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Abstract 

We study the relative cohomology theory of Banach algebra and give some important basic theorem of it. More, 

we give discuss about some of properties which we require it in our investigation. At long last, we ponder the 

dihedral cohomology aggregate as definitions and hypotheses and we characterize the Banach S-relative dihedral 

cohomology gathering and some theorems. 
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1. Introduction 

The primary point in our search is considering the properties of Banach S-relative dihedral cohomology group, at 

that point we give the simplicial cohomology which examined in 1945 by Hochschild & Mac Lane. What's more, 

the cyclic cohomology which contemplated by (Tsygan, 1983).  

Dihedral homology group was examined by (Tsygan, 1983), and the dihedral (co)homology group of a variable 

based math with the involution and personality was presented by (Loday, 1987) and (Krasauskas, 1987). 

In the second part, we presented the Hochschild, cyclic and dihedral cohomology group of Banach algebra with 

involution and identity and some of essential hypotheses on it. What's more, we connect between the Banach 

hochschild cohomology group, Banach cyclic cohomology group and Banach dihedral cohomology group.  

In our examination, we characterize the Banach S-relative dihedral cohomology group of Banach algebra 𝐴 

with involution which denoted by 𝐻𝐷𝑛[(𝐴, 𝑆), 𝑋] since 𝑆 is closed subset of 𝐴 and the extention of the exact 

sequence, 

0 → 𝐶𝐷𝑛[(𝐴, 𝑆), 𝑋] → 𝐶𝐷𝑛(𝐴, 𝑋) → 𝐶𝐷𝑛(𝐴 𝑆⁄ , 𝑋) →0 

Since we utilize it to demonstrate the sequence which we could get it which is the connection between the 

Banach S-relative dihedral cohomology group   𝐻𝐷𝑛[(𝐴, 𝑆), 𝑋] , Banach dihedral cohomology group 
𝛼𝐻𝐷𝑛(𝐴, 𝑋) where 𝛼 = ±1 and the Banach cyclic cohomology group 𝐻𝐶𝑛(𝐴, 𝑋) since 𝐴 is an involutive 

unity of Banach algebra. What's more, we characterize the trace map on the Banach S-relative dihedral 

cohomology group 

𝑡𝑟:ℳ𝑟(𝑀) →𝑀 

Furthermore, we got the Morita invariance which is the mapping between the components and its matrices and 

contains around two maps. The first, is known as the trace map which the map from the homologies of matrices 

into the homologies of components. Furthermore, the second map, is known as the inclusion map which is the 

map from the homologies of the components into the homologies of matrices with that both of two maps are 

inverse to each other.  

Lastly, we ponder the Mayer-vietoris sequence of Banach S-relative dihedral cohomology group which is the 

sequence enable us to discover more data about the homology to group, since the Mayer-vietoris sequence is the 

exact sequence which related among the homology of spaces 𝐴 and 𝐵, intersection 𝐴 ∩ 𝐵 and union 𝐴 ∪ 𝐵. 

Also, we can process this homologies group effortlessly, and the Mayer-vietoris sequence causes us in 

demonstrates of some critical hypotheses.  

Presently we will present some of essential definitions and illustrations which we require in our investigation. 
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Definition (1.1): (Kreyszig E., 1978) 

Consider the linear space 𝑋 and the field of scalar  𝐾, then the pair (𝑋, 𝑓) is the normal linear space which the 

norm ‖𝑓‖ satisfy that: 

(1)  ‖𝑓‖ ≥ 0, 

(2)  ‖𝑓‖ = 0   𝑖𝑓𝑓  𝑓 = 0, 

(3)  ‖𝑐𝑓‖ = |𝑐|‖𝑓‖    ∀𝑐 ∈ 𝐾, 

(4)  ‖𝑓 + 𝑔‖ ≤ ‖𝑓‖ + ‖𝑔‖. 

Definition (1.2): (Kreyszig E., 1978) 

Let {𝑓𝑛}𝑛∈ℕ is the sequence which elements are in the normal space  𝑋, then {𝑓𝑛}𝑛∈ℕ is: 

1- Convergence to 𝑓 such that;   ∀𝜀 > 0, 𝑛 ≥ 0 ⇒ ‖𝑓 − 𝑓𝑛‖ < 𝜀. 

2- Cauchy such that;    ∀ 𝜀 > 0, 𝑚, 𝑛 > 0 ⇒ ‖𝑓𝑚 − 𝑓𝑛‖ < 𝜀. 

Definition (1.3): (Ramesh, G., 2013) 

Give X be a normed linear space, I fall Cauchy sequences in X are convergent, then X is complete. Since 𝑋 is 

complete normed linear space, then 𝑋 is called Banach space. 

Example (1.4): 

Let ℝ𝑛 is the Euclidean space and 𝑥, 𝑦 ∈ ℝ𝑛 such that 𝑥 = (𝛼1, 𝛼2, ⋯ , 𝛼𝑛) and 𝑦 = (𝛽1, 𝛽2, ⋯ , 𝛽𝑛) and the 

metric defined as 

𝑑(𝑥, 𝑦) = √(𝛼1 − 𝛽1)
2 +⋯+ (𝛼𝑛 − 𝛽𝑛)

2 

If ℝ𝑛 is defined with the norm as 

‖𝑥‖ = (∑|𝛼𝑖|
2

𝑛

𝑖=1

)
1
2⁄ = √|𝛼1|

2 +⋯+ |𝛼𝑛|
2 

Then the space  ℝ𝑛 is Banach space. 

Definition (1.5): (Ramesh, G., 2013) 

Let 𝑌 is a subset of 𝑋 since 𝑋 is the Banach space and 𝑌 is normed space, then 𝑌 is subspace of 𝑋. 

Theorem (1.6):(Kreyszig E., 1978) 

Let 𝑌 is subspace of the Banach space 𝑋 and is complete iff 𝑌 is closed subset of 𝑋. 

Definition (1.7): (Ramesh, G., 2013) 

If 𝑋 is the vector space and 𝑥, 𝑦 ∈ 𝑋 such that the inner product, 〈𝑥, 𝑦〉 have:  

I-  〈𝑥, 𝑥〉 is real and 〈𝑥, 𝑥〉 ≥ 0, 

II-  〈𝑥, 𝑥〉 = 0   𝑖𝑓𝑓   𝑥 = 0, 

III-  〈𝑥, 𝑦〉 = 〈𝑥, 𝑦〉̅̅ ̅̅ ̅̅ ̅, 

IV-  〈𝑎𝑥1 + 𝑏𝑥2, 𝑦〉 = 𝑎〈𝑥1, 𝑦〉 + 𝑏〈𝑥2, 𝑦〉. 

Since the standard, ‖𝑥‖ = 〈𝑥, 𝑥〉
1
2⁄ , at that point the inner product is normed linear space. 

The Cauchy-schwarz inequality is, |〈𝑥, 𝑦〉| ≤ ‖𝑥‖‖𝑦‖   ∀𝑥, 𝑦 ∈ 𝑋. 

Finally, we can define the Hilbert space as the Banach space which the inner product determines the norm. i.e. 

the Hilbert space is the complete inner product. 

Example (1.8):( Kreyszig E., 1978) 

Let ℂ𝑛  be the space which elements are complex number and the metricdefined as if 𝑥, 𝑦 ∈ ℂ𝑛  where 

𝑥 = (𝛼1, 𝛼2, ⋯ , 𝛼𝑛) and 𝑦 = (𝛽1, 𝛽2, ⋯ , 𝛽𝑛), then 

𝑑(𝑥, 𝑦) = √|𝛼1 − 𝛽1|
2 +⋯+ |𝛼𝑛 − 𝛽𝑛|

2 

Then ℂ𝑛 is Hilbert space if ℂ𝑛 defined with inner product as 

〈𝑥, 𝑦〉 = 𝛼1𝛽1̅̅ ̅ + ⋯+ 𝛼𝑛𝛽𝑛̅̅ ̅ 

and with norm 
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‖𝑥‖ = (𝛼1𝛼1̅̅ ̅ + ⋯+ 𝛼𝑛𝛼𝑛̅̅̅̅ )
1
2⁄ = (|𝛼1|

2 +⋯+ |𝛼𝑛|
2)
1
2⁄  

Definition (1.9): (Ramesh, G., 2013) 

Let 𝐴 is the Banach algebra, 𝐴 is known as the Banach algebra with unity if 𝐴 has the unit 𝑒 such that for all 

𝑥 ∈ 𝐴 there exist an element 𝑦 ∈ 𝐴 called the inverse of 𝑥 such that, 𝑥𝑦 = 𝑦𝑥 = 𝑒. 

Definition (1.10): (Kreyszig E., 1978) 

For a Banach algebra 𝐴 . For all elements 𝑎 ∈ 𝐴  there exist 𝑎∗ ∈ 𝐴  such that (𝑎∗)∗ = 𝑎  is called the 

involution of 

𝐴 and 𝐴 is called the Banach algebra with involution. 

Definition (1.11): (Williams, D. P., 2011) 

Let the involution of a component 𝑥 ∈ 𝑋 is, 𝑥 ∗ such that satisfy that: 

(𝑥∗)∗ = 𝑥,  (𝑥𝑦∗)∗ = 𝑦∗𝑥∗,  (𝑥 + 𝜆𝑦)∗ = 𝑥∗ + 𝜆̅𝑦∗. 

In the event that 𝑋 *-algebra is the algebra 𝑋 with involution and the Banach *-algebra is the Banach algebra 

𝑋 with involution, then we call the homomorphism 𝜑: 𝑋 → 𝑌 (which is the map between the *-algebras) the 

*-homomorphism such that, 𝜑(𝑥∗) = 𝜑(𝑥)∗     ∀ 𝑥 ∈ 𝑋.  

Also, we can characterize the C*-algebra as the Banach *-algebra if  ‖𝑥∗𝑥‖ = ‖𝑥‖2     ∀   𝑥 ∈ 𝑋. 

Definition (1.12): (Gouda, Y. Gh., Alaa, H. N., 2013) 

Let 𝑓 𝑎𝑛𝑑 𝑔: 𝐶 → 𝐶̀ are pre-simplicial maps, we can define the pre-simplicial homotopy as the collection 

ℎ𝑖: 𝐶𝑛 → 𝐶𝑛+1̀    𝑠. ℎ.   𝑖 = 0, … , 𝑛 and satisfies that: 

𝑑𝑖ℎ𝑖 = ℎ𝑖−1𝑑𝑖                     𝑖𝑓  𝑖 < 𝑗, 

𝑑𝑖ℎ𝑖 = 𝑑𝑖ℎ𝑖−1        𝑖𝑓 0 < 𝑖 < 𝑛, 𝑖 = 𝑗, 𝑗 + 1, 

𝑑𝑖ℎ𝑗 = ℎ𝑗𝑑𝑖−1                   𝑖𝑓 𝑖 > 𝑗 + 1, 

𝑑0ℎ0 = 𝑓       𝑎𝑛𝑑      𝑑𝑛+1ℎ𝑛 = 𝑔. 

where 𝑑𝑖: 𝐶𝑛 → 𝐶𝑛−1 are the face maps. 

Before we talk about the cohomology group, we define the notation which we use in our studying. 

Assume that 𝐴 is Banach algebra, 𝐵 ⊂ 𝐴 and closed. At that point 𝐻𝐶𝑛(𝐴) methods the Banach cyclic 

cohomology group of 𝐴, 𝐻𝐶𝐵
𝑛(𝐴) is the B-relative cyclic cohomology group of 𝐴,𝐻𝐷𝑛(𝐴)be the Banach 

dihedral cohomology group of 𝐴 and 𝐻𝐷𝐵
𝑛(𝐴) is the B-relative dihedral cohomology group of 𝐴. 𝑖𝑑 be an 

identity operator, ⊗̂ be the projective tensor product for Banach space. 

And we write 𝐻𝐷𝑛(𝐴)𝑋  instead of 𝐻𝐷𝑛(𝐴, 𝑋) since 𝐻𝐷𝑛(𝐴, 𝑋) is the Banach dihedral cohomology of 

algebra 𝐴 with elements in 𝑋. 

2. Hochschild, Cyclic and Dihedral Cohomology Group of Banach algebra 

Here, we ponder simplicial, Cyclic and dihedral cohomology group of the Banach algebra as definition, 

theorems and the connection among them. We use (Gouda & Alaa (2013)), (Alaa (2019)), (Loday, J. L., 1991)) 

and (Krasauskas, Lapen & Solovev (1987)) in this part. 

Definition (2.1): (Loday, J. L., 1991) 

Assume that 𝐴 be Banach algebra and 𝑋 be the Banach A-bimodule. Then we can characterize the cochain 

complex 𝐶𝑛(𝐴, 𝑋) as, 

0 → 𝐶0(𝐴, 𝑋)
     𝛿0

→  …→ 𝐶𝑛(𝐴, 𝑋)
      𝛿𝑛

→   𝐶𝑛+1(𝐴, 𝑋) →… 

Since 𝐶0(𝐴, 𝑋) = 𝑋 and the coboundary 𝛿𝑛: 𝐶𝑛(𝐴, 𝑋) → 𝐶𝑛+1(𝐴, 𝑋) is characterized as  

(𝛿𝑛𝑓)(𝑎1, … , 𝑎𝑛+1) = 𝑎1𝑓(𝑎2, … , 𝑎𝑛+1) +∑(−1)𝑖𝑓(𝑎1, … , 𝑎𝑖𝑎𝑖+1, … , 𝑎𝑛+1)

𝑛

𝑖=1

+ (−1)𝑛+1𝑓(𝑎1, … , 𝑎𝑛)𝑎𝑛+1 

Also, the kernel 𝑍𝑛(𝐴, 𝑋) of 𝛿𝑛 are known as the n-cocyclies and the image 𝐵𝑛(𝐴, 𝑋) of 𝛿𝑛−1 are known as 

the coboundaries. What's more, 𝛿𝑛+1 ∘ 𝛿𝑛 = 0. We call the cohomology of 𝐶(𝐴, 𝑋) the Banach cohmology 

group of 𝐴 which the coefficients are in 𝑋 and given by; 
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𝐻𝑛(𝐴, 𝑋) =
𝑍𝑛(𝐴, 𝑋)

𝐵𝑛(𝐴, 𝑋)⁄  

Definition (2.2): (Lykova, Z. A, 1999) 

Give 𝑀∗ be a Banach A-bimodule, then the Banach A-bimodule 𝑀 = (𝑀∗)
∗ is called double. Allow 𝑋 to be a 

normed Banach cohomology  𝐻1(𝐴,𝑀) = {0}, then 𝐴 is called amenable. Furthermore, if 𝐻1(𝐴, 𝑋) = {0}, 
then 𝐴 is called contractible 

Definition (2.3): (Lykova, Z. A, 1999) 

Give 𝑆 be a closed sub-algebra of 𝐴, then the closed subspace 𝐶𝑆
𝑛(𝐴, 𝑋) of 𝐶𝑆

𝑛(𝐴, 𝑋) with 𝜌 is the sequence,  

0 → 𝐶𝑆
0(𝐴, 𝑋)

     𝛿0

→  …→ 𝐶𝑆
𝑛(𝐴, 𝑋)

      𝛿𝑛

→   𝐶𝑆
𝑛+1(𝐴, 𝑋) →… 

such that, ∀    𝑎1, 𝑎2, … , 𝑎𝑛 ∈ 𝐴,      𝑠 ∈ 𝑆,      1 ≤ 𝑖 ≤ 𝑛 satisfy that, 

𝜌(𝑠𝑎1, 𝑎2, … , 𝑎𝑛) = 𝑠𝜌(𝑎1, 𝑎2, … , 𝑎𝑛), 

𝜌(𝑎1, 𝑎2, … , 𝑎𝑖−1, 𝑎𝑖𝑠, 𝑎𝑖+1, … , 𝑎𝑛) = 𝜌(𝑎1, … , 𝑎𝑖−1, 𝑎𝑖 , 𝑠𝑎𝑖+1, 𝑎𝑖+2, … , 𝑎𝑛) 

What's more, 𝜌(𝑎1, 𝑎2, … , 𝑎𝑛𝑠) = 𝜌(𝑎1, 𝑎2, … , 𝑎𝑛)𝑠. 

𝐶𝑆
𝑛(𝐴, 𝑋)is called S-relative n-cochains. The kernel of 𝛿𝑛 in 𝐶𝑆

𝑛(𝐴, 𝑋) is indicated by 𝑍𝑆
𝑛(𝐴, 𝑋) and called 

S-relative n-cocycles, and the S-relative co-boundaries is the image of 𝛿𝑛−1: 𝐶𝑆
𝑛−1(𝐴, 𝑋) → 𝐶𝑆

𝑛(𝐴, 𝑋) and 

signified by  𝐵𝑆
𝑛(𝐴, 𝑋). And afterward the cohomolgy group of 𝐶𝑆

𝑛(𝐴, 𝑋) is the Banach S-relative cohomology 

group of 𝐶𝑆
𝑛(𝐴, 𝑋) and given by; 

𝐻𝑆
𝑛(𝐴, 𝑋) =

𝑍𝑆
𝑛(𝐴, 𝑋)

𝐵𝑆
𝑛(𝐴, 𝑋)⁄ . 

Proposition (2.4): 

Assume that 𝐴 be the Banach algebra, 𝐵 is the amenable closed sub-algebra of 𝐴, and 𝑀 is the double 

A-bimodule for 𝑛 ≥ 1 . Let 𝜌 ∈ 𝐶𝑛(𝐴,𝑀)   𝑠. ℎ.   (𝛿𝑛𝜌)(𝑎1, … , 𝑎𝑛+1) = 0  in the event that one 

of  𝑎1, … , 𝑎𝑛+1 ∈ 𝐵. Then there exists 𝜉 ∈ 𝐶𝑛−1(𝐴,𝑀) such that if for any of  𝑎1, … , 𝑎𝑛 ∈ 𝐵.  

Lemma (2.5): 

Assume that the Banach algebra, 𝐵 is the closed subalgebra of 𝐴, X is a Banach A-bimodule and 𝑛 ≥ 1. Let 

𝜌 ∈ 𝐶𝑛(𝐴, 𝑋) 𝑠. ℎ.  (𝛿𝑛𝜌)(𝑎1, … , 𝑎𝑛+1) = 0 in the event that one of 𝑎1, … , 𝑎𝑛+1 ∈ 𝐵 and 𝜌(𝑎1, … , 𝑎𝑛) = 0 on 

the off chance that one of 𝑎1, … , 𝑎𝑛 ∈ 𝐵. Then, 𝜌 ∈ 𝐶𝐵
𝑛(𝐴, 𝑋).  

Definition (2.6): (Alaa, H. N. & Gouda,Y. Gh., 2009) 

Let 𝐴 be the Banach algebra with unity since the coefficients in A-bimodule 𝑋, then we can characterize the 

Banach cyclic cohomology group of 𝐴 as the homology of the cocomplex 𝑇𝑜𝑡 𝐶𝐶∗∗(𝐴) 
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as 

𝐻𝐶𝑛(𝐴, 𝑋) = 𝐻𝑛(𝑇𝑜𝑡 𝐶𝐶∗∗(𝐴, 𝑋)) 

Where 𝐶𝐶∗∗(𝐴, 𝑋) is the bicomplex of cochain with the vertical maps 𝑏∗  𝑎𝑛𝑑    𝑏 ̀
∗
: 𝐶𝐶𝛼 𝛽 → 𝐶𝐶𝛼 𝛽+1 and the 

horizontal maps  (1 − 𝑡)∗  𝑎𝑛𝑑   𝑁∗: 𝐶𝐶𝛼 𝛽 → 𝐶𝐶𝛼+1 𝛽. 

Definition (2.7): (Alaa Hassan 2013) 

Let 𝐴 is the Banach algebra with unity and 𝑆 is the closed subalgebra of 𝐴, then we can present the Banach 

S-relative cyclic cohomology 𝐻𝐶𝑆
𝑛(𝐴, 𝑋) of the cochain exact complex 

0 → 𝐶𝐶𝑆
0(𝐴, 𝑋)

     𝛿0

→  …→ 𝐶𝐶𝑆
𝑛(𝐴, 𝑋)

      𝛿𝑛

→   𝐶𝐶𝑆
𝑛+1(𝐴, 𝑋) →… 

Then, 𝐻𝐶𝑆
𝑛(𝐴, 𝑋) =

𝑍𝑆
𝑛(𝐴, 𝑋)

𝐵𝑆
𝑛(𝐴, 𝑋)⁄ . Where 𝑍𝑆

𝑛(𝐴, 𝑋) is the kernel of 𝛿𝑛 and 𝐵𝑆
𝑛(𝐴, 𝑋) is the image of 

𝛿𝑛+1 and defined with the maps  𝑓(𝑑𝑎0, 𝑎1, . . . , 𝑎𝑛) = 𝑓(𝑎0, 𝑎1, . . . , 𝑎𝑛𝑑) and 𝑡𝑛 ∶  𝐶𝑆
𝑛(𝐴, 𝑋) →  𝐶𝑆

𝑛(𝐴, 𝑋)since 

satisfy the following; 

                                                           𝑡𝑛𝑓(𝑎0, 𝑎1, … , 𝑎𝑛) =  (−1)
𝑛𝑓(𝑎𝑛 , 𝑎1, … , 𝑎0).     

𝑡𝑛𝑓(𝑑𝑎0, 𝑎1, … , 𝑎𝑛) = (−1)
𝑛𝑓(𝑎𝑛 , 𝑎1, . . . , 𝑑𝑎0) 

                                                                                =  (−1)𝑛𝑓(𝑎1, . . . , 𝑎𝑛𝑑, 𝑎0) = 𝑡
𝑛𝑓(𝑎0, 𝑎1, . . . , 𝑎𝑛𝑑). 

Theorem (2.8): 

Let 𝐴 be the Banach algebra with unity and 𝑋 the A-bimodule, then the connection between the Banach cyclic 

cohomology group and the Banach Hochschild cohomology group is the sequence, 

⋯→𝐻𝐻𝑛(𝐴, 𝑋)
   𝐵  
→ 𝐻𝐶𝑛−1(𝐴, 𝑋)

  𝑆  
→ 𝐻𝐶𝑛+1(𝐴, 𝑋)

  𝐼   
→ 𝐻𝐻𝑛+1(𝐴, 𝑋)

 𝐵 
→⋯ 

Proof: 

Consider 𝐶𝐶(𝐴, 𝑋){2}  is the bicomplex such that contains the first and second columns of 𝐶𝐶(𝐴, 𝑋)and 

𝐶[2,0]𝑝𝑞 = 𝐶𝑝−2,𝑞. Then the following sequence is exact 

0 → 𝐶𝐶(𝐴, 𝑋){2}→𝐶𝐶(𝐴, 𝑋)→𝐶𝐶(𝐴, 𝑋)[2,0]→0 

The long exact sequence for this sequence is the sequence of cohomology of the Banach algebra since 

𝐶𝐶(𝐴, 𝑋){2}  spoke to the Banach Hochschild cohomology group and 𝐶𝐶(𝐴, 𝑋)  be the Banach cyclic 

cohomology group. And then we get the required. 

Theorem (2.9): 

Let 𝑆 is the closed subalgebra of Banach algebra 𝐴 with unity and involution and 𝑋 is the A-bimodule, then 

we can get the connection between the Banach S-relative Cyclic cohomology group and the Banach S-relative 

Hochschild cohomology group as the sequence 

⋯→𝐻𝐻𝑆
𝑛(𝐴, 𝑋)

 𝐵 
→𝐻𝐶𝑆

𝑛−1(𝐴, 𝑋)
 𝑆  
→ 𝐻𝐶𝑆

𝑛+1(𝐴, 𝑋)
  𝐼    
→ 𝐻𝐻𝑆

𝑛+1(𝐴, 𝑋)
 𝐵 
→⋯ 

Definition (2.9): (Alaa Hassan Noreldeen, 2012) 

Assume that 𝐴 be the Banach algebra with involution and 𝑋 be the Banach A-bimodule. Then we can 

characterize the Banach dihedral cohomology group 𝐻𝐷𝑛(𝐴, 𝑋) of 𝐴 with coefficient in 𝑋 of the cochain 

complex 

0 → 𝐶𝐷0(𝐴, 𝑋)
     𝛿0

→  …→ 𝐶𝐷𝑛(𝐴, 𝑋)
      𝛿𝑛

→   𝐶𝐷𝑛+1(𝐴, 𝑋) →… 

As the following sequence since we write 𝐻𝐷𝑛(𝐴, 𝑋) instead of 𝐻𝐷𝑛(𝐶(𝐴, 𝑋)) 

0 → 𝐻𝐷0(𝐴, 𝑋)
     𝛿0

→  …→𝐻𝐷𝑛(𝐴, 𝑋)
      𝛿𝑛

→   𝐻𝐷𝑛+1(𝐴, 𝑋) →… 

With the family of maps;      𝛿𝑛
𝑖 : [𝑛 − 1] → [𝑛],                𝜎𝑛

𝑖 : [𝑛 + 1] → [𝑛],             𝜏𝑛: [𝑛] → [𝑛] 

and 𝜌𝑛: [𝑛] → [𝑛] and satisfy the following: 
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{
  
 

  
 𝛿𝑛+1

𝑗
𝛿𝑛
𝑖 = 𝛿𝑛+1

𝑖 𝛿𝑛
𝑗−1
                       𝑖𝑓 𝑖 < 𝑗

𝜎𝑛
𝑗
𝜎𝑛+1
𝑖 = 𝜎𝑛

𝑖𝜎𝑛+1
𝑗−1
                           𝑖𝑓 𝑖 ≤ 𝑗

𝜎𝑛
𝑗
𝛿𝑛+1
𝑖 = {

𝛿𝑛−1
𝑖 𝜎𝑛−2

𝑗−1
                𝑖𝑓   𝑖 < 𝑗      

𝐼𝑑[𝑛]                𝑖𝑓 𝑖 = 𝑗 𝑜𝑟 𝑗 + 1

𝛿𝑛+1
𝑖−1𝜎𝑛

𝑗
                  𝑖𝑓 𝑖 > 𝑗 + 1

 

{

𝜏𝑛𝛿𝑛
𝑖 = 𝛿𝑛

𝑖−1𝜏𝑛−1                     1 ≤ 𝑖 ≤ 𝑛

𝜏𝑛𝜎𝑛
𝑗
= 𝜎𝑛

𝑗−1
𝜏𝑛+1                    1 ≤ 𝑗 ≤ 𝑛

𝜏𝑛
𝑛+1 = 𝐼𝑑[𝑛]

 

{
𝜌𝑛𝛿𝑛

𝑖 = 𝛿𝑛
𝑖−1𝜌𝑛−1              0 ≤ 𝑖 ≤ 𝑛

𝜌𝑛𝜎𝑛
𝑗
= 𝜎𝑛

𝑗−1
𝜌𝑛+1              0 ≤ 𝑗 ≤ 𝑛

 

𝜌𝑛
2 = 𝐼𝑑[𝑛] 

𝜏𝑛𝜌𝑛 = 𝜌𝑛𝜏𝑛
−1 

𝐻𝐷𝑛(𝐴, 𝑋) is called the Banach dihedral cohomology group of 𝐴. 

Theorem (2.10): 

Let 𝐴 is the Banach algebra with unity and involution and coefficients in A-bimodule 𝑋. Then we can 

characterize the connection between the Banach cyclic cohomology group and the Banach dihedral cohomology 

group as the sequence, 

⋯→ −𝐻𝐷𝑛(𝐴, 𝑋)
𝑖∗

→𝐻𝐶𝑛(𝐴, 𝑋)
𝑗∗

→𝐻𝐷𝑛(𝐴, 𝑋)→ −𝐻𝐷𝑛+1(𝐴, 𝑋) →⋯ 

Proof: 

Let 𝐶(𝐴, 𝑋) is the total complex of the bicomplex and 𝐷(𝐴, 𝑋) be the tricomplex. If 𝐶(𝐴, 𝑋) is embed in 

𝐷(𝐴, 𝑋), then we get the short exact sequence, 

0 →𝑇𝑜𝑡 𝐶(𝐴, 𝑋) →𝑇𝑜𝑡𝐷(𝐴, 𝑋) →𝑇𝑜𝑡 −𝐷(𝐴, 𝑋) →0 

and we get, 

⋯→ −𝐻𝐷𝑛(𝐴, 𝑋)
𝑖∗

→𝐻𝐶𝑛(𝐴, 𝑋)
𝑗∗

→𝐻𝐷𝑛(𝐴, 𝑋)→ −𝐻𝐷𝑛+1(𝐴, 𝑋) →⋯. 

Theorem (2.11): 

Let 𝐴 be the Banach algebra with unity and involution and coefficients in A-bimodule 𝑋. Then the connection 

among the Banach dihedral cohomology group, Banach cyclic cohomology group and Banach Hochschild 

cohomology group is the sequence, 
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Proof: 

From the theorem (4.2) which related between the dihedral cohomology group of Banach algebra and the cyclic 

cohomology group of Banach algebra and the theorem (3.2) which related between the Banach cyclic 

cohomology group and the Banach Hochschild cohomlgy group, then we get the required. 

3. Banach relative dihedral cohomology 

In this part, we defined the Banach relative dihedral cohomology and we study some of its properties and  

its relations with other cohomologies with it`s proves. We use [(Alaa Hassan Noreldeen 

(2014),(2015))],[Gouda,Y. Gh., Alaa, H. N. & M. Saad,(2017)], and [Gouda,Y. Gh., Alaa, H. N.,(2013) in this 

part. 

Definition (3.1): 

Consider 𝐻𝐷𝑛(𝐴, 𝑋) be the Banach dihedral cohomology group of 𝐴 since 𝐴 is the Banach algebra with 

coefficients in 𝑋. Let 𝑆 be a closed subalgebra of 𝐴, then we can define the Banach S-relative dihedral 

cohomology group of Awhich denoted by 𝐻𝐷𝑛[(𝐴, 𝑆), 𝑋] and we get the sequence of cohomology from the 

cochain exact complex; 

0 → 𝐶𝐷0[(𝐴, 𝑆), 𝑋]
     𝛿0

→  ⋯→ 𝐶𝐷𝑛[(𝐴, 𝑆), 𝑋]
     𝛿𝑛

→  𝐶𝐷𝑛+1[(𝐴, 𝑆), 𝑋] →⋯ 

As the sequence, 

0 → 𝐻𝐷0[(𝐴, 𝑆), 𝑋]
     𝛿0

→  ⋯→𝐻𝐷𝑛[(𝐴, 𝑆), 𝑋]
    𝛿𝑛

→  𝐻𝐷𝑛+1[(𝐴, 𝑆), 𝑋] →⋯ 

And the Banach S-relative dihedral cohomology group is given by, 

𝐻𝐷𝑛[(𝐴, 𝑆), 𝑋] = 𝑍
𝑛[(𝐴, 𝑆), 𝑋]

𝐵𝑛[(𝐴, 𝑆), 𝑋]
⁄  

Where, 𝑍𝑛[(𝐴, 𝑆), 𝑋] is the kernel of 𝛿𝑛 and 𝐵𝑛[(𝐴, 𝑆), 𝑋] is the image of 𝛿𝑛+1 and satisfy the relation 

between the maps 𝛿𝑛
𝑖 : [𝑛 − 1] → [𝑛],   𝜎𝑛

𝑖 : [𝑛 + 1] → [𝑛],   𝜏𝑛: [𝑛] → [𝑛]  𝑎𝑛𝑑  𝜌𝑛: [𝑛] → [𝑛] in definition (2.9). 

Since the sequence which related between the Banach dihedral cochain complex 𝐶𝑛(𝐴, 𝑋) and the Banach 

S-relative dihedral cochain complex 𝐶𝐷𝑛[(𝐴, 𝑆), 𝑋] is the sequence, 

0 → 𝐶𝐷𝑛[(𝐴, 𝑆), 𝑋] → 𝐶𝐷𝑛(𝐴, 𝑋) → 𝐶𝐷𝑛(𝐴 𝑆⁄ , 𝑋) →0 

And then we can get the relation between the Banach S-relative dihedral cohomology group is the sequence; 

0 → 𝐻𝐷0[(𝐴, 𝑆), 𝑋] → 𝐻𝐷0(𝐴, 𝑋) → 𝐻𝐷0(𝐴 𝑆⁄ , 𝑋) → 𝐻𝐷1[(𝐴, 𝑆), 𝑋] → 𝐻𝐷1(𝐴, 𝑋) → ⋯ → 𝐻𝐷𝑛[(𝐴, 𝑆), 𝑋]

→ 𝐻𝐷𝑛(𝐴, 𝑋) → 𝐻𝐷𝑛(𝐴 𝑆⁄ , 𝑋) → 𝐻𝐷𝑛+1[(𝐴, 𝑆), 𝑋] →⋯. 

Theorem (3.2): 

Let 𝑆 is the closed subalgebra of the Banach algebra 𝐴 with unity and involution and 𝑋 is the A-bimodule, 

then we can get the connection between the Banach S-relative Cyclic cohomology group and the Banach 

S-relative dihedral cohomology group as the sequence 

⋯→ −𝐻𝐷𝑛[(𝐴, 𝑆), 𝑋]
𝑖∗

→𝐻𝐶𝑛[(𝐴, 𝑆), 𝑋]
𝑗∗

→𝐻𝐷𝑛[(𝐴, 𝑆), 𝑋]→ −𝐻𝐷𝑛+1[(𝐴, 𝑆), 𝑋] →⋯ 

Proof: 

Similar in theorem (2.10). 
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Theorem (3.3): 

Let 𝑆 is closed subset of the Banach algebra 𝐴 with involution and 𝑋 is the A-bimodule and let we write 

𝐻𝐷𝑛(𝐴, 𝑋) instead of 𝛼𝐻𝐷𝑛(𝐴, 𝑋). Then the relation between the Banach relative dihedral cohomology 

group, Banach dihedral cohomology group and Banach cyclic cohomology group is the sequence 

 
Proof: 

Let the following sequences are exact 

0 → 𝐻𝐷0[(𝐴, 𝑆), 𝑋] → 𝐻𝐷0(𝐴, 𝑋) → 𝐻𝐷0(𝐴 𝑆⁄ , 𝑋) → 𝐻𝐷1[(𝐴, 𝑆), 𝑋] → 𝐻𝐷1(𝐴, 𝑋) → ⋯ → 𝐻𝐷𝑛[(𝐴, 𝑆), 𝑋]

→ 𝐻𝐷𝑛(𝐴, 𝑋) → 𝐻𝐷𝑛(𝐴 𝑆⁄ , 𝑋) → 𝐻𝐷𝑛+1[(𝐴, 𝑆), 𝑋] →⋯ 

And  

⋯→ −𝐻𝐷𝑛(𝐴, 𝑋)
𝑖∗

→𝐻𝐶𝑛(𝐴, 𝑋)
𝑗∗

→𝐻𝐷𝑛(𝐴, 𝑋)→ −𝐻𝐷𝑛+1(𝐴, 𝑋) →⋯ 

Then we get the required. 

Definition (3.4): 

Let 𝐴 is the Banach algebra with involution with coefficients in A-bimodule  X, 𝑆 is a subset of 𝐴 and 𝑀 is a 

bimodule which characterized over 𝑆 and ℳ𝑟(𝑀) is the matrices of degree 𝑟 × 𝑟. Then we can define the 

inclusion 

𝑖𝑛𝑐:ℳ𝑟(𝑀) →ℳ𝑟+1(𝑀) 

As 

𝛼 ↦ [
0

𝛼    ⋮
0 ⋯     0 0

] 

Where 𝑡𝑟:ℳ𝑟(𝑀) →𝑀 is the trace map and given by 𝑡𝑟(𝛼) = ∑ 𝛼𝑖𝑖
𝑟
𝑖=1 . And we define the generalized trace 

map 𝑡𝑟:ℳ𝑟(𝑀)⊗ℳ𝑟(𝑆)
⊗𝑛 →𝑀⊗ 𝑆⊗𝑛 as 

𝑡𝑟(𝛼 ⊗ 𝛽 ⊗⋯⊗ 𝜂) = ∑(𝛼𝑖0𝑖1⊗𝛽𝑖1𝑖2 ⊗…⊗ 𝜂𝑖𝑛𝑖0). 

Theorem (3.5): (Morita invariance) 
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Let 𝐴𝑋 is the Banach algebra with involution with coefficients in 𝑋 and 𝑆𝑋 is the subset of 𝐴𝑋, then for 

𝑟 ≥ 1 the maps 

𝑡𝑟∗: 𝐻𝐷∗(ℳ𝑟(𝑆𝑋),ℳ𝑟(𝑀𝑋)) → 𝐻𝐷
∗(𝑆𝑋, 𝑀𝑋) 

and 

𝑖𝑛𝑐∗: 𝐻𝐷∗(𝑆𝑋, 𝑀𝑋)→𝐻𝐷
∗(ℳ𝑟(𝑆𝑋),ℳ𝑟(𝑀𝑋)) 

are isomorphisms and both of them is inverse to each other. 

Proof: 

To demonstrate this theorem, we must show that (𝑖𝑛𝑐 ∘ 𝑡𝑟) 𝑎𝑛𝑑 (𝑖𝑑) are homotopic to each other. Let ℎ is the 

presimplicial homotopy since  

ℎ =∑(−1)𝑖ℎ𝑖  𝑎𝑛𝑑     ℎ𝑖:ℳ𝑟(𝑀𝑋) ⊗ℳ𝑟(𝑆𝑋)
⊗𝑛 →ℳ𝑟(𝑀𝑋) ⊗ℳ𝑟(𝑆𝑋)

⊗𝑛+1 

and defined by 

ℎ𝑖(𝑎
0, … , 𝑎𝑛) = ∑𝐸𝑗1(𝑎𝑗𝑘

0 ) ⊗ 𝐸11(𝑎𝑘𝑚
1 ) ⊗ …⊗ 𝐸11(𝑎𝑝𝑞

𝑖 )  ⊗ 𝐸1𝑞(1)   ⊗  𝑎
𝑖+1⊗…⊗ 𝑎𝑛 

Since 𝑎0 ∈ ℳ𝑟(𝑀𝑋)  and the others 𝑎𝑠 ∈ ℳ𝑟(𝑆𝑋)  and ℎ𝑖  satisfy the first, second and third relation in 

definition (1.9). Since ℎ = ∑ (−1)𝑖ℎ𝑖
𝑛
𝑖=0  and if 𝑛 = 0, ℎ(𝑎) = 𝐸𝑗1(𝑎𝑗𝑘) ⊗ 𝐸1𝑘(1).  

If 𝑛 = 1, ℎ(𝑎, 𝑏) = 𝐸𝑗1(𝑎𝑗𝑘) ⊗ 𝐸1𝑘(1) ⊗ 𝑏 − 𝐸𝑗1(𝑎𝑗𝑘) ⊗ 𝐸11(𝑏𝑘𝑖)𝐸1𝑙(1). Then, ℎ𝑑 + 𝑑ℎ = 𝑑0ℎ0 − 𝑑𝑛+1ℎ𝑛 . 

Since 𝑖𝑑 = 𝑑0ℎ0  and  𝑑𝑛+1ℎ𝑛 = 𝑖𝑛𝑐 ∘ 𝑡𝑟, then 𝑖𝑑  𝑎𝑛𝑑  𝑖𝑛𝑐 ∘ 𝑡𝑟are homotopic with each other. 

Theorem (3.6): 

Let 𝐵 is a closed Banach sub-algebra of the Banach 𝐴 with involution and coefficients in A-bimodule 𝑋 and 

 𝑁 ⊂ 𝐴,     𝐾, 𝐽 ⊂ 𝐵   𝑠. ℎ.   ∪ 𝐾 ⊂ 𝐴,    ∪ 𝐽 ⊂ 𝐵. Then the Mayer-vietoris sequence of the Banach B-relative 

dihedral cohomology group is the sequence, 

⋯ → 𝐻𝐷𝑛−1(𝐿 ∩ 𝑁,𝐾 ∩ 𝐽)𝑋
𝜕∗
→𝐻𝐷𝑛(𝐴, 𝐵)𝑋

𝑘∗−𝑙∗
→   𝐻𝐷𝑛(𝐿, 𝐾)𝑋⊕𝐻𝐷𝑛(𝑁, 𝐽)𝑋

(𝑖∗,𝑗∗)
→   𝐻𝐷𝑛(𝐿 ∩ 𝑁,𝐾 ∩ 𝐽)𝑋

𝜕∗
→𝐻𝐷𝑛+1(𝐴, 𝐵)𝑋 → ⋯ 

Where 

𝑖𝐴: 𝐿 ↪ 𝐿 ∩ 𝑁,    𝑖𝐵: 𝐾 ↪ 𝐾 ∩ 𝐽,   𝑗𝐴: 𝑁 ↪ 𝐿 ∩ 𝑁,   𝑗𝐵: 𝐽 ↪ 𝐾 ∩ 𝐽, 𝑘𝐴: 𝐴 ↪ 𝐿,   𝑘𝐵: 𝐵 ↪ 𝐾,
𝑙𝐴: 𝐴 ↪ 𝑁    𝑎𝑛𝑑   𝑙𝐵: 𝐵 ↪ 𝐽 

and ⊕ means the direct sum of the Banach algebra. 

Proof: 

Let the sequence, 

0 → 𝐶𝐷𝑛(𝐴, 𝐵)
𝑔
→ 𝐶𝐷𝑛(𝐿, 𝐾) ⊕ 𝐶𝐷𝑛(𝑁, 𝐽)

𝑓
→ 𝐶𝐷𝑛(𝐿 ∩ 𝑁,𝐾 ∩ 𝐽) → 0 

Is short exact sequence, since  𝑓    𝑎𝑛𝑑    𝑔  are the epimomorphism and monomorphism, respectively. Where, 

𝑓 = 𝑘 − 𝑙, 𝑔 = (𝑖, 𝑗)  𝑎𝑛𝑑  𝑓 ∘ 𝑔 = 0  . 

Let (𝐿 ∩ 𝑁,𝐾 ∩ 𝐽)(𝑈) ∈ 𝐶𝐷𝑛(𝐴, 𝐵), then 

(𝑓 ∘ 𝑔)(𝐴, 𝐵)(𝑈) = 𝑓((𝐿, 𝐾)(𝑈), (𝑁, 𝐽)(𝑈)) = 0 

Where, ((𝐿, 𝐾)(𝑈), (𝑁, 𝐽)(𝑈)) ∈ [𝐶𝐷𝑛(𝐿, 𝐾)⊕ 𝐶𝐷𝑛(𝑁, 𝐽)]. Then we can get from it into the long exact 

sequence 

⋯ → 𝐻𝐷𝑛−1(𝐿 ∩ 𝑁,𝐾 ∩ 𝐽)𝑋
𝜕∗

→𝐻𝐷𝑛(𝐴, 𝐵)𝑋
𝑘∗−𝑙∗

→   𝐻𝐷𝑛(𝐿, 𝐾)𝑋⊕𝐻𝐷𝑛(𝑁, 𝐽)𝑋
(𝑖∗,𝑗∗)
→   𝐻𝐷𝑛(𝐿 ∩ 𝑁,𝐾 ∩ 𝐽)𝑋

𝜕∗

→𝐻𝐷𝑛+1(𝐴, 𝐵)𝑋 → ⋯ 
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