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Abstract 
In this work a numerical model is developed for vibration analysis of low folded shells under dynamic actions. 
At first it is done to describe the used finite element discrete model based on Lagrange variational principles. To 
solve the eigen value problem of these structures a numerical algorithm is proposed using Householder's 
QR-iteration transformations. This method provides a tridiagonal matrix whose eigen values coincide with those 
of the initial matrix and significantly reduces the iteration number compared to the Lanczos method. 
Implementation of the method is carried out on seven folded shell mathematical models. Obtained results show 
that accuracy can be improved and computational time can be significantly reduced compared to the methods 
available in the technical literature for this class of problems. 

Keywords: folded shells, numerical model, eigenvalues 

1. Introduction 
Several finite element models are proposed for structure modeling. Thus for thin structures we have elements 
such as shell, plate, etc. However, when faced with structures with very contrasting geometries like folded shells 
one of the main difficulties is the structure discreting allowing a better accuracy of the expected results. Among 
the first to attempt to provide an answer to the shell problem was (Ahmad et al.1970) in the 1970s. These models, 
called degenerate three-dimensional finite elements are based on volume-based iso-parametric elements with 
only two nodes following thickness direction. The advantage of this modeling lies in the exclusive use of 
freedom degrees in displacement. However it suffers from change in the principle of virtual powers which 
requires a changé in the material's behavior law. Several authors such as (Parisch et al.,1979), (Brendel et 
al.,1980 ; Ramm et al., 1980), (Kim et al., 2005) nevertheless valued this approach. 

For the case of folded shells one of the main problems is related to compliance difficulties. Indeed in folded 
structures during shell junctions along the edges non-compliance becomes almost inevitable. If we consider for 
example two finite elements connected by right angles it is immediately observed that each element has a 
rotational freedom degree which cannot be connected to the other element since there are only two rotational 
freedom degrees per node. This circumstance, a natural consequence of modeling can lead to continuity 
problems. 

Solving of vibration problem consist in evaluation of damping properties wich are resonance pulsation and 
modal damping. Several numerical approaches are available in the technical literature including the Lanczos 
method (Lanczos, 1950), Arnoldi's method, (Arnoldi, 1951), the QR method (Bate, 1982) or the subspace 
iterative method (Leung, 1995). One can cite the iteration-reduction method (Chen et al.,1999) which involves 
solving the eigenvalue problem in two steps. The iteration-reduction method requires much iterations, which 
significantly increases the computational time for large structures. An alternative based on the disturbance and 
homotopy technique is therefore developed by Daya and Potier-Ferry (Daya et al., 2001). Other finite element 
models for shell vibration analysis have been developed by (Patel et al., 2000 ; Asokendu et al., 2004 ; Damatty 
et al., 2005 ; Nguyen-Thoi et al., 2018 ; Pathok et al., 2019). 

In this work a shell finite element model is proposed in which Householder's QR transformations are used to 
solve the eigenvalue problem of folded shells. Because this method allows to obtain a tri-diagonal matrix whose 
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ቊݑଵݑଶݑଷቋ= ∑ 	௜଼ୀଵ  Ni (2 ߦ ,1 ߦ ) ൞ݑଵ(௜)ݑଶ(௜)ݑଷ(௜)ൢ +∑ 	௜଼ୀଵ Ni(2 ߦ ,1 ߦ ).3ߦ .
௛௜ଶ ቌቐݒଵଵ௜ݒଶଵ௜ݒଷଵ௜ቑ ଵ(௜)ߠ − ቐݒଵଶ௜ݒଶଶ௜ݒଷଶ௜ቑ  ଶ(௜)ቍ  (2.2)ߠ

Here, ൛ݑ(௜)ൟ = 	 ቄݑଵ(௜), ,ଶ(௜)ݑ ଵߥ̅ ,ଷ(௜)ቅ – the nodal displacement vector, ℎ௜ - element thickness at i-nodeݑ = ൛ߥଵଵ௜, ,ଶଵ௜ߥ ଶߥ̅ , ଷଵ௜ൟߥ = ൛ߥଵଶ௜, ,ଶଶ௜ߥ  ଶ assuming a summons ofߥ̅ ଵandߥ̅ ଶ(௜)- normal to the i-node rotational angles in relation to the vectorsߠ ,ଵ(௜)ߠ ,ଷଶ௜ൟ - orthonormed vectorsߥ
repeated indexes. 

The element shape functions are given by : 

N1= - 
ଵସ (1−ߦଵ) (1− ߦଶ)( ߦଵ 	+ ଶߦ + 1). N2 = 

ଵଶ(1-ߦଵଶ)(1- 2 ߦ), 

N3 = 
ଵସ (1+ߦଵ) (1− ߦଶ)( ߦଵ 	− ଶߦ − 1) N4 = 

ଵଶ(1 +	ߦଵ)(1- ߦଶଶ),      (2.3) 

N5= 
ଵସ (1+ߦଵ) (1+ ߦଶ)( ߦଵ + ଶߦ − 1) N6 = 

ଵଶ(1-ߦଵଶ)(1+ ߦଶ), 

N7 = - 
ଵସ (1−ߦଵ) (1+ ߦଶ)( ߦଵ − ଶߦ + 1), N8 = 

ଵଶ(1 -	2ߦ)(ߦ -1ଶଶ) . 

At each node we have three displacements ݑଵ, ,ଶݑ  .ଵଶߠ ଶ and a torsionߠ	, ଵߠ	ଷ, two rotationsݑ

The generalized vector of nodal displacements is as follows: ൛ݍ(௘)ൟ = ൛ݑଵ,ଵ ଶ,ଵݑ ଷ,ଵݑ ଵଶ,ଵߠଶ,ଵߠଵ,ଵߠ … ,  ଵଶ଼ൟ்.     (2.4)ߠ଼,ଶߠ଼,ଵߠ଼,ଷݑ଼,ଶݑ଼,ଵݑ

To determine the Jacobean matrix we will establish relationship between shape function derivatives of the 
element following global coordinate axes (∝ଵ, ∝ଶ, ,ଵߦ) and their derivatives following the local axes (ߦ ,ଶߦ : ቂ	ଷ)ߦ డேడఈభ 	 డேడఈమ 	డேడకቃ = [ܬ]ିଵ ቂడேడకభ 	 డேడకమ 	 డேడకయቃ,         (2.5) 

ێێێۏ =[ܬ]
ଵߙ߲ۍێ ଵൗߦ߲ ଶߙ߲ ଵൗߦ߲ ߦ߲ ଵߙଵൗ߲ߦ߲ ଶൗߦ߲ ଶߙ߲ ଶൗߦ߲ ߦ߲ ଵߙଶൗ߲ߦ߲ ଷൗߦ߲ ଶߙ߲ ଷൗߦ߲ ߦ߲ ଷൗߦ߲ ۑۑۑے

ېۑ
,        (2.6) 

 .the Jacobean matrix – [ܬ]

2.1.2 Finite element free vibration formulation of low shells 

For the free vibration problem of low thin shells we will start from Lagrange variational principle (Zienkiewich, 
2000): ௗௗ௧ ቀడ∋డ௤ሶቁ - 

డ∋డ௤ =  (2.7)           ,݋

Here, ∋= Π − ܶ is Lagrange's function, Π, ܶ - the potential and kinetic energies of deformation and vibration of the discretic shell, 

q- the nodal displacement vector of the finite element model. 

The potential deformation energy of the system in matrix form will be: Π = ଵଶ	∭ ݒ݀{ݍ}ఙܦ்ܤ	்{ݍ} = ଵଶ ௩,({ݍ}	ܭ	்{ݍ})         (2.8) 

B - matrix of gradients of the finite element,  ܦఙ- the elasticity matrix. 

Hence the rigidity matrix K of the shell finite element model will be: 

K=∭ ௏்ܤ  dV.           (2.9)	ܤ	ఙܦ

Vibration kinetic energy of the system's will be determined as the sum of the elemental energies: 

T=
ଵଶ ߩ∭ ௏்{ݍ}  = dV {ݍ}்ܰܰ

ଵଶ  (2.10)        .({ݍ}ܯ்{ݍ})
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The mass matrix of the system will be deduced from (2.10) by the following expression : 

M = ߩ∭ ்ܰ௏ ܰ	dV.            (2.11) 

The matrix writing of shell free vibration equations without damping will be: 

M{ݍሷ }+ K {q} = {0},            (2.12)  

 .the nodal acceleration vector and nodal displacement vector -{q} , {ݍ}

The elementary rigidity and mass matrices on element of ௘ܸ volume will be determined by the following 
expressions : 

(௘)ܭ  = ∭ ೅௏೐(௘)ܤ ݀	(௘)ܤ ఙܦ ௘ܸ , ܯ(௘) = ∭ߩ ்ܰ	ܰ	݀ ௘ܸ௏೐  .        (2.13) 

Deformation vector of the shell finite element will be written: 

 .nodal displacemen vector on the element – (݁)ݍ shape function gradient matrix on the element –(݁)ܤ (2.14)           ,{(௘)ݍ} (௘)ܤ = {(௘)ߝ} 

We will look for solution of linear system (2.12) in following form: 

{ݍ}  = ݐ(߱௜	cos{଴ݍ} + ߮௜),           (2.15) Q݅݋- eigen vector associated with the ith-eigen mode, ߱௜ − ith - eigenpulse.  

Taking into account relationship (2.15) equation (2.12) becomes: 

 (-߱௜ଶ M + K) {ݍ௢}௜	= {0}           (2.16) 

As 	{ݍ௢}௜	 ≠ {0}, the system's (2.16) non-trivial solution requires: 

  det (-߱௜ଶ M +K) = 0.            (2.17) 

Due to the orthogolinal conditions of the eigenvectors associated with the matrix M we have : 

௜்{଴ݍ}  M {ݍ଴}௝	= ൜0; ݅ ≠ ݆1; ݅ = ݆ .           (2.18) 

So equation (2.16) taking into account (2.18) becomes eigenvalue problem that can be put in the following 
form : 

 Λ{ݔ} − {ݔ}	߶	ߣ = {0},            (2.19) Λ	ܽ݊݀	߶ - positive defined symmetrical matrices, ߣ – the eigenvalues, {ݔ}	- the eigen vectors. 

2.2 Householder Algorithm Solving  

To solve the problem (2.16) we will use the Householder-QR algorithm with reverse integration which compared 
to the Lanczos method significantly reduces the computational time. Householder's algorithm can be used for a 
class of standard eigenvalue problems with following form : 

Λ{ݔ	}-ܫ ߣ{x} = {0},           (2.20) 

I - unit matrix 

For solving of generalized eigenvalue problem by Householder-QR algorithm equation (2.16) refers to the 
standard form (2.20). This transformation can be done using Cholesky's decomposition for the matrix M (Bate et 
al., 1982). In this case we get: 

  Λ	=	ିܮଵ K	(்ܮ)ିଵ,           (2.21)  

here (்ܮ)ܮ=M ; (L being the lower triangular matrix with positive diagonal in Cholesky's decomposition). 

Cholesky's decomposition exists if matrix M is symmetrical and defined as positive. For our case this condition 
is satisfied. The elements of matrix L are calculated starting with the upper left angle of matrix M by the 
following expressions : 
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௜௜ܯ௜௜ =ටܮ − ∑ ଶ௜௞௜ିଵ௞ୀଵܮ  (i = 1,…, Θ ),        (2.22) Θ - System freedom degree. 

2.2.1 The main steps in Householder-QR algorithm implementing 

1. Tridiagonalization of the initial matrix Λ using Householder transformation taking into account (2.22). 

2. Computing all the eigenvalues using QR transformations ; 

3. Computing the eigen vectors of tridiagonal matrix's using reverse iterations. 

 Algorithm's step description 

The tridiagonalization stage of the matrix	Λ consists of following (Θ − 2) iterations (Wilkinson, 1970) :  

  Λ௥ = ௥ܲ	Λ௥ିଵ ௥ܲ,(r = 1.…, Θ -2)           (2.23)  

P- Householder matrix calculated by the following formula (Wilkinson,1970): 

 ௥ܲ = ܫ {௏}ೝ{௏}ೝ೅ଶ஽ೝమ ,             (2.24) 

 

௥ܸ,௜ = 0	(݅ = 1,2,… , ,(ݎ ௥ܸ,௥ାଵ = Λ௥,௥ାଵ∓ܵ௥,௥ܸ,௜ = Λ௥,௜	(௜ୀ௥ାଶ,…,஀),ܵ௥ = ൫∑ Λ௥,௜ଶ஀௜ୀ௥ାଵ ൯ଵ/ଶ,2ܦ௥ଶ = ܵ௥ଶ∓Λ௥,௥ାଵܵ௥ ۙۘۖ
ۖۗ

         (2.25) 

At initial stage we adopt	Λ଴ = Λ . When algorithm is executed transformation (2.23) cancels out at the r-line and 
r column. The same is true for all the elements lower to the right of the tridiagonal matrix. 

In relationships (2.25) ܵ௥ is the same sign as element ߉௥,௥ିଵ . The formulas are written in such a way that only 
the elements of the upper triangle of the matrix Λ௥ିଵ are retained. The current element of the matrix	߉௥ିଵ , 
(with the i,j index for example) will be noted Λ௜,௝. The current element of the vector ௥ܸ (with i-index for 
example) will be noted	 ௥ܸ,௜.The ௥ܲ matrices are orthogonal and symmetrical. 

Expression (2.24) can be written in following form: 

 ௥ܲ= I – 2{ܹ}௥{ܹ}௥் ,           (2.26) 

here	{ܹ}௥=
{	௏}ೝ	ଶ஽ೝ  ,	{ܹ}௥் {ܹ}௥=1.  

Householder method allows for the tridiagonal symmetrical matrix whose eigenvalues coincide with those of the 
original matrix. Advantage of this method is the significant reduction in the calculation number compared to 
other methods. 

The next step is to calculate all the eigenvalues of the tridiagonal matrix Λ obtained using QR transformations. 
The tridiagonal matrix	Λ is written according to Graham-Schmidt's decomposition into a product of Q.R, Q 
being an orthogonal matrix (்ܳܳ =   .and R- the upper triangular matrix	(ܫ

For calculation of R and Q matrices one use Householder's transformations with the symmetrical and orthogonal ௥ܲ matrices taking into account (2.26). This guarantees the orthogoality of matrix Q. 

Matrix Q is calculated by formula ܳ = ଵܲ. ଶܲ. ଷܲ … . ఏܲିଵ, keeps itself as comultiplier series and is not calculated 
in explicit form. Matrix R is result of a succession of operations: ଵܲ Λ,	 ଶܲP1 Λ, …, 	ܲ஀ିଵ	 	ܲ஀ିଶ… ଵܲ Λ .          (2.27) 

At the next iteration the matrix Λ is obtained as the product of the previous iteration by Q left and right. 

This QR-iterations algorithm is given by the following relationships (Strang,1980) : Λ଴	=	Λ, Λ௜	= ܳ௜	ܴ௜, Λ௜ାଵ	=	ܳ௜் Λ௜	ܳ௜	= ܳ௜் ܳ௜ܴ௜	ܳ௜=ܴ௜	ܳ௜     (2.28) 

 Relationships (2.27) and (2.28) describe algorithms without deviations. However, to accelerate the convergence 
of the QR algorithm one use deviations ߙ௜ (values close to eigenvalues). In this case the expressions (2.28) are 
as follows: Λ଴	=	Λ, 
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Λ௜	-	ߙ௜ܫ=	ܳ௜	ܴ௜, Λ௜ାଵ=ܴ௜	ܳ௜	+ ߙ௜	(2.29)         ܫ 

If as gap ߙ௜ one takes a very different value from the sought eigenvalue the solution can be erroneous. For this 
in practice as deviation ߙ௜	from the ith -iteration it is more convenient to choose the lower right element of the 
matrix	Λ . 

The tridiagonal matrix eigen vectors obtained by Householder method are calculated using reverse iterations by 
following formula (Bate,1982) : 

 (Λ −   Λ	ith vector of the tridiagonal matrix -{௜߰} (2.30)      (Θ	k =1,2 I =1,2, …,)(௞){Ψ௜}= (௞ାଵ){Ψ௜}	(ܫ	௜ߣ

k - iteration number. 

The tridiagonal matrix's eigen vectors are transformed using previously obtained Householder matrixes (2.26) 
into eigen vectors of the original standard problem (Bate 1982) : 

ଵܲ = {௜ݔ}  ଶܲ … ஀ܲିଶ {Ψ௜} (i = 1,…,	Θ),        (2.31) {ݔ௜}- ith eigen vector of the original problem; ௥ܲ 	- Householder matrix (ݎ = 1… . ߠ − 2). 
After determining the initial problem eigen vectors by formula (2.31), they become eigen vectors of the 
expanded problem following relationship (2.21). As a result, the elements of the matrix	Λ in the columns are 
replaced by the elements of calculated vectors {ݍ଴}௜that determine the eigen forms of vibrations. 

By the calculated eigen vectors {ݍ଴}௜ using expression (2.15), we determine the angular displacement vector of 
the structure for each frequency	 ௜݂. 
3. Results and Discussion 
Eight shell models are considered: 

- four 8x8m square-plan, 12x12m square-plan low-plan shells (figure 2); 

- four low folded shells with rectangular plane 8x12m, 8x16m and 8x20m (figure 3). 

Figures 2 (a, b, c, d) show geometric models of low shells on square plane corresponding respectively to 
parameters k=l=0 ; k=l=1 ; k=l=2 and k=l=3. 

Figures 3 (a, b, c, d) show geometric models of low folded shells on rectangular plane corresponding 
respectively to parameters k=2, l=2 ; k=2, l=3 ; k=2, l=4 and k=2, l=5. 
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Figure 3. Mathematical models of low rectangular-plan folded shells 

The results of the calculation of the free vibration frequencies of square-plan folded shells are shown in tables 
1-4. 

Table 1. Free vibration frequency values of the 8x8m square shell 

Shell 8х8м 

m = n 1 2 3 4 5 6 7 8 9 10 11 12 

k = l = 0 63.9 65.2 70.4 82.8 104.2 134.7 173.7 220.4 274.5 335.8 403.9 478.9

k = l = 1 46.2 13.2 54.8 52.7 94.4 118.7 168.0 211.0 271.0 329.6 401.5 474.7

k = l = 2 51.2 52.8 29.7 73.4 97.0 118.7 169.4 217.1 267.0 333.6 402.1 474.7

k = l = 3 44.2 46.0 53.2 52.7 93.5 126.6 167.4 211.0 270.6 332.6 401.3 474.7

k = l = 4 55.2 56.7 62.6 76.3 82.4 130.8 170.7 218.0 272.6 329.6 402.6 477.9

k = l = 5 54.2 55.7 61.7 75.6 98.6 118.7 170.3 217.8 272.4 334.0 402.5 474.7
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Table 2. Free vibration frequency values of the 12x12m square shell 

Shell 12х12 м 

m = n 1 2 3 4 5 6 7 8 9 10 11 12 

k = l = 0 46.0 46.3 47.8 51.6 58.8 69.9 85.2 104.4 127.3 153.5 183.1 215.9

k = l = 1 30.8 5.9 33.4 23.4 47.8 52.7 78.1 93.8 122.6 146.5 179.9 211.0

k = l = 2 34.1 34.6 13.2 41.4 50.0 52.7 79.5 99.8 118.7 150.4 180.5 211.0

k = l = 3 29.4 30.0 32.2 23.4 47.0 60.4 77.6 93.8 122.3 149.4 179.7 211.0

k = l = 4 36.8 37.2 39.0 43.6 36.6 64.3 80.6 100.7 124.2 146.5 181.0 214.1

Table 3. Free vibration frequency values of the 8x8m square shell for k = l =2 

Shell 8х8м for k = l = 2 

m = n 1 2 3 4 5 6 7 8 9 10 11 12 

h = 0.08 м 51.2 52.8 29.7 73.4 97.0 118.7 169.4 217.1 267.0 333.6 402.1 474.7 

h = 0.09 м 51.3 53.2 33.4 78.3 105.9 133.5 188.8 242.8 300.4 374.3 451.6 534.0 

h = 0.1 м 51.3 53.7 37.1 83.4 115.0 148.3 208.3 268.6 333.8 415.2 501.2 593.3 

Table 4. Free vibration frequency values of the 12x12m square shell for k = l=2 

Shell 12х12 м for k = l = 2 

m = n 1 2 3 4 5 6 7 8 9 10 11 12 

h = 0.08 м 49.3 50.1 23.7 62.6 75.1 84.4 139.6 171.4 209.6 252.6 304.7 356.3 

h = 0.09 м 49.8 50.9 25.8 68.5 84.7 95.5 158.3 193.2 230.2 290.4 352.8 410.3 

h = 0.1 м 50.1 51.3 27.4 71.3 94.8 118.1 168.6 216.3 266.7 331.8 401.2 473.8 

Tables 1-4 show that the values of the free vibration frequencies of the studied square-plane low shells increase 
significantly when the wave number in both directions m and n is greater than or equal to 4. On the other hand, 
when the shell dimensions on the plane are larger there is a decrease in frequency values. Tables 3 and 4 show 
that thickness has an influence on the free vibrations of the square-plan shell. Indeed, when we increase 
thickness, we observe an increase of the shell free vibration frequencies. 

In figures 4-7 are shown the frequency variation of the square-plane low shells depending on the wave number m 
and n and the fold ridge number k and l in both directions. 



mas.ccsenet.org Modern Applied Science Vol. 14, No. 4; 2020 

120 
 

 

Figure 4. Frequency variation curves based on the wave numbers (m, n) for 8x8m shell 

 

Figure 5. Frequency variation curves based on the wave numbers (m, n) for 12x12m shell 
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Figure 6. Frequency variation curves based on 8x8m shell thickness 

 

Figure 7. Frequency variation curves based on 12x12m 

 

shell thickness 

Analysis of the curves of figures 4-7 shows that: 

When the edge number k = l is between 1 and 3, there is a minimum frequency for m=k+1 and n=l+1. As a 
result the dangerous sections will be the sections at the junctions from which occur rotations and shears of plane 
elements one in relation to the other. 

When k=l> 3	we have a minimum frequency for m=1 and n=1. In this case no shear in the central section. 

There is a decrease in the minimum frequency for decrease in the edge number and thickness but there is 
decrease in the minimum frequency for increase in the shell dimension on the plane. Hence the need to provide 
damping devices in the structure. 
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4. Conclusion 
From this work we can retain the following: 

1 - A numerical solving algorithm is proposed for the problem in free vibrations of low folded shells. 

2 - The discret model of the used finite elements is described. 

3 - Using Householder's QR transformations a numerical solving algorithm is developed for the eigenvalue 
problem of low folded shell. 

4 - Mathematical models of low folded shells were proposed. 

2 - Based on these geometric models the proposed method is validated for vibration analysis of low folded 
shells. 

In perspective on the basis of the proposed model one can consider the development of a calculation method that 
takes into account the damping properties of the dissipative parts incorporated into the structure in order to 
reduce dynamic stress levels. 
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