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Abstract

Using the theory of coincidence degree, the authors have studied the existence of periodic solutions of a type of higher
order with restoring terms delay functional differential equations with neutral type, and some new results for the
existence of periodic solutions have been obtained.
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1. Introduction and Lemma

The functional differential equation with time delay, because of its wide application, has long been a main subject of
common concern. But because the argument in complex time delay may depend on condition itself or variation rate, it is
difficult to predict the property of the solution to the functional differential equation with complex deviating argument.
It brings such big difficulty to our research work that in a long period of time the research of this equation progressed
slowly. In recent years with further development of nonlinear functional analysis and algebra-ictopology, people have
already had some achievement on the research of this equation. This paper mainly study periodic solutions of the
following kind:

x" (@) +a@®)x" (t—=1)+ f(x(t — 0))x(t — 0) + b(t)g(x(t — 7)) + c(t)x(t — 7) = p(t) ()
Lemma "' Let X,Y be Banach space , L:D, c X —»Yis a Fredholm mapping of index 0 P: X - X,Q:Y — Y are
continuous mapping projector; € is an open bounded setin X,

and N - Qx [0,]] - Y is L-Compact on Q , further more suppose:

(@) Lx # AN(x,4),Vxe D, N0Q, 1€ (0,1);
(b)ON(x,0) 20, Vxe Ker(L)N0Q;
(¢) deg(ON (x,0),Ker(L) N Q,0) # 0 .

then the equation Lx = N(x,1)has at least one solution in¢y.Where deg is Brouwer degree.

2. Main Results and Proof of Theorems
Theorem:  Suppose f,a,b,c,g,p are continuous for their variables respectively; There exits 7 , such

that p(r +T) = p(r), a(t+T)=a(t),b(t+T)=b(1)>0,0<l|a(t)|<a, <1,

l-a
T”’l

>

ct+T)=c()<0, a, = max{a" (")} < ¢, = minfef} < ¢, = max{e(n)} <

a(t)e C” (R, R) and further more suppose are as follows,
l—a,—¢T"
Tm—]

b. 34>0, VxeR, ‘g(x)‘ < A4;

aj0<M< . VxeR, |f(x)|<M,

c.V0zxeR, xg(x)<0

then Eq.(1)has at least one T-periodic solution.
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Proof of Theorem : In order to use continuation theorem to obtain T-periodic solution of Eq.(1), we firstly make some
required preparations. Let X = {xe C""'(R,R) ‘ x(t+T) = x(t)}

Y={yeC (R,R)‘y(t +7) = y(¢)} and the norm of X is ||x|| = max|{

0<ism—1

x®| 1, there ‘x(o)‘

RO Ve i=12,,m—1,

=‘x‘m =ma[12x{‘x(t) y, then the X and Y with this norm are

}5

= max{|x" (1)
oo teR

| = max{]y)
Banach space.
Firstly, we study the priori bound of T-periodic solution of the following equation

x"(6) + Aa(@)x"™ (t = T) + A (x(t — 0))x(t — 0) + Ab(t) g (x(t — 7)) + Ac(t)x(t — 7) = ' p(2) (1.1)

Suppose that x = x(¢)e X is an arbitrary T-periodic solution of Eq.(1.1), putx(#) into (1.1) and then integrate both sides
of (1.1) on [0,77, so yield

jOT [a(t)x™ (= 7) + b(1) g (x(t = 7)) +c(t)x(t ~ D)t = A | OT p(t)dt

we easily get :

D" [ a™ (e -2y + [ b)g(xt—)dr+ [ et —)de =2 [ ployer
so there exits a ¢,  [0,77], such that:

(=1)" @™ (t,)x(t, — 1) + b(t,) g (x(ty — 1)) +c(ty)x(t, — 1) = Ap(t,)

€. le(t,)x(t, = 7)| = |Ap(ty) = (=1)" @™ (2 )x(ty = 7) = b(t,)g (x(t, = 7))

so ‘cox(t0 —T)‘ <p+ am‘x(z‘0 —T)‘ +bA4

: b A+
ie. ‘x(fo—f)‘gﬁéfll where p, :rr,ﬁx{‘b(t)
0 m

b> py=max{p()}
let ty—7=nT+1,, ne N, ,€[0,T],80 |x(t,)|=|x(t, —7)| < 4,

In view of vz e [0,T], x(¢) = (1) + J‘r (s)ds » We have

(0=

x(t,)+ j (s)ds

<+ [ (s < 4+ [ ecojr

e x| =<+ [ i (12)
Noting x(¢) = x(t + T) , so there must exist numbers &, e (0,T) , such thatx(£,) =0, there i=1,23,---,m—1.

ForVre [0,T7,x" (1) = x" (&) + Lt x0T (s)ds = .[; xV (5)ds » We have

00| ] 0] < [ o< [ o

7 [l o e [ o= [ o

ie. |y < jor\x(’”)(t)\dt, i=12,m—1 (1.3)

Combining (1.2),(1.3), we get
O =l <7 [ o (1.4)
By (1.1), we get
jOT ™ (Ol < IOT - Aa()x" (1 = 7) = A (x(c ~ O)i(t - oVt + jOT [~ Ab(1) g (x(t = 1) = Ac(O)x(t = 7)+ 2 p(0 |
Combining the condition a and b, we easily obtain

jOT e (o)t < a, joT [ (¢~ Dt + M jor it~ o +c, | OT (¢ — D)t + TAb, +Tp,
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e [T ldr < a [ v @)lde + MTJi|_ +¢,Tlx|_ +T4b, +7p, (1.5)
Noting (1.3), (1.4) and (1.5), we observe
jOT " (0fde < a, | OT ™ Ol + MT T mx(m (Ol +e,7(4, +T" | OT\x“") (Oldr) + T4b, +Tp, ie.
(=a,=MT"" =, T") [ | (0}t < TAD, + Tp, +¢,T4,

TAb, +Tp, + ¢, TA, (1.6)
_al _MTm—] _Cle

o [ Or‘x(”') (Ol < 1

Noting(1.3),(1.5)and(1.6), we have

TA4b, +Tp, +c,TA T"(Ab, + p, +c, A4
‘x(o)‘w:‘x‘m3A1+T’”’l~l_ l_ p]m—lc_‘] =4+ ~ (_1 I,Jnl,l _CI l?n: o
a, —MT cT l—a, —MT ol

TAb, +Tp, thTA] _ T (4b, +p11+01A1)AwI_ P=12,m—1
l—a,-MT"" —¢,T" l—a,—MT"" —cT" =

‘x“)

< Tmf(iJrl) .

Letgy = max{w, +1} » and we take () = {x‘xe X: HxH < @}, thenQ is an open and bounded set inX .
0<ism

Let L:D, c X >Y:x— Lx=x"();

N:XxI—=>Y:x>Nx,A)= —a®)x™(t-1) — f(xt-0)xi({t—-0)-bt)g(x(t-7)) —c()x(t—71) +Ap(t) , then the
corresponding equation of Lx = AN(x,4) is Eq.(1.1).

Now, we define projection operators as follows,
. . _ 17 dts . Y . _ L7 %
P.X—)Ker(L).x—>Px—Fj0 x(t)dt's Q.Y—>%m(L).y—>Qy—?jo V(t)dt

obviously, P,Q are continuous operator, Im(P)=R=Ker(L),Ker(Q)=Im(L).and it is easy to prove thatLis a
Fredholm mapping of index 0 and N is L-Compact onQ .
From the above discussion and the construction of Q , we have known that Yy e D, NoQ

A€ (0,1), therefore the condition (a) of lemma holds.

For arbitrary x e Ker(L) (1 0Q ,

xH = @, by the definition of Q, N, we have

ON(0) = [ [-ale)x™ (= 2) = f(x(t = O)i(t - ) ~ Bt =) = et~ D)

1
T

[ OT b(t)g(x(t — T))dt — % [ OT c(0)x(t - 7)dr
S0 YON(x,0) = —%x [ boyg (et ~ oyt - %x [ et~ yar

= —%xg(x) [ by - %xz [ e@ydr>0

therefore the condition (b) of lemma holds.

Make a transformation H (x, u) = ux+(1— )ON(x,0),Vxe 0Q N Ker(L), ue[0,1]
We have xH (x, ) = px® + x(1— 1£)ON (x,0)

= —(1- ! " b0yt — (1 - 12th>0
=t = (1= ) (0 [ bl = (1= p)—x* [ et
SO H(x,u)#0,1.e. H(x,u)#0 isahomotopy, deg(ON(x,0),Ker(L)NQ,0)=deg(/,

Ker(L)NQ,0) = deg(1, RN Q,0) = 0 ,where [ is identity mapping and the condition (c) of lemma holds.

From above all, the requirements of lemma are all met, so Eq. (1)has at least one T-per- iodic solution
under the condition of theorem 1, so far the proof of theorem is completed.
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