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Abstract 
This paper introduces repeated theory on the base of fuzzy cooperative game by Aubin etal in 1974 and then constructs 
repeated fuzzy games theory. It gives the conception of repeated convex fuzzy cooperative games and studies the 
property of repeated convex fuzzy games. 
Keywords: Fuzzy game, Convex, Repeated cooperative game 
1. Introduction  
The theory of fuzzy cooperative game had been studying widely and deeply since it was introduced by Aubin(1974, 
1981), and Jorge ovido (1999) studied the theory of a repeated cooperative games. In this paper, we combine the two 
theory and construct a repeated fuzzy cooperative game. 
The purpose of this paper is on one hand to present a detailed characterization of repeated convex fuzzy games and on 
the other hand to study the property of repeated convex fuzzy games. 
2. Fuzzy cooperative games and convex fuzzy cooperative games  
Let { }nN LL2,1=  be a nonempty set of players considering possibilities of cooperation. A fuzzy coalition is a 
vector [ ]NS 1,0∈ . The ith coordinate 

iS  of S is called the participation level of player i in fuzzy coalitions S. For each 

crisp coalition S, its characteristic vector is Se , with 1)( =i
Se  if Si∈ ; ,0)( =i

Se  if ./ SNi∈  

A fuzzy game with player set N  is a map v : RF N →  with the property 0)0( =v ,The map V assigns to each fuzzy 
coalition can achieve in cooperation. The set of fuzzy games with player set N will be denoted by NFG . 

Definition 1: Let NFGv∈ .Then v is called a convex fuzzy game if function [ ] Rv N →1,0: is a supermodular and 
coordinate-wise convex function on [ ]N1,0 . (see reference R.Branzei (2003)) 
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3. Repeated fuzzy cooperative games  
We repeat m times (m may be ∞ ) this fuzzy cooperative games, we denote by [ ] ),,1,0( tvt

N  the stage fuzzy cooperative 
games ),( vN  that agents play in period t. The characteristic function of the game [ ] ),,1,0( tvt

N  is defined for all 
[ ]NS 1,0∈  by )()1()( SVSV t

t δδ−= .   

We define the repeated fuzzy cooperative game, so that it has the same structure as the fuzzy cooperative game. 
Definition 2 [ ]NtS 1,0Let ⊆   tat time formedcoalition  a denote .Let ),,( 10 tSSS L=θ  

HS mt ∈= 0)( be a fuzzy coalition sequence, we define the repeated fuzzy characteristic function w as 

∑
=

−=
m

t

tt SVW
0

)()1()( δδθ                                                        (1) 

we denote by H the set of all coalition sequences. 
Definition3: A tuple(H,w) is repeated fuzzy cooperative games, where H is a fuzzy coalition sequence, w is the repeated 
fuzzy characteristic function defined by (1) The set of repeated fuzzy games with player set N will be denoted by 

m
t

N
tFG 0)( =

. 

4. Main result  
Let HTHS m

t
tm

t
t ∈=∈= == 00 )(,)( ψθ  be two coalition sequences such that for all mt ≤≤0 , tt TS I =φ , m

t
tt TS 0)( == UUψθ , 

m
t

tt TS 0)( == IIψθ  , then  

Theorem 1: If NFGv∈  is convex game ,then the repeated fuzzy cooperative w is convex game with satisfies 

)(i Supermodular property   )()()(()( ψθψθψθ wwww +=+ IU                         (2) 

)(ii Coordinate-wise function  Let )()( zfzSw is
i

−=−  for each Ni∈ .The t-stage game function 

[ ] Rf Nt
s i →− 1,0: with )()( ztsvzf it

s i
−=−

 be a convex function and continue in [ ]1,0 .          (3) 

Proof: See reference Gao Zuo-feng (2006). 
The next lemma for repeated convex fuzzy game is related with the increasing marginal contribution property for 
players. It states that a level increase of a player in a repeated fuzzy coalition sequence has more beneficial effect in a 
larger coalition than in a small coalition sequences. For HTHS m

t
tm

t
t ∈=∈= == 00 )(,)( ψθ , we use the notation 

t
i

t
i

tt TSiffTS ≤≤  for each Ni∈ .                       

Lemma: Let m
t

N
tFGw 0)( =∈  be a repeated convex fuzzy cooperative games. Let Ni∈  H∈ψθ ,  with ψθ ≤  and 

let
+∈Rtε , mt L1,0=  with tt T−≤≤ 10 ε  Then  

)()()()( 00 ψεψθεθ weXwweXw itm
t

itm
t −+≤−+ ==

                          (4) 

Proof: Suppose }{ nN L2,1= , Define the fuzzy coalition sequence of t-stage games t
n

tt PPP L,, 10  by tt SP =0  and 
kt

k
t
k

t
k

t
k eTSPP )(1 −+= −

 for }{ nk L,2,1= .Then tt
n TP = .To prove (4) it is sufficient to show that for each }{ nk L,2,1=  the 

inequality )( kI  holds 

)()()()( 1010
t

k
itm

t
t

k
t

k
itm

t
t

k PveXPvPveXPv −=−= −+≥−+ εε                        )( kI   

Note that )( kI  follows from coordinate-wise convexity of w and )( kI  for )( ik ≠ ,from the supermodularity property 
with ttt

k eP ε+−1
 in the role of tS  and t

kP  in the role of tT  ,Then itt
k

tt ePTS ε+=U  , t
k

tt PTS 1−=I  , 

))()( 0 θεθ weXw itm
t −+ =

= [ ])()()1(
0

titt
m

t

t SveSv −+− ∑
=

εδδ  = [ ])()()1( 00
0

titt
m

t

t PvePv −+− ∑
=

εδδ  

[ ] [ ])()()1()()()1(
0

11
0

t
n

itt
n

m

t

ttitt
m

t

t PvePvPvePv −+−≤≤−+−≤ ∑∑
==

εδδεδδ L  

[ ])()()1(
0

titt
m

t

t TveTv −+−= ∑
=

εδδ  

)()( 0 ψεψ weXw itm
t −+= =   .             

The next theory introduces a characterizing property for repeated convex fuzzy games. Similar to fuzzy game, we also 
call the increasing average marginal return property (IAMR-Property). 
Theorem 2: Let m

t
N

tFGw 0)( =∈  be a repeated convex fuzzy game, let ,,, HNi ∈∈ ψθ with ψθ ≤ and let 
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121 ≤+≤+ tt
i

tt
i TS εε  then  

[ ] [ ])()(1)()(1
20

0
2

10

0
1

ψεψ
ε

θεθ
ε

weXwweXw itm
tm

t

t

itm
tm

t

t
−+≤−+ =

=

=

=
∑∑

 

Proof: From Lemma (with tS , it
i

t
i

t eTST )( −+ and t
1ε  in the roles of tS  

εandT t respectively)  It follows that  

[ ]it
i

t
i

m
t

itt
i

t
i

m
tm

t

t
eTSXweTSXw )(()((1

010

0
1

−+−+−+ ==

=
∑

ψεψ
ε

[ ])()(1
10

0
1

θεθ
ε

weXw itm
tm

t

t
−+≥ =

=
∑

             

Further, from the coordinate-wise convexity (by noting tt
i

tt
i

t
i

t
i TTST 21 )( εε +≤+−+  

t
i

t
i

t
i

t
i TTST ≤−+ )( ) it follows that  

[ ] [ ]it
i

t
i

m
t

itt
i

t
i

m
tm

t

t

itm
tm

t

t
eTSXweTSXwweXw )(()((1)()(1

010

0
1

20

0
2

−+−+−+≥−+ ==

=

=

=
∑∑

ψεψ
ε

ψεψ
ε

    

))()((1
10

0
1

θεθ
ε

weXw itm
tm

t

t
−+≥ =

=
∑

 ,resulting in the desired inequality.    

Theorem 3∶ If m
t

N
tFGw 0)( =∈ . Then the following assertions are equivalent: 

)(i  w is a convex games  

)(ii w satisfies the increasing average marginal return property of repeated fuzzy cooperative games. 

Proof: We know from theorem that convex game satisfies IAMR-property. On the other hand, it is clear that 
IAMR-property implies the coordinate-wise convexity property. Hence, we only have to prove that the IAMR-property 
implies the supermodularity property. So given HS m

t
t ∈= =0)(θ  HT m

t
t ∈= =0)(ψ ,we only prove the supermodularity 

inequality (2) holds. 
Let { }t

i
t

i
t STNiP <∈= . If ,φ=tP  then (2) follows from the fact that ,ttt TTS =U  

ttt STS =I . For ,φ≠tP arrange the elements of tP  in t-stage as a sequence ),2(),1( tt σσ  ,L  

),( t
t Pσ  where tt PP =  ,and put 0)()()( >−= t

k
t

k
t

k ttt
TS σσσε  for { }tPk L2,1∈ . Note that in this case 

∑
=

+=
t

t

t

P

k

kt
k

ttt eTSS
1

)(
)(

σ
σεI , ∑

=
+=

t

t

t

P

k

kt
k

ttt eTTS
1

)(
)(

σ
σεU            

Hence, 

∑ ∑ ∑

∑ ∑ ∑

= =

−

=
==

= =

−

=
==

⎥⎦
⎤

⎢⎣
⎡ +−+=−

⎥⎦
⎤

⎢⎣
⎡ +−+=−

t

t

t

t

t

t

t

t

t

t

P

r

r

k

r

k

kt
k

m
t

kt
k

m
t

P

r

r

k

r

k

kt
k

m
t

kt
k

m
t

eXweXwww

eXweXwww

1 1

1

1

)(
)(0

)(
)(0

1 1

1

1

)(
)(0

)(
)(0

)()()()(

)()()()(

σ
σ

σ
σ

σ
σ

σ
σ

εψεψψψθ

εψθεψθψθθ

U

III
 

From these equalities the supermodularity inequality (2) follows because the IAMR-property implies for each 
{ }tPr L2,1∈ : 

∑ ∑
=

−

=
== +−+

r

k

r

k

kt
k

m
t

kt
k

m
t

t

t

t

t
eXweXw

1

1

1

)(
)(0

)(
)(0 )()( σ

σ
σ

σ εψθεψθ II  ∑ ∑
=

−

=
== +−+≤

r

k

r

k

kt
k

m
t

kt
k

m
t

t

t

t

t
eXweXw

1

1

1

)(
)(0

)(
)(0 )()( σ

σ
σ

σ εψεψ .     
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