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Abstract

This paper introduces repeated theory on the base of fuzzy cooperative game by Aubin etal in 1974 and then constructs
repeated fuzzy games theory. It gives the conception of repeated convex fuzzy cooperative games and studies the
property of repeated convex fuzzy games.
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1. Introduction

The theory of fuzzy cooperative game had been studying widely and deeply since it was introduced by Aubin(1974,
1981), and Jorge ovido (1999) studied the theory of a repeated cooperative games. In this paper, we combine the two
theory and construct a repeated fuzzy cooperative game.

The purpose of this paper is on one hand to present a detailed characterization of repeated convex fuzzy games and on
the other hand to study the property of repeated convex fuzzy games.

2. Fuzzy cooperative games and convex fuzzy cooperative games

Let N={,2-----n } be a nonempty set of players considering possibilities of cooperation. A fuzzy coalition is a
vector § ¢ [0,1]" . The ith coordinate s, of S is called the participation level of player iin fuzzy coalitions S. For each

crisp coalition S, its characteristic vector is e, with (%), =1 1f ies; (e%), =0, if ;enys.
A fuzzy game with player set N is amap v: r¥ —» R with the propertyv0)=0,The map V assigns to each fuzzy
coalition can achieve in cooperation. The set of fuzzy games with player set N will be denoted by FGV .

Definition 1: Let ve FGY.Then vis called a convex fuzzy game if function v:[01]¥ - R is a supermodular and

coordinate-wise convex function on [0,1]" . (see reference R.Branzei (2003))
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3. Repeated fuzzy cooperative games

We repeat m times (m may be « ) this fuzzy cooperative games, we denote by ([o,1]",v ,7) the stage fuzzy cooperative
games (n,v) that agents play in period t. The characteristic function of the game ([0,1]",v ,s) is defined for all
selol]” by v(s)=1-8)sV(S)-

We define the repeated fuzzy cooperative game, so that it has the same structure as the fuzzy cooperative game.

Definition 2 Lets* <[0,1]¥ denotea coalition formed at time t .Letg = (s°,s",-.-5*)
=(s")reH be a fuzzy coalition sequence, we define the repeated fuzzy characteristic function w as
W) =(1-38)38V(s) )

1=0

we denote by H the set of all coalition sequences.

Definition3: A tuple(H,w) is repeated fuzzy cooperative games, where H is a fuzzy coalition sequence, w is the repeated
fuzzy characteristic function defined by (1) The set of repeated fuzzy games with player set N will be denoted by
(£ GrN)rm:o :

4. Main result

Let 9=(s)" eH, y=(T")",cH be two coalition sequences such that for allo<t<m,S'NT'=@,0Up=(s'UTH",,
oNy =(s'NT")7, > then

Theorem 1: If veFGY is convex game ,then the repeated fuzzy cooperative w is convex game with satisfies

(1) Supermodular property  w(@Uy) +w(@Ny) = w(®) +w(w) @)

(if) Coordinate-wise function Let ys-i|)= 7 (z) foreach ie N .The t-stage game function

1L [0.1]" — r with FL(2)=v(s7|z) be a convex function and continue in [0,1] . 3)

Proof: See reference Gao Zuo-feng (2006).

The next lemma for repeated convex fuzzy game is related with the increasing marginal contribution property for
players. It states that a level increase of a player in a repeated fuzzy coalition sequence has more beneficial effect in a
larger coalition than in a small coalition sequences. For ¢=(s')" eH, y=(")" eH, We use the notation

st<rt i s'<r' foreach ien.
Lemma: Let,,\,e([:GtN)rm:0 be a repeated convex fuzzy cooperative games. Let ieN ¢,yeH Wwith g<y and

lets'eRr, , t=01--m with 0<g'<1-7* Then
WO+ X" g'e) = wO) S w(y + X" &'e’) —wiy) 4

Proof: Suppose v ={1,2---n}, Define the fuzzy coalition sequence of t-stage games P;,P',---P! by P/ =S" and
Pl =P +(S! -T})et for = {1,2,...n}.Then P =T .To prove (4) it is sufficient to show that for each %= {1,2,...,1} the
inequality (/%) holds

VP! + X etel) =P )2 V(P + X" &'e') —v(PL) ()

Note that (7%) follows from coordinate-wise convexity of w and (7¢) for (k=i),from the supermodularity property
with Pl +éle! in the role of §* and P} in the role of 7 ,Then s:|7* =Pl +¢g'e , S'NT' =P,

w@+ X" e'e)—w(@)=(1- 5)%6‘ [V(S‘ +ele’)— v(S‘)] (- 5)%6’ [V(PO‘ +elel)— v(PO’)]
t=0 t=0
<(1-8)L8 P +s'e) — (P < (1= )5 (P! + ety —v(P)]
1=0 1=0
=(1=8) S8 T +&'el) —w(T)]
=0

=w(y + X" &'e")—wy)

The next theory introduces a characterizing property for repeated convex fuzzy games. Similar to fuzzy game, we also
call the increasing average marginal return property (IAMR-Property).

Theorem 2: Let we(rFG")", be a repeated convex fuzzy game, let ieN,0,yeH, With g<y and let
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Si+e <T! +e; <1 then

[w(e + X7 glel)—w()< [w(.// + X7 stel)—wiy)]

=071

& Ze’
=0

Ms

Iy
S

Proof: From Lemma (with s, 74 (S -T)e' and gl’ in the roles of s*

T' and ¢ respectively) It follows that

oEe) - w(&)]

_ [w(y/+X'” (S! =T +&l)el —wiy + X7 (S! le.’)e"]_
e Se

Further, from the coordinate-wise convexity (by noting 7' +(S! =T/ + &) <T' + ¢&!
i i i 1 i 2

T/ +(S! -T")<T! ) it follows that

[y + X7 (S =T! +&h)e’ —wly + X7 (S —T"e']

L [wy + X7, e — wiy)]> —
Zaé ;)s

,resulting in the desired inequality.

WO+ X gle’) —w(0))
261’

Theorem 3 © If e FG, N)j":O . Then the following assertions are equivalent:
(i) wisaconvex games

(if) w satisfies the increasing average marginal return property of repeated fuzzy cooperative games.

Proof: We know from theorem that convex game satisfies IAMR-property. On the other hand, it is clear that
IAMR-property implies the coordinate-wise convexity property. Hence, we only have to prove that the IAMR-property

implies the supermodularity property. So given ¢=(s')" eH ¥ = (T'"),/; € H ,we only prove the supermodularity
inequality (2) holds.
Let pr= {i c N‘T[ <s! } If pr=4, then (2) follows from the fact that s U7 =717,

§'Nr' =5 For pt g arrange the elements of P in t-stage as a sequence o (1),0,(2), ***»

o (P, where Pz:‘P,‘ and  put & =5 =Tl >0 for kefl2...pr} . Note that in this case

SI=SNT + e W WS UT =T + ig;weav(“
k=1 ' k=1 '
Hence,
W(O) = w(ONY) = 5 wONY + S X0t ™) = w@NY + T XL 0 f’(“)}
W(HUV/) W(V/)_ Z W(V/+2Xt 0 o'(k) (k)) W(V/+2X (k)):|

From these equalities the supermodularity inequality (2) follows because the TAMR-property implies for each
refl2-- P}

w(9ﬂt//+ZX s "“‘)) w(Oﬂy/+ZX s ® <W(W+2Xm g eny_ w(l//+ZX'"

G(k) .
1=0¢0, (€ )

o€ o, (k )€
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