 4(c)). 
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Figure 5(a). Variations in the velocity of T in the y-direction at I = 0 at different values of C 

 

 

 

 

 

 

 

 

 

 

Figure 5(b). Variations in the velocity of T in the y-direction at I = 50 at different values of C 

 

 

 

 

 

 

 

 

 

 

Figure 5(c). Variations in the velocity of T in the y-direction at I = 100 at different values of C 

 

As seen in Figure 5(a), 5(b), 5(c), increase in the parameter C increased θ, which is due to a direct dependence of 
the parameter C to the heat generation parameter, Q0, and is consistent with the obtained results. 

It is evident that the maximum value of θ occurred at the body of the cylinder due to the highest difference 
between T and T∞  . The minimum temperature (close to zero) was observed at the remote areas due to the 
closeness to T∞  . 
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Figure 6. Variations in Cf at different values of C 

 

Equations (18) and (20) imply that Cf is a function of the y-direction velocity (i.e., radial velocity). By moving 
from i=0 towards i=100, the changes in velocity at y=0 increased due to the development of the boundary layer. 
The variations in velocity increased as the value of C increased, and consequently, Cf increases. The obtained 
data are in agreement with this matter (Figure 6). 

 

 

 

 

 

 

 

 

 

 

Figure 7(a). Variations in the velocity of Nu at I = 0 at different values of C 

 

 

 

 

 

 

 

 

 

 

Figure 7(b). Variations in the velocity of Nu at I = 50 at different values of C 
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Figure 7(c). Variations in the velocity of Nu at I =100 at different values of C 

 

The temperature variation gradient decreased with the development of the boundary layer. Therefore, by moving 
from i=0 towards i=100, Nu decreased according to the equations (19) and (21). Since the variations in Nu are 
very low, it is illustrated in a limited view in Figure 7(a), 7(b), 7(c). As seen in those Figures, decrease in C will 
decrease Nu. 

3. Conclusion 
The effect of heat generation on the natural convection flow on an isothermal horizontal cylinder was 
numerically investigated. The boundary layer equations governing the motion were presented in the 
dimensionless form. The set of nonlinear results was simplified to the dissimilar boundary layer equations. The 
equations were solved numerically by the Runge-Kutta method. Results showed that increase in the parameter C 
led to an increase in C, u, v, VM, and θ. Also, increase in i increased u, v, and VM. Increase in C led to an 
increase in the variation of velocity, and thereby, increased Cf. The value of Nu decreased by moving from i=0 
towards i=100. 
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