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Abstract

When the angular velocity vector of rigid body in the plane motion unequal to zero, we can certainly find a point which
instantaneous acceleration equal to zero at that particular instant. The point is named instantaneous center of zero
acceleration. We proved the existence of the point and obtained the location of the point. We could solve mechanical
problem quickly using instantaneous center of acceleration as base point.
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1. Introduction

Let us analyze a rigid body which is in planar motion. It is clear that if we could find a point, C, in the rigid body for
which the instantaneous velocity is zero, then the velocity of the body at that particular instant would consist only of a
pure rotation of the body about that point (no translation)(Fredy R. Zypman,2005) . If we choose the point C which is
momentarily stationary at the instant considered as a base point, the velocity equation for an arbitrary point 4 in the
body simplifies to

VA= XFp (1)

where  is the body angular velocity (J. F. L1,2001). If we know the angular velocity, and the radius vector of point 4
with respect to C, then we could determine the velocity of point 4. Point C can be taken as the center of rotation only at
the given instant, and is therefore known as the instantaneous center of zero velocity. If we can determine the
instantaneous center of zero acceleration, we can solve some mechanical problems efficiently.

2. Deduction of instantaneous center of zero acceleration
The acceleration of an arbitrary point P in the rigid body is (SH M CH, 2001)

o 2

a=a,+ X(r—ro)— @ (r—ro). (2)
t

Here, 4 is a base point, r is the radius vector of the point considered with respect to the fixed point O, ry is the radius
vector of the point 4 with respect to the point O, r’ is the radius vector of the point with respect to the point 4, and
r’=r—ry; o is the angular velocity, g = Ao s the angular acceleration. The directions of the angular velocity and

dt

angular acceleration indicate the axis of rotation. Consider the base point 4 and the point P having coordinates (&o,7,)
and (&) in a fixed Cartesian coordinate system, o- £77 . In Cartesian coordinate system, 4- X, which is a body fixed
reference system, the point P having coordinates (x, y). Take Z axis to be the fixed direction perpendicular to the planar
motion. The position of point 4 and P are illustrated in Fig. 1.

2.1 Existence proof

When the rigid body moves in plane with angular velocity, @, which is unequal to zero, we choose a point , C, in the
body for which the instantaneous acceleration is zero. We define this point as the instantaneous center of zero
acceleration. From Eq. (2), we have

do )
O=ax+ ” X(re—ro)— @~ (re—ry), 3

191



Vol. 3, No. 4 Modern Applied Science

where, r.= §C i+177,j is the radius vector of the instantaneous center of zero acceleration with respect to the origin O.

Taking the scalar product of Eq. (2) with @, we obtain

o 2
0=w-arto-[ . X(re—ry)l—o- [ @ (re—r))]. “)

The direction of angular velocity vector, o, is parallel to the direction of angular acceleration vector, & =——. So @ is

orthogonal to x(r.—ro). Hence,

D ()0 )
X(re—71)]=0.
dt ’

In fact, the angular velocity, o, is perpendicular to the plane that the body is moving, and the relative radius vector,

o[

r.—ry, also lies in this plane. So the vector angular velocity, , is perpendicular to the vector r.—r,. Therefore, we have
2
- [@ (re—ro)]=0. Q)

Substituting Egs. (5) and (6) into Eq. (4), we obtain

- a,=0. @)
In the case, the acceleration of any point in the rigid body, a,, must be orthogonal to the angular velocity, w. Surely Eq.
(7) is an identity.

In conclusion, when the rigid body moves in plane with angular velocity, e, that is unequal to zero, we can certainly
find the point , C, in the body for which the instantaneous acceleration is zero, i.e., the instantaneous center of zero
acceleration must exist.

2.2 Position of the instantaneous center of zero acceleration

Taking the vector product of Eq. (2) with @, we obtain

a 2
O=w>a+wx[ . X(re—ro)|—@*[ @~ (re—ro)]. (3

Additionally,

d“t’ X (e to) = @ [(Fe—t) - @] —(re—ro)(@ @ )=—(re—ro)(®" @), ©)

Here, we have used the vector identity: Ax (B xC) = (A-C)B — (4-B)C ( K. F. Riley, 2002).
Substituting Eq. (9) into Eq. (8), we have

X[

O0=wxary—(rc—ro)(@- & )—(r—r)(®- Q). (10)
From Egq. (10), we can obtain the radius vector of the instantaneous center of zero acceleration. The calculation of #, in

this case, requires knowing ry, a,, @ and & . In general, the angular acceleration vector,& , is unknown to us.
Therefore, the location of the instantaneous center of zero acceleration is difficult to locate.

In the fixed Cartesian coordinate system o- £77, Eq. (10) can be written as

2
o'a, —aa,
§C:§0+ a2§+a)4 :
. (1)
aa, +wa,
770=770+ 2 4
a +ow

In the moving Cartesian coordinate system A-xy, Eq. (10) can be written as
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w'a, —-aa,
T

. (12)
aa, to'a,
Ye=—"—>% 7
‘ a’+ o
It should be noted that the location of the instantaneous center of zero acceleration will change in time. The path
described by the instantaneous center is called the space centrode, and the locus of the positions of the instantaneous

centers on the body is called the body centrode.
3. Application of the instantaneous center of zero acceleration
3.1 Acceleration of any point in the rigid body

If we define the instantaneous center of zero acceleration, C, as the base point, the acceleration of any point, D, in the
body can be obtained from Eq. (2),
da dlox(r—r
X(r—r) —@° (r—n)z% : (13)
t t

ap—

Here, x(r—r.), is the tangential component of the acceleration with respect to the instantaneous center,
and,—a)2 (r—r.), is the normal component of the acceleration with respect to the instantaneous center. The above
equation is analogous to the equation expressing the acceleration to fixed axis rotation. So we can say that the
acceleration of the body at that particular instant would consist only of a pure rotation of the body about the
instantaneous center of acceleration.

We choose the instantaneous center of acceleration as the origin of the Cartesian coordinate, in this coordinate system,
Eq. (13) has the form

do Xr_wzrza’(a)xr) ’

dt dt

where r= CD =xi+yj is the radius vector of point D with respect to the instantaneous center, C (cf. Fig. 2).

(14)

ap=—

d@  have the same direction. In component form,
dt

Assume that the angular velocity, @, and the angular acceleration

T =

Eq. (14) can be written as

_ 2
ap, =—O°X—ay

7, (15)
ap,, =ax—a°y

3.2 Location of the instantaneous center of acceleration

do
At a particular instant, the angular velocity, @, the angular acceleration, & = 7, and the acceleration of point D, ap=
t

ap,i+ apyj, all have certain values. Solving Egs. (15), we have

e a)zal;x —054aDy
a +w , (16)

_aa, +vo'a,

d a’+o'

From Egs. (16), we can obtain the distance between point D and instant center C:

Fl=Ch=+y =—o__. (17)

[ 2 2. . .
Here,a,, = \/ap,, +ap, , is the magnitude of acceleration ap.
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The angle, ¢ , between the direction of acceleration vector @, and the direction of radius vector r is

a
@ = arctan F (18)

Here, if a >0, @is a positive acute angle, i.e., counterclockwise to point D; otherwise, ¢ clockwise to point D.

According to Egs. (17) and (18), if we know the values of w, & and a,, we can calculate the angle,, and the

magnitude of CD. Then we can draw the location of the instantaneous center of zero acceleration, C (Ch H Ch, 1999).
See Fig. 3.

3.3 Theorem of relative angular momentum about the instantaneous center

The equation of relative angular momentum of a rigid body which is in planar motion is (H. E. Williams, 2000)

M - “ZA rmr o xa,- (19)

Here, M 4 1s the net moment about 4, L 4 1s the relative angular momentum about 4, » ., is the radius vector of
point C about A and @, is the acceleration of point 4.

When we define the instantaneous center of zero acceleration, C, as the base point, the theorem of relative angular
momentum with respect to the instantaneous center can be expressed as

—d—L =la (20)
dt

Here, M, is the net moment about point C of all external forces acting on the body, L is the relative angular momentum
about C of the body, / is the moment of inertia about C, & is the angular acceleration of the body.

C

4. Conclusion

On the basis of vector algebra, we have proved the existence of the instantaneous center of zero acceleration, and
calculated the location of the instantaneous center of acceleration. The instantaneous center of zero acceleration plays
an important role in solving mechanical problems.
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Fig. 1. The position of any point P in
arigid body which is in planar motion.
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Fig. 2. Acceleration of any point
D with respect to the instantaneous
center of zero acceleration C.

Fig. 3. Location of the instantaneous
center of zero acceleration given the
direction and magnitude of acceleration
of any point.
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