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Abstract 

In this paper, we consider a new algorithm for a generalized system for relaxed cocoercive nonlinear inequalities in
Hilbert spaces by the convergence of projection methods. Our results extend and improve the recent ones announced by 
many others. 
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1. Introduction and preliminaries 

Variational inequalities introduced by Stampacchia in the early sixties have had a great impact and influence in the 
development of almost all branches of pure and applied sciences  and have witnessed an explosive growth in 
theoretical advances, algorithmic development, see [1-6] and references therein. 

Let H  be a real Hilbert space, whose inner product and norm are denoted by ⋅⋅,  and •  respectively. Let C  be a 
closed convex subset of H  and let HCA →:  be a nonlinear mapping. Let CP   be the projection of H  onto the 
convex subset C . The classical variational inequality which denoted by ),( ACVI  is to find Cu ∈  such that 

)1.1(.,0, CvuvAu ∈∀≥−

Recall that A  is said to be relaxed ),( vu -cocoercive if there exist two constants 0, >vu  such that 

)2.1(.,,)(,
22

CyxAyAxvAyAxuyxAyAx ∈∀−+−−≥−−

 Consider a system (SNVID) of nonlinear variational inequality problems as follows: 

Find Czyx ∈*** ,,  such that 

)3.1(,0,,0,),,( ******
1 >∈∀≥−−+ sCxxxyxzyxsT

)4.1(,0,,0,),,( ******
2 >∈∀≥−−+ tCxyxzyzyxtT

)5.1(,0,,0,),,( ******
1 >∈∀≥−−+ rCxzxxzzyxrT

One can easily see the SNVID problems (1.3), (1.4) and (1.5) are equivalent to the following projection formulas: 

,0)],,,([ ***
1

** >−= sxzysTyPx C

,0)],,,([ ***
2

** >−= tyxztTzPy C

,0)],,,([ ***
3

** >−= rzyxrTxPz C

respectively, where CP  is the projection of H  onto C .



25

Modern Applied Science

2. Algorithms 

In this section, we consider an introduction of the general three-step models for the projection methods and its special 
form can be applied to the convergence analysis for the projection 

methods in the context of the approximation solvability of the SNVID problems (1.3)-(1.5). 

Algorithm 2.1. For any ,, 00 Cyx ∈ , compute the sequences }{ nx , }{ ny and }{ nz  by the iterative processes: 

)],,,([ 11311 nnnnCn zyxrTxPz ++++ −=

)1.2()],,,([ 11211 nnnnCn yxztTzPy ++++ −=

)],,,([)1( 11311 nnnnCnnnn zyxrTxPxx ++++ −+−= αα

where }{ nα  is a  sequence  in [0,1] for all 0nn ≥ .

In order to prove our main results, we need the following lemmas and definitions. 

Lemma 2.1. Assume that }{ na  is a sequence of nonnegative real numbers such that 

,,)1( 01 nncbaa nnnnn ≥∀++−≤+ λ

where 0n  is some nonnegative integer, }{ nλ  is a sequence in (0,1) with )(,1 nnn n ob λλ =∞=∞
=  and ∞<∞

=0n nc , then
0lim =

∞→ n
n

a .

Definition 2.1. A mapping HCCCT →××:  is said to be relaxed ),( vu -cocoercive if there exist constants 0, >vu
such that, for all ,', Cxx ∈

CzzyyxxvzyxTzyxTuxxzyxTzyxT ∈∀−+−−≥−− ',,',,')',','(),,()('),',','(),,(
22

.

Definition 2.2. A mapping HCCCT →××:  is said to be μ -Lipschitz continuous in the first variable if there exists a 
constant 0>μ  such that, for all ,', Cxx ∈

CzzyyxxzyxTzyxT ∈∀−≤− ',,',,')',','(),,( μ

3. Main results

Theorem3.1. Let C  be a closed convex subset of a real Hilbert space H . Let HCCCT →××:1 be a relaxed
),( 11 vu -cocoerceive and 1μ -Lipschitz continuous mapping in the first variable, HCCCT →××:2  be a relaxed 
),( 22 vu -cocoerceive and 2μ -Lipschitz continuous mapping in the first variable, HCCCT →××:3 be a relaxed 
),( 33 vu -cocoerceive and 3μ -Lipschitz continuous mapping in the first variable. Suppose that Czyx ∈*** ,,  are 

solutions of the SNVID problems (1.3)-(1.5) and }{},{},{ nnn zyx  are the sequences generated by Algorithm 2.1. If }{ nα
is a sequence in [0,1] satisfying the following conditions: 

;)( 0 ∞=∞
=n ni α

};,,min{,,0)( 2
3

2
333

2
2

2
222

2
1

2
111 )(2)(2)(2

μ

μ

μ

μ

μ

μ uvuvuvrtsii −−−<<

};,,)( 2

333

2

222

2

111 μμμ uvuvuviii −−−

then the sequences }{},{ nn yx and }{ nz  converges strongly to  **, yx and *z , respectively. 

Proof. Since ),,( *** zyx  is the solution to the SNVID problems (1.3)-(1.5), we have  

,0)],,,([ ***
1

** >−= sxzysTyPx C

,0)],,,([ ***
2

** >−= tyxztTzPy C

,0)],,,([ ***
3

** >−= rzyxrTxPz C

Observing (2.1), we obtain 

]),,([)1( *

1

*

1 xxzysTyPxxx nnnnCnnnn −−+−=−+ αα )1.3(.)],,(),,([)1( ***

11

** xzyTxzyTsyyxx nnnnnnn −−−+−−≤ αα

By the assumption that 1T  is relaxed ),( 11 vu -cocoercive and 1μ -Lipschitz continuous in the first variable, we obtain 
2***

11
* )],,(),,([ xzyTxzyTsyy nnnn −−−

2***

11

2***

11

** ),,(),,(),,(),,(,2 xzyTxzyTsxzyTxzyTyysyy nnnnnnnn −+−−−−=

)2.3(22
2*2

1

2*2

1
22*

1

2*2

11
* yyyysyysvyysuyy nnnnn −=−+−−−+−≤ θμμ

Where 2

1

2

1

2

11

2

1 221 μμθ ssvsu +−+= .From the conditions (ii) and (iii), we know 11 <θ .

Substitute (3.2) into (3.1) yields that 

)3.3()1( *

1

**

1 yyxxxx nnnnn −+−−≤−+ θαα

Now, we estimate 

)4.3(],,(),,([)],,([ ***

2112

*

1

*

1121

*

1 yxzTyxzTtzzyyxztTzPyy nnnnnnnnCn −−−≤−−=− +++++++
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By the assumption that 2T  is relaxed ),( 22 vu -cocoercive and 2μ -Lipschitz continuous in the first variable, we obtain
2***

2112
*

1 )],,(),,([ yxzTyxzTtzz nnnn −−− +++
2***

212

2***

2112

*

1

2*

1 ),,(),,(),,(),,(,2 yxzTyxzTtyxzTyxzTzztzz nnnnnnnn −+−−−−= +++++

)5.3(22
2*

1

2

2

2*

1

2

2

22*

12

2*

1

2

22

2*

1 zzzztzztvzztuzz nnnnn −=−+−−−+−≤ +++++ θμμ

where 2

2
2

2

2

22

2

2 221 μμθ ttvtu +−+= .  From the conditions (ii) and (iii), we know 12 <θ . Substituting (3.5) into (3.4) yields 
that *

12

*

1 zzyy nn −≤− ++ θ , which implies that )6.3(*

2

* zzyy nn −≤− θ

Similarly, Substituting (3.6) into (3.3), we have 

)7.3()1( *
21

**
1 zzxxxx nnnnn −+−−≤−+ θθαα

Next, we show that 

)8.3(],,(),,([)],,([ ***

3113

*

1

*

1131

*

1 zyxTzyxTrxxzzyxrTxPzz nnnnnnnnCn −−−≤−−=− +++++++

By the assumption that 3T  is relaxed ),( 33 vu -cocoercive and 3μ -Lipschitz continuous in the first variable, we obtain 
2***

3113

*

1 )],,(),,([ zyxTzyxTrxx nnnn −−− +++
2***

3113

2***

2113

*

1

2*

1 ),,(),,(),,(),,(,2 zyxTzyxTrzyxTzyxTxxrxx nnnnnnnn −+−−−−= ++++++

)9.3(22
2*

1

2

3

2*
1

2

3
22*

13

2*
1

2

33

2*
1 xxxxrxxrvxxruxx nnnnn −=−+−−−+−≤ +++++ θμμ

where 2

3

2

3

2

33

2

3 221 μμθ rrvru +−+= .From the conditions (ii) and (iii), we know 13 <θ . Substituting (3.9) into (3.8), we 
obtain *

13

*

1 xxzz nn −≤− ++ θ , which implies )10.3(*

3

* xxzz nn −≤− θ

Similarly, substituting (3.10) into (3.7) yields that 

)11.3()]1(1[)1( *

321

*

321

**

1 xxxxxxxx nnnnnnn −−−≤−+−−≤−+ θθθαθθθαα

Noticing that ∞=−∞
=0 321 )1(n n θθθα  and Applying Lemma 2.1 into (3.11), we can get 

the desired conclusion easily. This completes the proof. 
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