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Abstract 
This article proposes a new method of modeling active elements in production systems, including formulation of 
management tasks in hierarchical active systems in the circumstances of unidentifiability of reactions of the 
lower levels (workers); offers a game-theoretic model of active systems of corrective type; studies the 
mathematical models of incentives for the personnel in workflows; carries out parameters identification and 
validation of the basic and applied models; as well as develops a set of specific mathematical models to stimulate 
the performers of workflows. 

Keywords: mathematical modeling, decomposition models, workflows, production systems, basic model, 
hierarchical systems 

1. Introduction 
The article introduces a theoretical model of personnel management in production systems in the circumstances 
of unidentifiable reaction of performers, and the research on its basis of a set of problem-oriented decomposition 
models and methods in single-stage production systems. It develops a game-theoretic model of active corrective 
systems, studies the mathematical models of incentives for staff in the workflows, identifies the parameters and 
validates the adequacy of the basic and applied models (Bogoviz & Stroiteleva, 2012; Dosi & Teece, 1998). 

2. Methodology 
The main research goal is development, which uses methods of workflows decomposition. 

2.1 Theoretical Problems of Modeling Workflows 

In the development of a game-theoretic model of corrective optimization, the methods of its particularization and 
practical application are examined, the complex systems are analyzed as objects of personnel management, and 
the setting of targets of institutional arrangements synthesis is suggested. As a result, we obtain a new basic 
model of a hierarchical system, which is written on the basis of the corrective optimization task (Oskorbin, 1987; 
Freeman, 1988). The results presented here are of a methodological nature. 

Implementation of this methodological approach is carried out using the mathematical model of management – 
the corrective optimization model. Let us write down this model for one-step hierarchical systems in an 
environment, where the vector of parameters (disturbances) of the system ω  is known to the performer, but the 
management center does not know it. 

Let *  ( )х X ω∈  be the optimal solution in a one-step hierarchical system, wherein  ω ∈ Ω  ; ( , )f x ω  is the 
objective function of solution selection, determining the income from the operation of the production system 
during the planning period. Below, we will consider the objective function, which characterizes the income flow 
and determines the growth rate of the controlled system's value within the accuracy to the parameters.  

Let us assume that the choice of the solution is carried out in two stages. At the first stage, the management 
center without knowing the value of the parameter ω  selects the preliminary solution: 0 0 x X∈ . We will define 
the set of preliminary selection of the decision 0X  below. 

At the second stage, the performer (the lower level of the system), knowing the preliminary solution 0x  and the 
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values of the parameters vector ω  specifies (corrects) the solution 0x  to the value  ( )
K

Xx ω∈  . At that, the 
overall effectiveness of the system operation may rise as well as fall. The task of the synthesis of the personnel 
management mechanisms is to ensure the maximum possible increase in the efficiency of the production 
system's (an industrial enterprise's) operation. The complexity of this problem consists in that the management 
center has limited awareness of the operating conditions of the lower level. 

Let us write down the general mathematical form of the problem of choice of solutions in the considered 
conditions. To select the preliminary solution, one must switch on 0 ( )x X ω∈  for all  ω ∈ Ω  and provide for 
high initial efficiency of the system, since some components of the solution cannot be adjusted. These 
requirements are met by the following task: 

__
0

max
0

__
( ) ( )f x f x

x X∈
= , wherein 0

( )X X ω
ω

=
∈Ω
 ; 

(1)
__

inf( ) ( , )f x f x
ω

ω
∈Ω

= . 

The problem (1) of the choice of solutions at the preliminary stage can be difficult, and in some cases 
impracticable (for example, if 0

X  is an empty set). In such a situation, other formulations of tasks of searching 
for a preliminary solution in conjunction with the operation of the prior solution designing for the set ( )X ω  are 
used. In addition, to assess accurately the working conditions of performers, evaluation of the preliminary 
solution’s effectiveness is required, which may be obtained at the end of the planning period. 

Let us consider the problem of making decisions in the second stage. Let us introduce the index of the maximum 
possible effect of correction of a preliminary solution 

__
0( , )x ωΔ  for any ω ∈ Ω : 

__ __
0 0 0

max( , ) ( , ) ( , ), ( , ) 0.
( )

x f x f x x
x X

ω ω ω ω
ω

Δ = − Δ ≥
∈

             (2) 

If for some  ω ∈ Ω  the inequality (2) will be strict, then the performer can increase the optimization result. He 
will be keen to perform this function, as the incentive will be more than the labor input for correcting the 
preliminary solution. It should be noted that the maximum possible effect of correcting the solutions corresponds 
to the optimal solution * ( )x X ω∈  in the considered hierarchical system. 

Let 0 0( , , ) ( , ) ( , ), ( )x x f x f x x Xω ω ω ωΔ = − ∈  be the value of income in the system per unit of time due to 
correction of the preliminary solution. Using the index [0 1]σ ∈ − , let us denote the income distribution factor 
from correction of the solution between the management center (the interests of the system as a whole) and the 
performer (the interests of the low-level management, as well as private interests). Then, the problem of the 
second stage is as follows: 

1. The management center's task: 

0 0 max( , ) (1 ) ( , , )
[0 1]

M x x xσ σ ω
σ

= − Δ →
∈ −

 .                   (3) 

2. The performer’s task: 

0 0 max( , ) ( , , ) ( ( , , ))
( )

M x x x x x
x X

σ σ ω ϕ ω
ω

= Δ − Δ →
∈

  ,                (4) 

wherein 0( ( , , ))x xϕ ωΔ  is the function of labor input of the performer in the processes of correcting the 
preliminary solution, which as an assumption depends only on the values of the function 0( , , ).x x ωΔ   

Thus, the hierarchic system of decision-making has been accepted for consideration, the mechanism of which is 
described by the expressions (1)–(4). According to our classification, the system is a one-step directly collectible 
system with the collection 0( , , ) , ( )x x x Xω ωΔ =Δ ∈ . 

In the study of hierarchical systems, the mathematical model (1)–(4) plays the role of an elementary system, the 
specification of which allows receiving theoretical and practical models of systems with many centers of 
decision-making. Relations in the system can be easily reconstructed by analyzing the expressions (1)–(4). The 
main functions of the center are to choose a preliminary solution and find the level of remuneration of the 
performer in the solution of the game (3)–(4).  

The performer's functions are reduced to the choice of the level of solution correction in accordance with the 
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designated reward and search for a corrected plan (expression (4)). The process of correcting solutions is 
implemented by the center and the performer jointly. This model of corrective optimization was first published in 
the works (Oskorbin, 1987), (Cooper and Edgett, 2006), in which its decomposition was proposed. 

Let ( , )f x ω  be continuous by x  for any  ω ∈ Ω , and the set ( )X ω  be compact. Then the set of values of the 
collection Δ  coincides with the interval 0 0

__ __
[0 ( , )], ( , ) 0x xω ω− Δ Δ ≥  . The center should select for each 

  ω ∈ Ω  the strategy for incentives in the class of functions 0
__

:[0 ( , )] [0 1]xσ ω− Δ → − . Then, the decomposition 
of the game (3)–(4) has the form (7). 

1. The management center's task is: 

0 ( , ) (1 ) max
[0 1]

M σ σ
σ

Δ = − Δ→
∈ −

.                    (5) 

 

2. The performer’s task is: 

0

( , ) ( ) max
__

[0 ( , )]

M

x

σ σ ϕ

ω

Δ = Δ − Δ →

Δ∈ − Δ

.                          (6) 

 

3. The problems correction task is: 

0 0( , , ) min ( , , ) 0
( )

K K Kx x x x
x X

ω ω
ω

Δ − Δ = Δ − Δ =
∈

  ,         (7) 

Wherein KΔ  is an optimal strategy for the performer in the game (5)–(6). 

Let us consider the applicability conditions for the corrective optimization model for research purposes, as well 
as for solving applied tasks. This model is adequate to real decision-making processes if the vector of the 
parameters  ω ∈ Ω  unknown to the management center in the first stage is constant during the planning period. 
For production systems, this may be the prices for raw materials and finished products, the technological process 
parameters, the levels of actual labor input and materials costs in the production of intermediate and finished 
products, the opportunities of innovative development, and the new organizational forms of work performance. 

For industrial enterprises, the following tasks can be solved using the model description: 

1. Regulation of the rational level of awareness of the central management body, assessment of the loss of 
optimality of management in the circumstances of incomplete and asymmetric awareness of the 
decision-making centers. 

2. Development of a system of labor compensation and incentives consistent with the objectives of the system 
as a whole and the market conditions of attracting labor power. 

2.2 The Functional Structure of the Personnel Management System 

The detailed model of decision-making in a hierarchical system with the involvement of the well-known 
provisions of both the theory of active systems (Oskorbin, 1987; Stroiteleva, 2006), and the theory of 
hierarchical games (Germeier, 1971; Nelson & Winter, 1982) was considered. The general principles of 
personnel management in economic systems are shown. 

The structure of making and implementing solutions in the considered system is shown in Figure 1.  
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Figure 1. The structure of decision-making in a human resources management system 

 

The traditional personnel management system (goal setting, contingency planning, information support, 
implementation of decisions, etc.) was supplemented by the function of the performer's activity control (Gorelik 
et al, 1991; Van Horne, 2009): 

- control over the performance of the performer; 

- assessment of the actual results; 

- purposeful informing of the performer, which assumes informing the performer about the targets of 
management in the system and its role in this process, the management program, which is necessary for 
evaluation of the performance, development of standards, control procedures, methods for calculating estimates 
of the obtained results, the principles of reward and punishment. Informing must be performed in "human forms" 
and be made in advance (the figure shows information messages of this function highlighted with the dashed 
arrow) (Vukovic & Miller, 2013; Higgins, 1998); 

- calculation of the regulatory outcome; 

- formation of the fund of labor compensation and incentive of the performer depending on the standard and 
actual results. 

In this structure, the performer has the following functions: 

- correction of the plan, which is reduced to assessment of the rational for him level of correction (the rational 
level of activity) in the remuneration system implemented by the center and justification of the corrective 
solutions; 

- fulfillment (implementation) of the corrected planning solutions. 

Currently, the scientific bases of management in hierarchical systems are only being formed, so this structure 
is not applicable to all cases of personnel management. Nevertheless, it is recommended to use this structure 
in practice [4; 9; 16].  

3. General Principles of Modeling Undeveloped Workflows 
The problems of synthesis of personnel management for the developing simple hierarchical systems are limited 
to the development of specific incentive models. Three types of basic hierarchical systems are considered, in 
which the development is implemented by improving the equipment, changing the work technology and the staff 
skills. In this case, general degradation of the systems is possible (Ivanilov & Lotov, 1979; Bogoviz et al., 2013) 
[2; 12; 13]. 

As an example, we can provide the model of stimulation of the equipment assimilation processes.  

Let us suppose that for N periods of operation of a hierarchical system the dynamics of marginal productivities 
Δ  of the equipment is set by the equation  
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1( , )R jj jτΔ = Δ − ,  1,  ...,  ,j N=  

wherein jτ  is the costs of personal time by the performer for improvement of the equipment during the period 
.j   

Let us introduce the vectors   ( ,  ...,  ) 1 Nσ σ σ=  of the ratios of revenue sharing (the center’s strategy) and 

( ,  ...,  )1 NΔ = Δ Δ  of actual equipment manufacturers. 

1. The management center's task: 

0
( , , ) (1 ) max;

1 [0,1]

 1, ..., .

N
M Tj j j

j j
j N

σ τ σ
σ

Δ = − Δ →
= ∈

=

                      (8) 

2. The performer’s task: 

1

0 ;

( , , ) [ ( , ) max;
0

0

1, ..., .

N

jj j j j j j
j jj

j j

M T

T

j N

σ τ σ ϕ ατ

τ

=
Δ = Δ − Δ Δ − →

≤ Δ ≤ Δ

≤ ≤
=

                 (9) 

wherein jT  is the duration of the period j  ;  

α  – the price of personal time of the performer;  

0
Tj  – the fund of personal time of the performer during the period ( 1,  ...,  )j j N= . Other designations are the 

same as the designations in the expressions (5)–(7).  
The models (8) and (9) allow identifying the relationship in hierarchical systems, in which the equipment 
assimilation will provide for improvement of the system performance. We need to note that this model can be 
used to verify the adequacy of the incentive models, as the scientific literature contains detailed results of the 
study of processes of production assimilation. Besides, one may be tasked with the development of methods for 
identification of model parameters and numerical schemes for finding optimal strategies for the management 
center, which is more efficient to be carried out interactively.  

4. Applied Models of Workflows 
The basic models of workflows are based on the corrective optimization model. Research is conducted to justify 
the models for stimulation and study of the properties of workflows. 

The form of the performer's objective function can be interpreted as an analog of "profit" of the performer who 
receives the difference between the labor compensation ( )f υ  and the labor input ( )ϕ υ  depending on the 
intensity of labor υ  and seeks maximizing this "income". The decision-making model can be considered 
according to two criteria: ( )f υ  and ( )ϕ υ−  – with their simple convolution: ( ) ( ) ( )M fυ υ ϕ υ= − , which takes 
into account the criteria with equal weighting coefficients (Oskorbin, 1987; Bogoviz A. et al., 2013; Mezhov et 
al., 2014).  

5. Results 
In our studies, we adopt, first of all, various weighting coefficients; secondly, the behavior model is 
recommended to describe typical performers, as well as to analyze the stability of incentive mechanisms in 
deviations; thirdly, the modeling is based on the principle of "a reflecting system", which is formulated as 
follows: the "value" of labor compensation and the "disutility" of labor are subjective reflections of the reality 
for an individual and a group of individuals. The staff strives to maximize the evaluation of their payment and 
minimize the expected labor input. Following the principle of "a reflecting system", one needs to use in the 
models not an objective monetary labor compensation and amount of labor input, but the values reproduced by 
people, which may differ significantly from those commonly used. Within the framework of the principle of "the 
reflecting system", it is possible to explain many paradoxes in the economic behavior of people. 

Let us consider one of the ways to assess the weighting coefficients in the objective function of a typical 
performer of the following type (Germeier, 1971; Oskorbin, 1987; Prahalad, 1996): 
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. 

( ) ( ) ( ); [0, ]M fυ υ δ ϕ υ υ υ= − ⋅ ∈  

Let us assume that normal intensity нυ has been found for this workflow by the method of labor rating. Usually, 

when rating labor, piecework payment is used, i.e. 0( )
P

f
н

υυ υ=  where 
0

P  is the wage rate, the performance rate 

нυ  . There occurs a possibility to estimate the parameter δ  from the equality of the real and estimated 

behavior.  
Let it be ( ) arg max{ ( ) ( ) / [0, ]fυ δ υ δϕ υ υ υ= − ∈ .  

Then the required quantity δ  is the root of the equation ( ) нυ δ υ= .  

If labor input is proportional to the negative logarithm ln 1 υ
υ

 
 
 

− − , then 
0
(1/ 1)Hл P Kδ = −  wherein /H HK υ υ= ; 

if the functions / ( )υ υ υ− , then 2
0 (1 ) /H Hг P K Kδ = −  . In this case, there is no need to identify the labor input 

and use the principle of a reflecting system, because the field proven models of labor rating are applied for the 
standard process. In the future, the following two functions of labor input are often used in specific models 
(Bogoviz et al, 2013), (Oskorbin, 1989):  

( ) ln 1л л
υϕ υ δ υ

 
  
 

= − −  and ( ) / ( )г гϕ υ δ υ υ υ= − . 

For the payment and incentives models, we should suggest indicators, the values of which would make it 
possible to estimate the performance capability of models and their conformance to the socioeconomic 
recommendations. The indicators of compliance of payment to the labor expended and the normality of the labor 
input in the workflow act as informative ones. In practice, one needs to have the margin values of indicators that 
could be involved in the evaluation of performance of a certain labor compensation plan. The practical 
application of the research results of theoretical models of workflows solves the problems of parameters 
identification, assessment of the adequacy and efficiency of simple compensation and incentive models, in which 
it is possible to use the results of the labor rating. All of the above aspects for complex models of developing 
hierarchical systems require additional research (Chesbrough et al., 2006) [5; 19; 20]. 

Let us consider the specific models of simple hierarchical systems, as listed in Table 1. We will provide the 
research results and methods for specific cases. 

 

Table 1. Digest of the results of workflows modeling 

No. Models name 

In
te

rp
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ta
ti

on
 

A
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en
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ti

on
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et
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Strategies of the players 

G
en

er
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at

io
ns

 

S
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ci
fi
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fo
rm

s 

G
 1

 

 

G
 2

 

 

ot
he

r 

 

1 Execution of orders 
+ – – + + + – + 

2 Control of messages + – – + + – + – 

3 Resources saving + – + + + + + – 

4 Resources saving for group forms of labor 

organization 
+ – – + – – + + 

5 Optimization of the staff number + + + – – + – + 

6 Norm (base case) + + + – – + – – 

7 Pseudonorm + – + + – + – – 

8 Assimilation of equipment 
+ + + + – – + + 

( ) ( ) ( ); [0, ]M fυ υ δ ϕ υ υ υ= − ⋅ ∈
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9 Revision of pseudonorms at the initiative of the 

management center + – + + – – – – 

10 Revision of pseudonorms at the initiative of the 

performer + + + – + – – – 

11 Revision of the norms depending on the actual 

performance + – + + + – – – 

12 Management of skills 
+ – – – – – – – 

 

The model of messages control is a particular case of the model (10). Let the performer who is tasked to report 

the 
0

s  state of the system distorts the information to the value s . Let us input 0|| ||s sε = −  – the message error 

and consider the function ( , )M P ε . Let the management center imposes a fine on the performer proportional to 

the value of errors: ( ( ) )f dε ε= and the labor input function is as follows: ( ) /bϕ ε ε= , then (22) [0, ]V ε= , 

wherein ε  is the margin message error, for which the administrative methods of management are applied, and 

( , )
B

M P Pε ε ε= + , wherein b
B

d
=  is the only parameter of the performer's model. Let us consider the optimal 

strategies of the players and continue to interpret the model. Analysis of the model shows that the game G1, 

which is common in the hierarchical games theory, in this case provides a system of relations between the 

players, which is not practicable because the error ε  is not rated by the center.  

6. Discussion 
Let us consider the strategies of the players in the game (10), resulting from the mechanism G2. 

Assertion 1. Let us suppose that in the model of messages control 
0
( , )M P ε  increases monotonically by P  and 

ε , and the performer is friendly to the goals of the center; 0, 0Bε > > . The strategy of the center ( )P ε  
establishes dependence of the control frequency P  on the error of the message that appears in the system 
because the targets of the center and the performer do not coincide. There is also visible impracticability of the 
strategy, as in any real situation, it is impossible to accurately verify the equality 0ε ε= . However, in most real 
systems, it is possible to replace this equality with the strict inequality 0ε ε≤ , and this change shows that the 
function of the performer's punishment for being too diligent is not implemented by the organizational structure. 
This observation may not apply to simulators of the operational capabilities of the staff. In this paper (Bogoviz et 
al, 2013), the peculiar features of the organizational mechanism operation are considered, and it is shown that the 
center requires two systems of message control and the accuracy requirements for these systems are formulated. 
The conclusions are valid for all models of messages control, in which the function ( )f ε  increases 
monotonically by ε , and ( )ϕ ε  meets the following conditions: ( ) 0ϕ ε <′ ; ( ) 0ϕ ε′′ < ; lim ( )

0
ϕ ε

ε
= ∞

→
. The 

models for fulfillment of instructions are found in particular cases of expression of the optimal G1 and the G2 
strategies of the center. It is shown that the situation * *(   0,    0)P υ= =  is the minimax solution and 
an equilibrium for the game (17), and also the behavior of the players according to these strategies does not 
correspond to real systems. 

Models of resource saving are a particular case of incentive models at corrective optimization. The essence of the 
models is that from the value of the saved resource (

0
( )Ц υ υ− , where P is the price for a resource; 

0
υ  is the 

usage of a resource during the base period; υ  is the consumption of the resource in the saving mode) a portion 
equal to 0( )λ υ υ−  is allocated to reward the performers. Here is an example of a model with a team form of the 
bonuses distribution, when the center controls the total consumption of the resource: 1 2 ... nυ υ υ υ= + + + , wherein 

iυ  is the consumption of the resources of the performer i . A simple hierarchical system of relations emerges, 
the analysis of which reveals the pattern of team forms of labor compensation and incentives.  

1. The center's task: 

0 0( , ) ( )( ) max
0

M Ц
Ц

λ υ λ υ υ
λ

= − − →
≤ ≤

.                           (11) 

2. The task of all performers: 
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1 01

01
[ ( ) ( )]( , ..., ) max;

1, ..., .

n
i

n
i i

i i
M

i n

λ υ υ ϕ υλυ υ
υ υ=

− − →=
≥

=

              (12) 

Research shows that for quadratic, logarithmic functions of labor input the aggregative form of the game 
(11)–(12) is easily introduced, where the center considers the team of performers as a single player. Aggregation 
is possible under the condition of the team integrity, when each person maximizes the group criterion. Let us 
note that the coalition criterion postulated in the game theory requires support mechanisms in the reality.  

It is easy to show that in the game (11)–(12) it is advantageous for one of the players not to participate in the 
resource-saving mode and keep gaining part of the group bonus at the same time. Focusing on the 
self-organization of the team members, the work formulates the conditions of integrity of the team. 
The conditions consist in the fact that, before subjective evaluations, all the performers, first of all, recognize the 
method of allocating bonuses as fair, and, secondly, they know that every performer really maximizes his 
objective function in the game (11)–(12). 

Let 0( )P λ υ υ= −  be the aggregate bonus of the team, and Pi ,  1,  ...,  i n=  be its distribution 
1

... )(
n

P P P= + + . 
Any performer subjectively evaluates the amount of the required bonus of the performer j within the accuracy to 
the set , j j

i iP P 
   . Then the first condition is satisfied if j j

i i iP P P≤ ≤ , ,   1,  ...,  i j n= . In this case, consistency of the 
views of the team members is required, i.e. the validity of the conditions: 

max min
11

j j
i i i iP P P P

j nj n
= ≤ =

≤ ≤≤ ≤
, 1 ,  ...,  i n= . 

Analysis of these conditions should be carried out under the assumption of the integrity of the team.  

Let us consider the second condition. Let 
IFP  be the actual contribution of the performer i in the total amount of 

the bonus, and , ii

jj
FFP P 

  
 be its evaluation by the performer j. The team will be integrated if for any pair ( ,  )i j  

the inequalities are valid: ii i

jj
FF FP P P≤ ≤ . The defined criteria of integrity and the analysis results allow 

explaining some of the paradoxes of the teams’ performance and may be useful in practice. 
In the proposed conditions of integrity and with the given mechanisms for their verification, the number of 
control pairs in the team is equal to the square of the performers number, therefore, the costs of self-control also 
increase. The problem of optimizing the size of the team taking into account the conditions for minimum costs of 
control emerges. The task in the simplest case is stated as follows (Oskorbin, 1987). 

Let us consider the group of situations in a hierarchical system, in which the control mechanisms use norms and 
standard specifications. The simplest model is the model of piecework payment, which has the following form 
(the pseudonorms model). 

1. The center's task: 

0

0

0 ( , ) 1 maxH P
M H

H H P

 
 
 

Δ = − Δ →
≥

.                              (13) 

2. The task of a typical performer: 

0( , ) ( ) max
0

H P
M H

H
ϕΔ = Δ − Δ →

≤Δ≤Δ
.                          (14) 

In this model, H is the pseudonorm (the center's strategy);  

Δ  is the potential performance rate;  

0
P  is the wage rate.  

In the works (Germeier, 1971) and (Stroiteleva, 2006), the method for personnel management obtained from 
(13)–(14) is called the mechanism of "soft" and "hard" rules. Analysis of the model and plans of labor 
compensation shows that in this case the replacement of the pseudonorm H with HΔ  – the performance rate 
calculated according to the methods of work – is a good approximation of the optimal strategy of the center in 
the game (13)–(14), as illustrated by the following assertion. 
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Assertion 2. Let us suppose that in (13)–(14), the function ( )ϕ Δ  is logarithmic, 0 HP K <Δ , and 

0 (1 / 1)Hb P K= − , wherein /H HK = Δ Δ  .  

Then 
2

0
0 0( *, *) ( , ( )) 1 HH H

H

P
M H M K

K

 
 
 
 

Δ − Δ Δ Δ = Δ − −
Δ

  is the assessment of optimality losses of the mechanism 

of the norm with respect to the mechanism that implements the optimal pseudonorm in the strategies G1. The 

dependence of the optimality losses is presented in Table 2. This result shows a thoroughly practiced 

implementation of the piece rate wage plan. 
 

Table 2. The relative optimality losses caused by use of performance rate as the strategy of the center (the model 
of standards) 

KH 
0.100 0.200 0.300 0.400 0.500 0.600 0.700 0.800 0.900 

0.1 0.400 0.251 0.161 0.100 0.058 0.030 0.013 0.003 0.000 
0.2 0.334 0.200 0.120 0.069 0.035 0.014 0.003 0.000 0.003 
0.3 0.271 0.152 0.083 0.042 0.017 0.004 0.000 0.003 0.013 
0.4 0.210 0.107 0.051 0.020 0.005 0.000 0.004 0.014 0.030 
0.5 0.153 0.068 0.025 0.006 0.000 0.005 0.017 0.035 0.058 
0.6 0.100 0.034 0.007 0.000 0.006 0.020 0.042 0.069 0.100 
0.7 0.054 0.010 0.000 0.007 0.025 0.051 0.083 0.120 0.161 
0.8 0.017 0.000 0.010 0.034 0.068 0.107 0.152 0.200 0.251 
0.9 0.000 0.017 0.054 0.100 0.153 0.210 0.271 0.334 0.400 

 

Table 3 shows corrections for the case if the management decides to use optimal pseudonorms in the piece-rate 

wage plan. This result is considered important from the point of view of the adequacy of the stimulation model 

(5), (6). We need to note that the models (13)–(14) coincide with it if we adopt 0P
Hσ = . 

 

Table 3. Coefficients of d correction of the performance rates at calculating the optimal pseudonorm 

KH 
0.100 0.200 0.300 0.400 0.500 0.600 0.700 0.800 0.900 

0.1 0.333 0.471 0.577 0.667 0.745 0.816 0.832 0.943 1.000 
0.2 0.354 0.500 0.612 0.707 0.791 0.866 0.935 10,000 1.061 
0.3 0.378 0.35 0.655 0.756 0.845 0.926 1.000 1.069 1.134 
0.4 0.408 0.577 0.707 0.816 0.913 1.000 1.080 1.155 1.225 
0.5 0.447 0.632 0.775 0.894 1.000 1.095 1.183 1.265 1.342 
0.6 0.500 0.707 0.866 1.000 1.118 1.225 1.323 1.414 1.500 
0.7 0.577 0.816 1.000 1.555 1.291 1.414 1.528 1.633 1.732 
0.8 0.707 1.000 1.225 1.414 1.581 1.732 1.671 2.000 2.121
0.9 1.000 1.414 1.732 2.000 2.236 2.449 2.646 2.828 3.000

 

The model of equipment assimilation (8), (9) can be studied by numerical methods in strategies G1 in the variant 
of the pseudonorms mechanism. The performer’s task at fixed pseudonorms of assimilation is solved using 
dynamic programming [14; 16; 17].  

Let us consider special models of equipment assimilation (see Table 1). The model of pseudonorms revision at 
the initiative of the center is of the form: 

0 / HP Δ 0 / HP Δ

0 / HP Δ 0 / HP Δ
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0 0

0

0
0

( , , ) max ;
P P

M H T
H H H H

τ
 

Δ = − Δ →   ≥ 
                         (15) 

  ( )
0

0

0, , 1 1 max

0

P T
M H T n

H O O

T

τ δ ατ

τ

Δ Δ Δ = + − − → 
  Δ ≤Δ≤

≤ ≤

;                 (16) 

   0
0 0; T

P T
O O b P

H

γτ ατ= + − ≥ ,                    (17) 

where 0 0 0 HH O K= Δ =  is the pseudonorm and the actual effect of solutions correction for the base period;  

О0, О – the potentially achievable outcomes of the solutions correction;  

0

bT

T
γ =  - the model parameter. 

The remaining values are described in the expressions (13), (14) (we assume that 1N = , the index j is omitted). 
The model uses the linear function of the system development and accepts the conditions of full recovery of the 
performer's expenses for development of the system (expression (17)). Let us note that (15)–(17) is a game with 
forbidden situations. Let us solve it. 

Assertion 3. Let the performer be friendly to the goals of the center, and in the description of the game situation 

(15)–(17), the parameters at the strictly positive α , 
0

P , δ , 
0

T  meet the condition: 
0

Pγ α≥ . Then the set of 

strategies of the center is not empty, and the optimal strategy has the form: 

0
0 0

0 0

00 0
0

1

* min ,

1 1

T
O P

P bT T
H

TT T
Pn

TT T

γ

δ αα δ γ

  +  
  =

   + ++ −    

 

The analysis of the model and the solution shows that if 0P γ α< , then stimulation of the equipment assimilation 
is impractical. Analysis and interpretation of the optimal pseudonorm show that it stimulates overstressed labor, 
which corresponds to the experience. 

Let us use similar schemes to consider some mechanisms for revision of pseudonorms depending on the 
achieved effect of correction at the initiative of the performer.  

The pseudonorm varies according to the formula:  

0
(1 )H Hβ β= − + Δ , [0, 1]β ∈  

The article considers the problems of mathematical modeling of workflows and relations in the "employee - 
employer" system. In this approach, the employer is characterized by the attributes that are not taken into 
account in other approaches. Firstly, it cannot (or will not) describe the production and management processes of 
the lower levels; secondly, the employer must provide controllability of the system (the optimal operation of the 
production system as a whole). 

7. Conclusion 
The main scientific results of the research are as follows: 

1. A new method for modeling active elements in production systems has been suggested, which includes 
formulation of managerial tasks in hierarchical active systems in the circumstances of unidentifiable 
reactions of the lower levels (employees), development of generalized and private models of personnel 
management in the systems of production type, and numerical solution of the respective mathematical 
problems. 

2. A set of specific mathematical models of stimulation of workflows performers has been developed. 

The provided results can be used for the real designing and model studies of management mechanisms in 
production systems. 
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