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Abstract
We prove the existences of positive solution for neutral difference equation with multiply delay.
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1. Introduction
In recent years, Difference equations have beed applied in many areas,such as population dynamics, stability theory,
circuit theory, bifurcation analysis, dynamical behavior of delayed network systems and so on. The oscillation or

asymptotic behaviour of difference equations was the subject of invesigation by many authors.
In this paper, we are concerned with the following neutral difference equation with positive and negative coefficients.

A{x(n)—iR.(n)x(n—r.)}iFz(n>x(n—ri)—inm)x(n—a,-):o(*>

We will investigate the existences of positive solution of this equation.

where m>k; R.P.Q; e([n,,],R"): 1, 7;,0,are non-negative and non-de-creasing about

Li,j.z,20;-

Throughout the paper,we suppose the following assumptions
DH,(n)=P(n+7,-0,)-Q(N)>0,n>n,,i=12,..m

(Z)H(n):Zm:Hi(n)-

(3)Q;(n)=0,0,=0,j=k+Lk+2,..m
When w=m =k =1,the equations changed to
A[x(n)=R(Mx(n—r)]+P)x(n—7)-Q(n)x(n—-c)=0 n=0,1... 4)
Where {P(N)},{Q(n)},{R(n)} are sequence of nonnegative real numbers, 7, o, I' are integers

with0 <o <7 -1,r > 0.The oscillatory and non-oscillatory solutions of Eq(4) have been investigateed by several authors.

The aim of the present is to investigate the behavior of eventually positive solutions of Eq(1)On the bases of the
references of [2].
2. Some lemmas

m N+7i—0;

Lemmal Assume that (1)(2) holds n=n a“dZR Mm+> Y Pm<t: Jif x(n) is an eventually positive solutions of
i=l  u=n

the following inequality

i=1

{x(n) ZR(n)x(n r)}iﬁ(n)x(n 7,)— ZQ (Nx(n-o,)<0

m N+7,—0;

Setting y(n) = x(n) - ZR(n)x(n D+ Y RUXu-z)

i=l  u=n

then we eventually have Ay(n)<0, y(n)>0.
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Lemma 2 Assume (1) { Pn} are sequences of nonnegative real numbers; (2) k and / are integers; (3) {q"} are
sequences of nonnegative real numbers and p +Ig >0 (n>N),/>0;0r [>0,g,>0 s €[nn+1]

Setting p = max { k,l } assume the inequality

¥, pmﬁzqg x y, n=N

ue[s 15]

has an eventually positive solution { J’n}; , then the corresponding difference equation

>
x _pn nk+zq3 maxx nzN

uels—1,s]
has an eventually positive solution { xn}f] ,

3. Main results and proof

Theorem 1 Assume Z R (n) +Z Z Pu)=1 equation(*) has an eventually positive solution if and only if the

inequality
A{x(n) —ZW:RI(n)x(n—r,)}riPi(n)x(n —r[)—in(n)x(n -0,)<0 (5)

has an eventually positive solution.
Proof: We can see the sufficient condition of the theorem is obvious.we only proof the Necessary condition.
Assume { x(n)} is an eventually positive solution of the inequality (5).

m n+t,—o;

define y(n) = x(n)— ZR(n)x(n N+Y Z Ru)x(u-1,) ©

i=l  u=n

then in view of lemma 1, we have Ay(n)<0,y(n)>0.and Jim y(n)>0-

setting , — lim y(n) inview of (6), we have

m N+, —o;

Ay(n) = A(x(n) — ZR(H)X(H r,)+z Z F@u)x(u~1,))

=l u=n

ZAZQ (mx(n-o;)- ZP(n)x(n T,)— ZP(n+z’—0')x(n U)+ZP(n)x(n ;)

m

<ZQ(n)x(n o) ZP(n+T—c7)x(n o) = ZH(n)x(n 6,)<0 (N
Summmg both side of the inequality (7) formnto oo and takeing limt on both side of the resulting inequality, we have

)<= S H(s)x(s - 0,)

s=n i=l

Then we can see that y(n) = iin(S)x(S—O?)nyw > izm:H,(s)x(s ~0o))

s=n i=1 s=n i=l

m n+r;—o;

Le x(n)— ZR(n)x(n r,)>z Z P(u)x(u— T)+ZZH(S)x(s o)

i=l  u=n s=n i=1

Then the correspondmg difference equation

m n+r,—o;

z(n)= ZR(I’I)Z(V! r,)+z Z Pu)z(u— T)+ZZH(S)Z(S o)

=l u=n s=n i=1

has an eventually positive solutlon z(n) .0bv10us{ z(n)} are positive solutions of (*).

Theorem 2 Assume ZR (n)+ inﬁz:a P(u)=1- Af A2y(m)+— ZH (n)y(n)=0 (8)has an eventually positive solution,

=l u=n

the the equation(*) aslo has an eventually positive solution.
Proof: Assume y(n) is an eventually positive solution of (8). then we have

A3(n) == 2 H, (m) () <0 ©)

Necessarily we have Ay(n) > 0.if it is not true, there must be exist n, Af p> n,» We have Ay(n)<0, then y(n) exist

an nonnegative limt.
Setting  Jim y(n)=M >0
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We have A2y() < _Mi H (n) Summing both side of the inequality ~form p,to7 twice
i=1
we can see that Y(n+2)—y(n, +1) < —— z z ZH (n)
Sy_ny S;=8, i=1

then [im y(n) = —oo Which contradicts with y(»)is an eventually positive solution. so Ay(n) > 0.

we eventually have y(n)>0,Ap(n)>0,A*y(n)<0 .SO { y(n)} are sequences of nondecreasing, { Ay(n)} are
sequence of nonincreasing

setting a(n) = Ay(n)
we have a(n)>0,Aa(n)<0 n>n,

define a sequence { x(n)} as follows

yim)
k

(m<n<n+L)

m n+T;—o;

x(n)= a(n)+ZR(n)x(n r,)+z Z P@u)x(u—-r,)

=l u=n

(m+L+tk<n<n+L+(+Dk)t=0,1.2,..)

then we have x(n) > 0(n>n,)

m n+7;—o;

a(n)zx(n)—iRl(n)x(n—rl)—z Z Pu)x(u—-z)ynzm+L (10)
x(n>=%”')£%”)=%2as+%y(nl) m<n<n+L

m n+r;,—o;

Therefore () = a(n)+ZR(n)x(n Vz)*z Z Pw)x(u—1,)

m_Nn+7;—0; n—k-1

<a<n>+(ZR(n)+Z Z P(u))(;Z a,+— y(n )

n—k-1

1 1
S; z a(s)+zz a(s)+;y(nl)

s=m

= —Za(S)+ y(m)

snl

By induction, we can show that

x(n)gllcza(s)+ y(n) (n+Lttk<n<m+L+(+DE(E=0,12,..)
n—1
and hence X(H)S%Za(s)+;y(n1) nxn
x-0)< XS+ Ly = Loy Ly nzml
i k k Ik

s=ny

Substituting this into (9) we obtain A4 () + iHv(n)x(n —0)<0 n2n+L
i=1

So, it follows form (10) that
A[x(n) —ZW:R, (n)x(n —r,)} i P(n+1,—0,)x(n—0;) +ZP(n)x(n 7,)

i=1

+iP,-(n+r,- —a-)x(n—q)—ig,-(n)x(n—o,-)s0

m

ie [x(n) ZR(n)x(n rl}+ZP(n)x(n T)— ZQ(n)x(n c,)<0

By theorem 1, Eq(*) has an eventually positive solutlon.
Lemma 3 Let{d(n)} be a sequence of nonnegative real numbers,Assume that, for some integer»” and sufficiently large

n the inequality

123



Vol. 2, No. 3 Modern Applied Science

(n-n")Y.d < %
holds, Then,the following difference equation
A’y(n)+d,y(n)=0

has an eventually positive solution.
Now we are ready to give out result :

m n+r,—o,

Theorem 3 Assume i“ Rm+Y Y ' P(u)=1 holds,for some integer »"and sufficiently large 7, the
1=1

=l u=n
. . o k
inequality (;, _ H(s)<=
(n=m) 2 2 His) <7
is satisfied, Then, Eq(*) has an eventually positive positive.
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