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Abstract 

In the following paper, we deal with the surfaces which are expressed as a linear combination of the components 

of Bishop frame for a given some special spacelike Smarandache curves in three dimensions Minkowski Space 

𝐸1
3 . We analyzed the problem of constructing a family of surfaces from these curves in  𝐸1

3 , and derive the 

sufficient conditions for coefficients to satisfy the iso-asymptotic requirements. Additionally, we derive 

sufficient conditions for coefficients to satisfy both the geodesic and iso-parametric needs. 

Keywords: Smarandache curve, bishop frame, Minkowski Spacetime, Iso-parametric curve, Iso-asymptotic, 

Iso-geodesic curve 

1. Introduction 

There are many important properties and consequences of curves in differential geometry (O’Neill 1983, 1966). 

Investigates take after works about the curves. In the light of the current examinations, creators dependably 

present new curves, the special Smarandache curves are one of them, it is have been researched by some 

differential geometers (O’Neill 1966), (Karakus, et. al. 2016). This curve is characterized as, a standard curve in 

Minkowski space-time, whose position vector is created by Frenet frame vectors on another regular curve, is 

Smarandache curve (Bükcü, et. al. 2010). (Ali 2010) has presented some special Smarandache curves in the 

Euclidean space. Common Smarandache curves as per Bishop Frame in Euclidean 3-space have been explored 

by (Çetin, et. al. 2014). Likewise, Darboux Smarandache bends as indicated in three dimensions Euclidean space 

has presented in (Bektas, et. al. 2013). They discovered a few properties of these special curves and discovered 

normal curvature, geodesic curvature and geodesic torsion of these curves. In addition, they explore special 

Smarandache curves in three dimensions Minkowski Space, (Karakus, et. al. 2016), (López2014), (Yilmaz, et. al. 

2016), (Okuyucu, et. al. 2019). Besides, they discover a few properties of these curves and them curvature and 

torsion of those curves. Special Smarandache curves, for example, Smarandache curves as indicated by Sabban 

frame in Euclidean unit sphere has presented in (Tasköprü, et. al. 2012). Likewise, they give some portrayal of 

Smarandache curves and outline cases of their results. On the Quaternionic Smarandache curves in three 

dimensions Euclidean Space have been researched in (Çetin, et. al. 2013).  

A standout amongst the foremost vast curve on a surface is an asymptotic curve. Asymptotic on a surface has 

been an extended haul investigate purpose in Differential Geometry (O’Neill 1983), (Tai, et. al. 2004). A curve 

on a surface is called an asymptotic curve gave its speed faithfully focuses an asymptotic way, that is the 

directing in which the normal curvature is zero. 

Asymptotic curves are likewise experienced in space science, astronomy and computer-aided design in 

engineering. The idea of the family of surfaces having a given characteristic curve was first introduced by 

(Karakus et. al. 2016), (Li, et. al. 2011) in Euclidean 3-space. (Akyildiz, et.al.2008), summed up the work of Li 

by presenting new kinds of marching-scale functions, coefficients of the Frenet frame showing up in the 

parametric portrayal of surfaces. With the motivation of work of (Li et.al. 2011), changed the characteristic 

curve from geodesic to a line of curvature and characterized the surface pencil with a curvature. As of late, 

(Bayram, et. al. 2012) characterized the surface pencil with a common asymptotic curve. 

In this paper, we investigate a family of surfaces that created by a spacelike curve as a common iso-geodesic and 

spacelike Smarandache curve in three dimension Minkowski space, and we derive the necessary and sufficient 
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conditions for a given spacelike curve in 𝐸1
3  to satisfy both iso-asymptotic and Smarandache curve with 

moving Bishop frame. In section 2, we give some basic concepts about Smarandache curves in Minkowski 

3-space and define an iso-asymptotic and isogeodesic curves. In Section 3, we express a family of surfaces S as a 

linear combination of the Bishop frame of the given curve and derive necessary and sufficient conditions on 

matching scale functions to satisfy both iso-asymptotic and Smarandache requirements, and we illustrate the 

method by giving an example. In Section 4, we introduce the family of surfaces as a linear combination of the 

Bishop frame of the given spacelike curve and derive necessary and sufficient conditions on marching-scale 

functions to satisfy both iso-geodesic and spacelike Smarandache curve, finally, we illustrate the method by 

giving an example. 

2. Basic Concepts 

The Minkowski 3-space 𝐸1
3 is the Euclidean 3-space 𝐸3 provided with the standard flat metric given by 

ℋ = −(𝑑ⱬ1)
2 + (𝑑ⱬ2)

2 + (𝑑ⱬ3)
2 

where (ⱬ1, ⱬ2, ⱬ3) is a rectangular Cartesian coordinate system of 𝐸1
3 Since ℋ is an indefinite metric, recall 

that a nonzero vector 𝑣 ∈  𝐸1
3 can have one of three characters; it can be spacelike if  ℋ(𝑣, 𝑣) > 0 or 𝑣 = 0, 

timelike if ℋ(𝑣, 𝑣) < 0, and null if ℋ(𝑣, 𝑣) = 0 and 𝑣 ≠ 0. In particular, the norm of a vector 𝑣 ∈  𝐸1
3 is 

given by ‖𝑣‖ = √|ℋ(𝑣, 𝑣)|. Similarly, an arbitrary curve 𝛽 = 𝛽(𝜚) in 𝐸1
3 can be locally spacelike, timelike 

or null if all of its velocity vectors 𝛽′(𝜚) are spacelike, timelike or null, respectively (O’Neill 1966). 

Let 𝜔 = 𝜔(𝜚) be a regular curve parametrized by arc-length in 𝐸1
3 and {𝑇, 𝑁, 𝐵, 𝜅, 𝜏}be its Frenet invariants, 

where {𝑇, 𝑁, 𝐵}, 𝜅 and 𝜏 are moving Frenet frame, curvature and torsion of 𝜔(𝜚), respectively. If 𝜔(𝜚) is 

spacelike curve in 𝐸1
3, the Frenet formulae are define as L ópez, (2014): 

    (

𝑇′(𝜚)

𝑁′(𝜚)

𝐵′(𝜚)
) = (

0 𝜅(𝜚) 0

−휀 𝜅(𝜚) 0 𝜏(𝜚)

0 𝜏(𝜚) 0

)(

𝑇(𝜚)

𝑁(𝜚)

𝐵(𝜚)
)                          (1) 

Where 휀 = ±1. If 휀 = 1, then 𝜔(𝜚) is a spacelike curve with spacelike principal normal 𝑁 and timelike 

binormal 𝐵. Also, ℋ(𝑇, 𝑇) =  ℋ(𝑁,𝑁) = 1 ,ℋ(𝐵, 𝐵) = −1,  

And ℋ(𝑇,𝑁) =  ℋ(𝑇, 𝐵) =  ℋ(𝑁, 𝐵) =0. If 휀 = −1, then 𝜔(𝜚) is a spacelike curve with timelike principal 

normal 𝑁  and spacelike binormal  𝐵 . Besides, ℋ(𝑇, 𝑇) = ℋ(𝐵, 𝐵)  = 1 ,ℋ(𝑁,𝑁) = −1  and ℋ(𝑇,𝑁) =
  ℋ(𝑇, 𝐵) =   ℋ(𝑁, 𝐵) = 0 . 

The Bishop frame or parallel transport frame is an alternative approach to defining a moving frame that is well 

defined even when the curve has vanishing second derivative. One can express Bishop of an orthonormal frame 

along a curve simply by parallel transporting each component of the frame (Ali 2010), (Bukcu, et. al. 2010). For 

a unite spacelike curve 𝜔(𝜚) in the space 𝐸1
3 , the Bishop frame is expressed as 

               (

𝑇′(𝜚)

𝑀1
′(𝜚)

𝑀2
′(𝜚)

) = (

0 𝜅1(𝜚) −𝜅2(𝜚)

−휀 𝜅1(𝜚) 0 0

−휀 𝜅2(𝜚) 0 0

)(

𝑇(𝜚)

𝑀1(𝜚)

𝑀2(𝜚)
)                     (2) 

The relation matrix may be expressed as 

(

T(ϱ)

M1(ϱ)

M2(ϱ)
) = (

1 0 0
0 cosh ϑ(ϱ) sinhϑ(ϱ)

0 sinh ϑ(ϱ) coshϑ(ϱ)
)(

T(ϱ)

N(ϱ)

B(ϱ)
)                      (3) 

where  

{
 
 

 
 ϑ(ϱ) = arg tanh (

κ2

κ1
) , κ1 ≠ 0 

τ(ϱ) = −ε
dϑ(ϱ)

dϱ
 ,                        

κ(ϱ) = √κ1
2(ϱ) + κ2

2(ϱ) .         

                              (4) 

and  

             {
κ1(ϱ) = κ(ϱ) coshϑ(ϱ).

κ2(ϱ) = κ(ϱ) sinhϑ(ϱ).
                                  (5) 

Let  ω(ϱ) and ξ(ϱ) are a regular curve, such that ω ⊂ Ψ and ξ ⊂ S . If ϱ is a geodesic then ω is a 

iso-parametric curve on a surface Ψ = Ψ(ϱ, 𝑣), there exist ω(ϱ) = Ψ(ϱ, 𝑣0) or ω(𝑣) = Ψ(ϱ0, 𝑣), then we call 

ω(ϱ)  an iso-geodesic of a surface Ψ . At the same time if ϱ  is an asymptotic direction, then ξ  is a 
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iso-parametric curve on a surface 𝑆 =  𝑆 (𝜚, 𝑣) is that has a constant 𝜚 or 𝑣-parameter value, then we call 

ξ(ϱ) an iso-asymptotic of a surface S if it is both a asymptotic and an iso-parametric curve on 𝑆 . 

Suppose that  ξ = ξ(ϱ) be a regular non-null curve parametrized by arc-length in Minkowski 3-space 𝐸1
3 with 

its Bishop frame {𝑇,𝑀1, 𝑀2}. Then 𝑇 𝑀1, 𝑇𝑀2 , 𝑀1 𝑀2 and 𝑇𝑀1𝑀2-Smarandache curve of ϱ are defined, 

respectively as follows Turgut,et.al. (2008): 

ζ = ζ(ϱ) =
1

√2
(T(ϱ) + M1(ϱ)), 

ζ = ζ(ϱ) =
1

√2
(T(ϱ) + M2(ϱ)), 

ζ = ζ(ϱ) =
1

√2
(M1(ϱ) + M2(ϱ)), 

ζ = ζ(ϱ) =
1

√3
(T(ϱ) + M1(ϱ) + M2(ϱ)). 

3. Surfaces with Common Spacelike Asymptotic Curves 

Let 𝑆 = 𝑆(𝜚, 𝑣) be a family of spacelike parametric surfaces defined by a given curve 𝜉 as follow 

𝑆(𝜚, 𝑣) = 𝜉(𝜚) + [𝛼(𝜚, 𝑣)𝑇(𝜚) + 𝛾(𝜚, 𝑣) 𝑀1(𝜚) + 𝛿(𝜚, 𝑣) M2(ϱ)],  𝑣1 ≤ 𝜚 ≤ 𝑣2,  𝑡1 ≤ 𝑣 ≤ 𝑡2.  (6) 

where 𝛼(𝜚, 𝑣), 𝛾(𝜚, 𝑣) and 𝛿(𝜚, 𝑣) are 𝐶1 marching-scale functions. We want to derive the necessary and 

sufficient conditions for which the some special Smarandache curves of the unit speed spacelike curve  𝜉(𝜚) is 

a parametric curve and an asymptotic curve on the surface 𝑆(𝜚, 𝑣). Since Smarandache curve of  𝜉(𝜚) is a 

parametric curve on the surface 𝑆(𝜚, 𝑣), there exists a parameter 𝑣0 ∈  [𝑡1, 𝑡2] such that 

𝛼(𝜚, 𝑣0) = 𝛾(𝜚, 𝑣0) = 𝛿(𝜚, 𝑣0) = 0,   𝑣1 ≤ 𝜚 ≤ 𝑣2,  𝑡1 ≤ 𝑣 ≤ 𝑡2                         (7) 

Also, the curve 𝜉(𝜚) is an asymptotic curve on the surface 𝑆(𝜚;  𝑣) if and only if the normal curvature𝜅𝑛 =
𝜅 cos 𝜗 = 0, where 𝜗 is the angle between the surface normal 𝑛(𝜚, 𝑣0) and the principal normal 𝑁(𝜚) of the 

curve 𝜉(𝜚). Since  𝑛(𝜚, 𝑣0) ∙ 𝑇(𝜚) = 0, 𝑣1 ≤ 𝜚 ≤ 𝑣2  , then we have 

𝜕𝑛

𝜕𝜚
(𝜚, 𝑣0) ∙ 𝑇(𝜚) = 0,                                   (8) 

for the curve 𝜉(𝜚) to be an asymptotic curve on the surface 𝑆(𝜚, 𝑣) ,where " ∙ " denotes the standard inner 

product. 

3.1 Surfaces with Common TM1-Spacelike Curves 

Theorem 3.1. Let 𝜉 = 𝜉(𝜚) be a unit speed spacelike curve reference to Bishop frame in Minkowski 3-space 

𝐸1
3. Then 𝑇𝑀1-spacelike Smarandache curve of 𝜉(𝜚) is Iso-asymptotic on the surface 𝑆(𝜚, 𝑣) if and only if 

the following conditions are satisfied: 

{
𝛼(𝜚, 𝑣0) = 𝛾(𝜚, 𝑣0) = 𝛿(𝜚, 𝑣0) = 0,
𝜕𝛿

𝜕𝑣
(𝜚, 𝑣0) = − tanhϑ(ϱ) 

𝜕𝛾

𝜕𝑣
(𝜚, 𝑣0).

 

Proof. Let 휁 = 휁(𝜚)  be a spacelike 𝑇𝑀1-spacelike Smarandache curve on surface 𝑆(𝜚, 𝑣). From Eqn. (6), 

𝑆(𝜚, 𝑣) parametric surface is defined by a given 𝑇𝑀1-spacelike Smarandache curve of the curve 𝜉(𝜚) as 

follows: 

𝑆(𝜚, 𝑣) =
1

√2
 [𝑇(𝜚) +  𝑀1(𝜚)] + [𝛼(𝜚, 𝑣)𝑇(𝜚) + 𝛾(𝜚, 𝑣) 𝑀1(𝜚) + 𝛿(𝜚, 𝑣) M2(ϱ)] 

If the 𝑇𝑀1-spacelike Smarandache curve is an parametric curve on this surface, 𝑆(𝜚, 𝑣0) =
1

√2
 [𝑇(𝜚) +  𝑀1(𝜚)] 

for some 𝑣 =  𝑣0  that is,  

            𝛼(𝜚, 𝑣0) = 𝛾(𝜚, 𝑣0) = 𝛿(𝜚, 𝑣0) = 0.                       (9) 

Then 
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𝑛(𝜚, 𝑣) = [
𝜕𝛿(𝜚, 𝑣)

𝜕𝑣
(
𝜅1(𝜚)

√2
+ 𝜅1(𝜚)𝛼(𝜚, 𝑣) + 

𝜕𝛾(𝜚, 𝑣)

𝜕𝜚
)

−
𝜕𝛾(𝜚, 𝑣)

𝜕𝑣
(
−𝜅2(𝜚)

√2
+ 𝜅2(𝜚)𝛼(𝜚, 𝑣) + 

𝜕𝛿(𝜚, 𝑣)

𝜕𝜚
)]  𝑇(𝜚)

+ [
𝜕𝛼(𝜚, 𝑣)

𝜕𝑣
(
−𝜅2(𝜚)

√2
+ 𝜅2(𝜚)𝛼(𝜚, 𝑣) + 

𝜕𝛿(𝜚, 𝑣)

𝜕𝜚
)

+ 
𝜕𝛿(𝜚, 𝑣)

𝜕𝑣
 (휀𝜅1(𝜚)𝛾(𝜚, 𝑣) + 휀𝜅2(𝜚)𝛿(𝜚, 𝑣) − 

𝜕𝛼(𝜚, 𝑣)

𝜕𝜚
+ 
휀 𝜅1(𝜚)

√2
)]  𝑀1(𝜚)

− [
𝜕𝛾(𝜚, 𝑣)

𝜕𝑣
(휀𝜅1(𝜚)𝛾(𝜚, 𝑣) + 휀𝜅2(𝜚)𝛿(𝜚, 𝑣) − 

𝜕𝛼(𝜚, 𝑣)

𝜕𝜚
+
휀 𝜅1(𝜚)

√2
)

+
𝜕𝛼(𝜚, 𝑣)

𝜕𝑣
(
𝜅1(𝜚)

√2
+ 𝜅1(𝜚)𝛼(𝜚, 𝑣) + 

𝜕𝛾(𝜚, 𝑣)

𝜕𝜚
)]  𝑀2(𝜚) 

(10) 

Using Eqn. (9), if we let  

         

{
 
 

 
 𝛷1(𝜚, 𝑣0) =

𝜅1(𝜚)

√2
 
𝜕𝛿(𝜚,𝑣0)

𝜕𝑣
+ 

𝜅2(𝜚)

√2
 
𝜕𝛾(𝜚,𝑣0)

𝜕𝑣

𝛷2(𝜚, 𝑣0) =
𝜅1(𝜚)

√2
 
𝜕𝛿(𝜚,𝑣0)

𝜕𝑣
− 

𝜅2(𝜚)

√2
 
𝜕𝛼(𝜚,𝑣0)

𝜕𝑣

𝛷3(𝜚, 𝑣0) =
𝜅1(𝜚)

√2
 
𝜕𝛾(𝜚,𝑣0)

𝜕𝑣
− 

𝜅1(𝜚)

√2
 
𝜕𝛼(𝜚,𝑣0)

𝜕𝑣

                            (11) 

Then from Eqns. (3) and (11), we get 

𝑛(𝜚, 𝑣) = 𝛷1(𝜚, 𝑣0)𝑇(𝜚) + (𝑐𝑜𝑠ℎ 𝜗(𝜚)𝛷2(𝜚, 𝑣0) + 𝑠𝑖𝑛ℎ 𝜗(𝜚)𝛷3(𝜚, 𝑣0))𝑁(𝜚)
+ (𝑠𝑖𝑛ℎ 𝜗(𝜚)𝛷2(𝜚, 𝑣0) + 𝑐𝑜𝑠ℎ 𝜗(𝜚)𝛷3(𝜚, 𝑣0))𝐵(𝜚) 

According to Eqn. (8), we should have 

𝜕𝑛

𝜕𝜚
(𝜚, 𝑣0) ∙ 𝑇(𝜚) =

𝜕𝛷1

𝜕𝜚
(𝜚, 𝑣0) − 휀𝜅(𝜚)(𝑐𝑜𝑠ℎ 𝜗(𝜚)𝛷2(𝜚, 𝑣0) + 𝑠𝑖𝑛ℎ 𝜗(𝜚)𝛷3(𝜚, 𝑣0)) = 0        (12) 

Now Eqn. (9), implies that   
𝜕𝛷1

𝜕𝜚
(𝜚, 𝑣0) = 0. Using Eqns. (5) and (11) in Eqn. (12), we get 

          
𝜕𝛿

𝜕𝑣
(𝜚, 𝑣0) = − 𝑡𝑎𝑛ℎ 𝜗(𝜚)

𝜕𝛾

𝜕𝑣
(𝜚, 𝑣0)                              (13) 

which completes the proof.                                                                    

3.2 Surfaces with Common 𝑇𝑀2-Spacelike Curves 

Theorem 3.2. Let 𝜉 = 𝜉(𝜚) be a unit speed spacelike curve reference to Bishop frame in Minkowski 3-space 

𝐸1
3. Then 𝑇𝑀2-spacelike Smarandache curve of 𝜉(𝜚) is Iso-asymptotic on a surface S(ϱ, v) if and only if the 

following conditions are satisfied:  

{
𝛼(𝜚, 𝑣0) = 𝛾(𝜚, 𝑣0) = 𝛿(𝜚, 𝑣0) = 0,
𝜕𝛿

𝜕𝑣
(𝜚, 𝑣0) = − tanhϑ(ϱ) 

𝜕𝛾

𝜕𝑣
(𝜚, 𝑣0).

 

Proof. Let 휁 = 휁(𝜚) be a spacelike 𝑇𝑀2-spacelike Smarandache curve on surface S(ϱ, v). According to Eqn. 

(6), S(ϱ, v) parametric surface is defined by a given 𝑇𝑀2-spacelike Smarandache as follows: 

𝑆(𝜚, 𝑣) =
1

√2
 [𝑇(𝜚) +  𝑀2(𝜚)] + [𝛼(𝜚, 𝑣)𝑇(𝜚) + 𝛾(𝜚, 𝑣) 𝑀1(𝜚) + 𝛿(𝜚, 𝑣) M2(ϱ)] 

If the  𝑇𝑀2-spacelike Smarandache curve is an parametric curve on this surface, then there exist a parameter 

𝑣 =  𝑣0  such that 𝑆(𝜚, 𝑣0) =
1

√2
 [𝑇(𝜚) +  𝑀2(𝜚)] that is, 

     𝛼(𝜚, 𝑣0) = 𝛾(𝜚, 𝑣0) = 𝛿(𝜚, 𝑣0) = 0.                                    (14) 

Also the normal vector can be written as 
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𝑛(𝜚, 𝑣) = [
𝜕𝛿(𝜚, 𝑣)

𝜕𝑣
(
𝜅1(𝜚)

√2
+ 𝜅1(𝜚)𝛼(𝜚, 𝑣) + 

𝜕𝛾(𝜚, 𝑣)

𝜕𝜚
)

−
𝜕𝛾(𝜚, 𝑣)

𝜕𝑣
(
−𝜅2(𝜚)

√2
+ 𝜅2(𝜚)𝛼(𝜚, 𝑣) + 

𝜕𝛿(𝜚, 𝑣)

𝜕𝜚
)]  𝑇(𝜚)

+ [
𝜕𝛼(𝜚, 𝑣)

𝜕𝑣
(
−𝜅2(𝜚)

√2
+ 𝜅2(𝜚)𝛼(𝜚, 𝑣) + 

𝜕𝛿(𝜚, 𝑣)

𝜕𝜚
)

+    
𝜕𝛿(𝜚, 𝑣)

𝜕𝑣
 (휀𝜅1(𝜚)𝛾(𝜚, 𝑣) + 휀𝜅2(𝜚)𝛿(𝜚, 𝑣) − 

𝜕𝛼(𝜚, 𝑣)

𝜕𝜚
+ 
휀 𝜅2(𝜚)

√2
)]  𝑀1(𝜚)

− [
𝜕𝛾(𝜚, 𝑣)

𝜕𝑣
(휀𝜅1(𝜚)𝛾(𝜚, 𝑣) + 휀𝜅2(𝜚)𝛿(𝜚, 𝑣) − 

𝜕𝛼(𝜚, 𝑣)

𝜕𝜚
+
휀 𝜅2(𝜚)

√2
)

+
𝜕𝛼(𝜚, 𝑣)

𝜕𝑣
(
𝜅1(𝜚)

√2
+ 𝜅1(𝜚)𝛼(𝜚, 𝑣) + 

𝜕𝛾(𝜚, 𝑣)

𝜕𝜚
)]  𝑀2(𝜚). 

(15) 

If we let   

      

{
 
 

 
 𝛬1(𝜚, 𝑣0) =

𝜅1(𝜚)

√2
 
𝜕𝛿(𝜚,𝑣0)

𝜕𝑣
+ 

𝜅2(𝜚)

√2
 
𝜕𝛾(𝜚,𝑣0)

𝜕𝑣
.

𝛬2(𝜚, 𝑣0) =
𝜅2(𝜚)

√2
 
𝜕𝛿(𝜚,𝑣0)

𝜕𝑣
− 

𝜅2(𝜚)

√2
 
𝜕𝛼(𝜚,𝑣0)

𝜕𝑣

𝛬3(𝜚, 𝑣0) =
𝜅2(𝜚)

√2
 
𝜕𝛾(𝜚,𝑣0)

𝜕𝑣
+ 

𝜅1(𝜚)

√2
 
𝜕𝛼(𝜚,𝑣0)

𝜕𝑣
.

.                            (16) 

Then from Eqns. (9) and (16), we get 

𝑛(𝜚, 𝑣0) = 𝛬1(𝜚, 𝑣0)𝑇(𝜚) + (𝑐𝑜𝑠ℎ 𝜗(𝜚) 𝛬2(𝜚, 𝑣0) + 𝑠𝑖𝑛ℎ 𝜗(𝜚)𝛬3(𝜚, 𝑣0))𝑁(𝜚)
+ (𝑠𝑖𝑛ℎ 𝜗(𝜚)𝛬2(𝜚, 𝑣0) + 𝑐𝑜𝑠ℎ 𝜗(𝜚)𝛬3(𝜚, 𝑣0))𝐵(𝜚) 

From Eqn. (8), we should have 

𝜕𝑛

𝜕𝜚
(𝜚, 𝑣0) ∙ 𝑇(𝜚) =

𝜕𝛬1

𝜕𝜚
(𝜚, 𝑣0) − 휀𝜅(𝜚)(𝑐𝑜𝑠ℎ 𝜗(𝜚) 𝛬2(𝜚, 𝑣0) + 𝑠𝑖𝑛ℎ 𝜗(𝜚)𝛬3(𝜚, 𝑣0)) = 0           (17) 

Equation (14) implies that 
𝜕𝛬1

𝜕𝜚
(𝜚, 𝑣0) = 0. So, by using Eqns. (5) and (16) in Eqn. (17), since κ(ϱ) ≠ 0, we get 

            
𝜕𝛿

𝜕𝑣
(𝜚, 𝑣0) = − 𝑡𝑎𝑛ℎ 𝜗(𝜚) 

𝜕𝛾

𝜕𝑣
(𝜚, 𝑣0).                                  (18) 

which completes the proof.                                                                    

3.3 Surfaces with Common 𝑀1𝑀2-Spacelike Curves 

Theorem 3.3. Let 𝜉 = 𝜉(𝜚) be a unit speed spacelike curve reference to Bishop frame in Minkowski 3-space 

𝐸1
3. Then 𝑀1𝑀2-spacelike Smarandache curve of 𝜉(𝜚) is Iso-asymptotic on a surface S(ϱ, v)if and only if the 

following condition satisfied: 

{

𝛼(𝜚, 𝑣0) = 𝛾(𝜚, 𝑣0) = 𝛿(𝜚, 𝑣0) = 0,

𝜅1(𝜚) + 𝜅2(𝜚) ≠ 0,                            
𝜕𝛿

𝜕𝑣
(𝜚, 𝑣0) = − tanhϑ(ϱ) 

𝜕𝛾

𝜕𝑣
(𝜚, 𝑣0).

 

Proof. Let 휁 = 휁(𝜚) be a spacelike 𝑀1𝑀2-spacelike Smarandache curve on the surface S(ϱ, v). According to 

Eqn. (6), the surface S(ϱ, v) is defined by a given 𝑀1𝑀2-spacelike Smarandache as follows: 

𝑆(𝜚, 𝑣) =
1

√2
 [ 𝑀1(𝜚) +  𝑀2(𝜚)] + [𝛼(𝜚, 𝑣)𝑇(𝜚) + 𝛾(𝜚, 𝑣) 𝑀1(𝜚) + 𝛿(𝜚, 𝑣) M2(ϱ)]. 

If spacelike 𝑀1𝑀2 -Smarandache curve is an parametric curve on S(𝜚, 𝑣) , then 𝑆(𝜚, 𝑣0) =
1

√2
 [ 𝑀1(𝜚) +

 𝑀2(𝜚)] for some 𝑣 =  𝑣0  that is,  

𝛼(𝜚, 𝑣0) = 𝛾(𝜚, 𝑣0) = 𝛿(𝜚, 𝑣0) = 0.                                (19) 

And 

𝑛(𝜚, 𝑣) = [
𝜕𝛿(𝜚,𝑣)

𝜕𝑣
(𝜅1(𝜚)𝛼(𝜚, 𝑣) + 

𝜕𝛾(𝜚,𝑣)

𝜕𝜚
) −

𝜕𝛾(𝜚,𝑣)

𝜕𝑣
(𝜅2(𝜚)𝛼(𝜚, 𝑣) + 

𝜕𝛿(𝜚,𝑣)

𝜕𝜚
)]  𝑇(𝜚) + [

𝜕𝛼(𝜚,𝑣)

𝜕𝑣
(𝜅2(𝜚)𝛼(𝜚, 𝑣) +

 
𝜕𝛿(𝜚,𝑣)

𝜕𝜚
) +    

𝜕𝛿(𝜚,𝑣)

𝜕𝑣
 (휀𝜅1(𝜚)𝛾(𝜚, 𝑣) + 휀𝜅2(𝜚)𝛿(𝜚, 𝑣) − 

𝜕𝛼(𝜚,𝑣)

𝜕𝜚
+ 

 (𝜅1(𝜚)+𝜅2(𝜚))

√2
)]  𝑀1(𝜚) −
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[
𝜕𝛾(𝜚,𝑣)

𝜕𝑣
(휀𝜅1(𝜚)𝛾(𝜚, 𝑣) + 휀𝜅2(𝜚)𝛿(𝜚, 𝑣) − 

𝜕𝛼(𝜚,𝑣)

𝜕𝜚
+

 (𝜅1(𝜚)+𝜅2(𝜚))

√2
) +

𝜕𝛼(𝜚,𝑣)

𝜕𝑣
(
𝜅1(𝜚)

√2
+ 𝜅1(𝜚)𝛼(𝜚, 𝑣) +

 
𝜕𝛾(𝜚,𝑣)

𝜕𝜚
)]  𝑀2(𝜚)                                                                          (20) 

Now, we can write  

{
 

 
𝛺1(𝜚, 𝑣0) = 0,                                              

𝛺2(𝜚, 𝑣0) =
−

√2
(𝜅1(𝜚) + 𝜅2(𝜚)) 

𝜕𝛿(𝜚,𝑣0)

𝜕𝑣
,

𝛺3(𝜚, 𝑣0) = √2
(𝜅1(𝜚) + 𝜅2(𝜚)) 

𝜕𝛾(𝜚,𝑣0)

𝜕𝑣
.

                              (21) 

According to Eqn. (21), we can write 𝑛(𝜚, 𝑣0) as follows: 

𝑛(𝜚, 𝑣0) = 𝛺1(𝜚, 𝑣0)𝑇(𝜚) + 𝛺2(𝜚, 𝑣0)𝑀1(𝜚) + 𝛺3(𝜚, 𝑣0)𝑀2(𝜚) 

From Eqn. (3), we get 

𝑛(𝜚, 𝑣0) = 𝛺1(𝜚, 𝑣0)𝑇(𝜚) + (𝑐𝑜𝑠ℎ 𝜗(𝜚)𝛺2(𝜚, 𝑣0) + 𝑠𝑖𝑛ℎ 𝜗(𝜚)𝛺3(𝜚, 𝑣0))𝑁(𝜚)
+ (𝑠𝑖𝑛ℎ 𝜗(𝜚) 𝛺2(𝜚, 𝑣0) + 𝑐𝑜𝑠ℎ 𝜗(𝜚)𝛺3(𝜚, 𝑣0))𝐵(𝜚) 

From the Eqn. (8), we should have 

𝜕𝑛

𝜕𝜚
(𝜚, 𝑣0) ∙ 𝑇(𝜚) =

𝜕𝛺1

𝜕𝜚
(𝜚, 𝑣0) − 휀𝜅(𝜚)(𝑐𝑜𝑠ℎ 𝜗(𝜚)𝛺2(𝜚, 𝑣0) + 𝑠𝑖𝑛ℎ 𝜗(𝜚)𝛺3(𝜚, 𝑣0)) = 0           (22) 

Now, using Eqns. (5) and (21) in Eqn. (22), we get 

휀 

√2
(𝜅1(𝜚) + 𝜅2(𝜚))

𝜕𝛿

𝜕𝑣
(𝜚, 𝑣0) 𝑐𝑜𝑠ℎ 𝜗(𝜚) =

휀 

√2
(𝜅1(𝜚) + 𝜅2(𝜚))

𝜕𝛾

𝜕𝑣
(𝜚, 𝑣0) 𝑠𝑖𝑛ℎ 𝜗(𝜚) 

For 𝜅1(𝜚) + 𝜅2(𝜚) ≠ 0, we obtain 

     
𝜕𝛿

𝜕𝑣
(𝜚, 𝑣0) = − 𝑡𝑎𝑛ℎ 𝜗(𝜚) 

𝜕𝛾

𝜕𝑣
(𝜚, 𝑣0)                                 (23) 

which completes the proof.                                                                    

3.4 Surfaces with Common 𝑇𝑀1𝑀2-Spacelike Curves 

Theorem 3.4. Let 𝜉 = 𝜉(𝜚) be a unit speed spacelike curve reference to Bishop frame in Minkowski 3-space 

𝐸1
3. Then 𝑇𝑀1𝑀2-spacelike Smarandache curve of 𝜉(𝜚) is Iso-asymptotic on a surface S(ϱ, v) if and only if 

the following conditions are satisfied:  

{

𝛼(𝜚, 𝑣0) = 𝛾(𝜚, 𝑣0) = 𝛿(𝜚, 𝑣0) = 0

𝜅1(𝜚) + 𝜅2(𝜚) ≠ 0                            
𝜕𝛿

𝜕𝑣
(𝜚, 𝑣0) = − tanhϑ(ϱ) 

𝜕𝛾

𝜕𝑣
(𝜚, 𝑣0)

 

Proof. Let 휁 = 휁(𝜚) be a spacelike 𝑇𝑀1𝑀2-spacelike Smarandache curve on surface S(ϱ, v). According to Eqn. 

(6), then S(ϱ, v) can can be expressed in terms of the 𝑇𝑀1𝑀2-spacelike Smarandache as follows: 

𝑆(𝜚, 𝑣) =
1

√3
 [ 𝑇(𝜚) +𝑀1(𝜚) +  𝑀2(𝜚)] + [𝛼(𝜚, 𝑣)𝑇(𝜚) + 𝛾(𝜚, 𝑣) 𝑀1(𝜚) + 𝛿(𝜚, 𝑣) M2(ϱ)] 

If spacelike 𝑇𝑀1𝑀2-spacelike Smarandache curve is an parametric curve on this surface, then there exist a 

parameter 𝑣 =  𝑣0 such that  

𝑆(𝜚, 𝑣0) =
1

√3
 [ 𝑇(𝜚) +𝑀1(𝜚) +  𝑀2(𝜚)] 

that is, 

𝛼(𝜚, 𝑣0) = 𝛾(𝜚, 𝑣0) = 𝛿(𝜚, 𝑣0) = 0 

Then 

𝑛(𝜚, 𝑣) = [
𝜕𝛿(𝜚,𝑣)

𝜕𝑣
(
𝜅1(𝜚)

√3
+ 𝜅1(𝜚)𝛼(𝜚, 𝑣) + 

𝜕𝛾(𝜚,𝑣)

𝜕𝜚
) −

𝜕𝛾(𝜚,𝑣)

𝜕𝑣
(
−𝜅2(𝜚)

√3
+ 𝜅2(𝜚)𝛼(𝜚, 𝑣) + 

𝜕𝛿(𝜚,𝑣)

𝜕𝜚
)]  𝑇(𝜚) +

[
𝜕𝛼(𝜚,𝑣)

𝜕𝑣
(
−𝜅2(𝜚)

√3
+ 𝜅2(𝜚)𝛼(𝜚, 𝑣) + 

𝜕𝛿(𝜚,𝑣)

𝜕𝜚
) +

    
𝜕𝛿(𝜚,𝑣)

𝜕𝑣
 (휀𝜅1(𝜚)𝛾(𝜚, 𝑣) + 휀𝜅2(𝜚)𝛿(𝜚, 𝑣) − 

𝜕𝛼(𝜚,𝑣)

𝜕𝜚
+ 

 (𝜅1(𝜚)+𝜅2(𝜚))

√3
)]  𝑀1(𝜚) − [

𝜕𝛾(𝜚,𝑣)

𝜕𝑣
(휀𝜅1(𝜚)𝛾(𝜚, 𝑣) +

휀𝜅2(𝜚)𝛿(𝜚, 𝑣) − 
𝜕𝛼(𝜚,𝑣)

𝜕𝜚
+

 (𝜅1(𝜚)+𝜅2(𝜚))

√3
) +

𝜕𝛼(𝜚,𝑣)

𝜕𝑣
(
𝜅1(𝜚)

√3
+ 𝜅1(𝜚)𝛼(𝜚, 𝑣) + 

𝜕𝛾(𝜚,𝑣)

𝜕𝜚
)]  𝑀2(𝜚)            (25) 
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Using Eqn. (24), if we let 

     

{
 
 

 
 𝛤1(𝜚, 𝑣0) =

𝜅1(𝜚)

√3
  
𝜕𝛿(𝜚,𝑣0)

𝜕𝑣
+ 

𝜅2(𝜚)

√3
 
𝜕𝛾(𝜚,𝑣0)

𝜕𝑣
                         

𝛤2(𝜚, 𝑣0) = √3
(𝜅1(𝜚) + 𝜅2(𝜚)) 

𝜕𝛿(𝜚,𝑣0)

𝜕𝑣
−

𝜅2(𝜚)

√3
 
𝜕𝛼(𝜚,𝑣0)

𝜕𝑣

𝛤3(𝜚, 𝑣0) = √3
(𝜅1(𝜚) + 𝜅2(𝜚)) 

𝜕𝛾(𝜚,𝑣0)

𝜕𝑣
+

𝜅1(𝜚)

√3

𝜕𝛼(𝜚,𝑣0)

𝜕𝑣

                      (26) 

We obtain 

𝑛(𝜚, 𝑣0) = 𝛤1(𝜚, 𝑣0)𝑇(𝜚) + 𝛤2(𝜚, 𝑣0)𝑀1(𝜚) + 𝛤3(𝜚, 𝑣0)𝑀2(𝜚) 

From Eqn. (3), we get 

𝑛(𝜚, 𝑣0) = 𝛤1(𝜚, 𝑣0)𝑇(𝜚) + (𝑐𝑜𝑠ℎ 𝜗(𝜚) 𝛤2(𝜚, 𝑣0) + 𝑠𝑖𝑛ℎ 𝜗(𝜚)𝛤3(𝜚, 𝑣0))𝑁(𝜚)
+ (𝑠𝑖𝑛ℎ 𝜗(𝜚) 𝛤2(𝜚, 𝑣0) + 𝑐𝑜𝑠ℎ 𝜗(𝜚)𝛤3(𝜚, 𝑣0))𝐵(𝜚) 

Then applying Eqn. (8), we should have 

𝜕𝑛

𝜕𝜚
(𝜚, 𝑣0) ∙ 𝑇(𝜚) =

𝜕𝛤1

𝜕𝜚
(𝜚, 𝑣0) − 휀𝜅(𝜚)(𝑐𝑜𝑠ℎ 𝜗(𝜚) 𝛤2(𝜚, 𝑣0) + 𝑠𝑖𝑛ℎ 𝜗(𝜚)𝛤3(𝜚, 𝑣0)) = 0             (27) 

From Eqn. (24), we have  
𝜕𝛤1

𝜕𝜚
(𝜚, 𝑣0) = 0. We using Eqn. (5) and Eqn. (26) in Eqn. (27), since κ(ϱ) ≠ 0, we 

get  

−𝑐𝑜𝑠ℎ 𝜗(𝜚) (
휀 

√3
(𝜅1(𝜚) + 𝜅2(𝜚)))

𝜕𝛿

𝜕𝑣
(𝜚, 𝑣0) = 𝑠𝑖𝑛ℎ 𝜗(𝜚) (

휀 

√2
(𝜅1(𝜚) + 𝜅2(𝜚)))

𝜕𝛾

𝜕𝑣
(𝜚, 𝑣0). 

For 𝜅1(𝜚) + 𝜅2(𝜚) ≠ 0, we obtain 

𝜕𝛿

𝜕𝑣
(𝜚, 𝑣0) = − 𝑡𝑎𝑛ℎ 𝜗(𝜚) 

𝜕𝛾

𝜕𝑣
(𝜚, 𝑣0).                       (28) 

which completes the proof.                                                                   � 

Example 3.1. Let 𝜉(𝑠) = (sinh 𝑠, cosh 𝑠, √2 𝑠) be a spacelike curve parametrized by arc-length with timelike 

binormal (휀 =  1). Then it is easy to show that 𝑇(𝑠) = (cosh 𝑠, sinh 𝑠, √2 ), 𝜅 = 1 ≠ 0, 𝜏 = −√2 ≠ 0 and 

𝜗(𝑠) = √2 𝑠 + 𝑐, 𝑐 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 .   Here, we can take 𝑐 =  0. From Eqn. (5), we get  𝜅1(𝑠) = cosh(√2 s), 

𝜅2(𝑠) = sinh(√2 s) . From Eqn. (2), we get 𝑀1(𝑠) = ∫𝜅1(𝑠)  𝑇(𝑠) 𝑑𝑠 , 𝑀2(𝑠) = ∫𝜅2(𝑠)  𝑇(𝑠) 𝑑𝑠  

, then we have 

𝑀1(𝑠) = (
1

2(√2 + 1)
sinh ((√2 + 1)𝑠) +

1

2(√2 − 1)
sinh ((√2 − 1)𝑠) ,

1

2(√2 + 1)
cosh ((√2 + 1)𝑠)

−
1

2(√2 − 1)
cosh ((√2 − 1)𝑠) , sinh(√2 𝑠)) 

𝑀2(𝑠) = (
1

2(√2 + 1)
cosh ((√2 + 1)𝑠) +

1

2(√2 − 1)
cosh ((√2 − 1)𝑠) ,

1

2(√2 + 1)
sinh ((√2 + 1)𝑠)

−
1

2(√2 − 1)
sinh ((√2 − 1)𝑠) , cosh(√2 𝑠)) 

If we take 𝛼(𝑠, 𝑣) = 0, 𝛾(𝑠, 𝑣) = 𝑒𝑣 − 1  and 𝛿(𝑠, 𝑣) = √2 (𝑒𝑣 − 1), we obtain a member of the surface with 

common spacelike curve 𝜉(𝑠) as 

𝑆1(𝑠, 𝑣) = (sinh(𝑠) + (𝑒
𝑣 − 1) [

1

2(√2 + 1)
sinh ((√2 + 1)𝑠) +

1

2(√2 − 1)
sinh ((√2 − 1)𝑠)]

+ √2 (𝑒𝑣 − 1) [
1

2(√2 + 1)
cosh ((√2 + 1)𝑠) +

1

2(√2 − 1)
cosh ((√2 − 1)𝑠)] , cosh(𝑠)

+ (𝑒𝑣 − 1) [
1

2(√2 + 1)
sinh ((√2 + 1)𝑠) +

1

2(√2 − 1)
sinh ((√2 − 1)𝑠)]

+ √2 (𝑒𝑣 − 1) [
1

2(√2 + 1)
cosh ((√2 + 1)𝑠) +

1

2(√2 − 1)
cosh ((√2 − 1)𝑠)] , √2 𝑠

+ sinh(√2 𝑠) (𝑒𝑣 − 1) + √2 (𝑒𝑣 − 1) cosh(√2 𝑠)) 
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where  0 ≤ 𝑠 ≤ 2𝜋,−1 ≤ 𝑣 ≤ 1 (Fig. 1). 

 

Figure 1. 𝑆1(𝑠, 𝑣) as a member of surfaces and curve 𝜉(𝑠). 

If we take 𝛼(𝑠, 𝑣) = 0, 𝛾(𝑠, 𝑣) = 𝑒−𝑣 − 1  and 𝛿(𝑠, 𝑣) = tanh(√2 𝑠) sinh(𝑣) and 𝑣0  =  0, then the Eqns. 

(9) and (13) are satisfied. Thus, we obtain a member of the surface with common 𝑇𝑀1-spacelike Smarandache 

Iso-asymptotic curve as 

𝑆2(𝑠, 𝑣) = (
1

√2
cosh(𝑠) +

1

2√2(√2 + 1)
sinh ((√2 + 1)𝑠) +

1

2√2(√2 − 1)
sinh ((√2 − 1)𝑠)

+ (𝑒−𝑣 − 1) [
1

2(√2 + 1)
sinh ((√2 + 1)𝑠) +

1

2(√2 − 1)
sinh ((√2 − 1)𝑠)]

+ tanh(√2 𝑠) sinh(𝑣) [
1

2(√2 + 1)
cosh ((√2 + 1)𝑠)

+
1

2(√2 − 1)
cosh ((√2 − 1)𝑠)] ,  

1

√2
 sinh(𝑠)

+
1

2√2(√2 + 1)
cosh ((√2 + 1)𝑠) −

1

2√2(√2 − 1)
cosh ((√2 − 1)𝑠) + (𝑒−𝑣

− 1) [
1

2(√2 + 1)
sinh ((√2 + 1)𝑠) +

1

2(√2 − 1)
sinh ((√2 − 1)𝑠)]

+ tanh(√2 𝑠) sinh(𝑣) [
1

2(√2 + 1)
cosh ((√2 + 1)𝑠)

+
1

2(√2 − 1)
cosh ((√2 − 1)𝑠)] ,

1

√2
 sinh(√2𝑠) + sinh(√2 𝑠) (𝑒−𝑣 − 1)

+ tanh(√2 𝑠) sinh(𝑣) cosh(√2 𝑠)) 

where  0 ≤ 𝑠 ≤ 2𝜋,−1 ≤ 𝑣 ≤ 1 (Fig. 2). 

A member of the surface with common 𝑇𝑀2-spacelike Smarandache Iso-asymptotic curve as 
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𝑆3(𝑠, 𝑣) = (
1

√2
 cosh(𝑠) +

1

2√2(√2 + 1)
cosh ((√2 + 1)𝑠) +

1

2√2(√2 − 1)
cosh ((√2 − 1)𝑠)

+ (𝑒−𝑣 − 1) [
1

2(√2 + 1)
sinh ((√2 + 1)𝑠) +

1

2(√2 − 1)
sinh ((√2 − 1)𝑠)]

+ tanh(√2 𝑠) sinh(𝑣) [
1

2(√2 + 1)
cosh ((√2 + 1)𝑠)

+
1

2(√2 − 1)
cosh ((√2 − 1)𝑠)] ,  

1

√2
 sinh(𝑠)

+
1

2√2(√2 + 1)
sinh ((√2 + 1)𝑠) −

1

2√2(√2 − 1)
sinh ((√2 − 1)𝑠) + (𝑒−𝑣

− 1) [
1

2(√2 + 1)
sinh ((√2 + 1)𝑠) +

1

2(√2 − 1)
sinh ((√2 − 1)𝑠)]

+ tanh(√2 𝑠) sinh(𝑣) [
1

2(√2 + 1)
cosh ((√2 + 1)𝑠)

+
1

2(√2 − 1)
cosh ((√2 − 1)𝑠)] ,

1

√2
 cosh(√2𝑠) + sinh(√2 𝑠) (𝑒−𝑣 − 1)

+ tanh(√2 𝑠) sinh(𝑣) cosh(√2 𝑠)) 

where  0 ≤ 𝑠 ≤ 2𝜋,−1 ≤ 𝑣 ≤ 1  (Fig. 3). 

 

Figure 2. 𝑆2(𝑠, 𝑣) as a member of surfaces and its TM1-spacelike Smarandache Iso-asymptotic curve  𝜉(𝑠) 

 

 

Figure 3. 𝑆3(𝑠, 𝑣) as a member of surfaces and its TM2-spacelike Smarandache Iso-asymptotic curve  𝜉(𝑠). 

A member of the surface with common 𝑀1𝑀2-spacelike Smarandache Iso-asymptotic curve as 
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𝑆4(𝑠, 𝑣) = (   
1

2√2(√2 + 1)
[cosh ((√2 + 1)𝑠) + sinh ((√2 + 1)𝑠)]

+
1

2√2(√2 − 1)
[cosh ((√2 − 1)𝑠) + sinh ((√2 − 1)𝑠)]

+ (𝑒−𝑣 − 1) [
1

2(√2 + 1)
sinh ((√2 + 1)𝑠) +

1

2(√2 − 1)
sinh ((√2 − 1)𝑠)]

+ tanh(√2 𝑠) sinh(𝑣) [
1

2(√2 + 1)
cosh ((√2 + 1)𝑠)

+
1

2(√2 − 1)
cosh ((√2 − 1)𝑠)] ,

1

2√2(√2 + 1)
[cosh ((√2 + 1)𝑠) + sinh ((√2 + 1)𝑠)]

−
1

2√2(√2 − 1)
[cosh ((√2 − 1)𝑠) + sinh ((√2 − 1)𝑠)] + (𝑒−𝑣

− 1) [
1

2(√2 + 1)
sinh ((√2 + 1)𝑠) +

1

2(√2 − 1)
sinh ((√2 − 1)𝑠)]

+ tanh(√2 𝑠) sinh(𝑣) [
1

2(√2 + 1)
cosh ((√2 + 1)𝑠)

+
1

2(√2 − 1)
cosh ((√2 − 1)𝑠)] , √2 cosh(√2𝑠) + sinh(√2 𝑠) (𝑒−𝑣 − 1)

+ tanh(√2 𝑠) sinh(𝑣) cosh(√2 𝑠)) 

where 0 ≤ 𝑠 ≤ 2𝜋,−1 ≤ 𝑣 ≤ 1  (Fig. 4). 

A member of the surface with common 𝑇𝑀1𝑀2-spacelike Smarandache Iso-asymptotic curve as 

𝑆5(𝑠, 𝑣) = (
1

√3
 cosh(𝑠) +

1

2√3(√2 + 1)
[cosh ((√2 + 1)𝑠) + sinh ((√2 + 1)𝑠)]

+
1

2√3(√2 − 1)
[cosh ((√2 − 1)𝑠) + sinh ((√2 − 1)𝑠)]

+ (𝑒−𝑣 − 1) [
1

2(√2 + 1)
sinh ((√2 + 1)𝑠) +

1

2(√2 − 1)
sinh ((√2 − 1)𝑠)]

+ tanh(√2 𝑠) sinh(𝑣) [
1

2(√2 + 1)
cosh ((√2 + 1)𝑠)

+
1

2(√2 − 1)
cosh ((√2 − 1)𝑠)] ,  

1

√3
 sinh(𝑠)

+
1

2√3(√2 + 1)
[cosh ((√2 + 1)𝑠) + sinh ((√2 + 1)𝑠)]

−
1

2√3(√2 + 1)
[cosh ((√2 + 1)𝑠) + sinh ((√2 + 1)𝑠)]

+ (𝑒−𝑣 − 1) [
1

2(√2 + 1)
sinh ((√2 + 1)𝑠) +

1

2(√2 − 1)
sinh ((√2 − 1)𝑠)]

+ tanh(√2 𝑠) sinh(𝑣) [
1

2(√2 + 1)
cosh ((√2 + 1)𝑠) +

1

2(√2 − 1)
cosh ((√2 − 1)𝑠)] ,

√2

√3

+
2

√3
cosh(√2𝑠) + sinh(√2 𝑠) (𝑒−𝑣 − 1) + tanh(√2 𝑠) sinh(𝑣) cosh(√2 𝑠)) 

where 0 ≤ 𝑠 ≤ 2𝜋,−1 ≤ 𝑣 ≤ 1 (Fig. 5). 

 



mas.ccsenet.org Modern Applied Science Vol. 13, No. 8; 2019 

168 

 

 

Figure 4. 𝑆4(𝑠, 𝑣) as a member of surfaces and its 𝑀1𝑀2 -spacelike Smarandache Iso-asymptotic curve 𝜉(𝑠). 

 

Figure 5. 𝑆5(𝑠, 𝑣) as a member of surfaces and its 𝑇𝑀1𝑀2-Sspacelike marandache Iso-asymptotic curve 𝜉(𝑠) 

4. Surfaces with Common Spacelike Geodesic Curve 

Let Ψ = Ψ(𝜚, 𝑡) be a spacelike parametric surface defined by a given curve as 

Ψ(𝜚, 𝑡) = 𝜔(𝜚) + [𝑓(𝜚, 𝑡)𝑇(𝜚) + g(𝜚, 𝑡) 휂(𝜚) + ℎ(𝜚, 𝑡)ξ(ϱ)],      𝑝1 ≤ 𝜚 ≤ 𝑝1, 𝑞1 ≤ 𝑡 ≤ 𝑞1      (29) 

where 𝑓(𝜚, 𝑡), g(𝜚, 𝑡)  and ℎ(𝜚, 𝑡) are 𝐶1 marching-scale functions. Since the spacelike Smarandache curve 

of 𝜔(𝜚) is a parametric curve on Ψ(𝜚, 𝑡), then we get 

           𝑓(ϱ, t0) =  g(ϱ, t0)  =  ℎ(ϱ, t0) = 0,      𝑝1 ≤ 𝜚 ≤ 𝑝1,    𝑞1 ≤ 𝑡 ≤ 𝑞1.               (30) 

for some 𝑡0𝜖 [𝑞1, 𝑞2] . Also, since the spacelike Smarandache curve of 𝜔(𝜚)  is an geodesic curve on          

𝑡0𝜖 [𝑞1, 𝑞2], then we get  

𝑛(𝑠, 𝑣0) = 𝑁(𝜚),                                       (31) 

for some  𝑡0𝜖 [𝑞1, 𝑞2] and n(𝜚, 𝑡) is the normal vector of Ψ(𝜚, 𝑡) and 𝑁(𝜚) is the normal vector of  𝜔(𝜚). 

Theorem 4.1. Let 𝜔 = 𝜔(𝜚) be a unit speed spacelike curve with moving Bishop frame in Minkowski 3-space 

ℛ1
3. Then  휂𝜉-spacelike Smarandache curves of  𝜔(𝜚) is iso-geodesic on the surface Ψ(𝜚, 𝑡) if and only if 

the following conditions are satisfied: 

i. t0)  =  g(ϱ, t0)   =  ℎ(ϱ, t0) = 0, 

ii. 𝜅1(𝜚) + 𝜅2(𝜚) ≠ 0, 

iii. 
𝜕ℎ

𝜕𝑡
(𝜚, 𝑡0) ≠ 0 

iv. 
𝜕g

𝜕𝑡
(𝜚, 𝑡0) = tanh휃(𝜚)

𝜕ℎ

𝜕𝑡
(𝜚, 𝑡0) 
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Proof. Let 𝛾(𝑠(𝜚))  be 휂𝜉 -spacelike Smarandache curve on the surface Ψ(𝜚, 𝑡). From Eqn. (29), Ψ(𝑠, 𝑡) 

parametric surfaces is defined in terms of 𝛾 of the curve 𝜔(𝜚) as follows: 

 Ψ(𝜚, 𝑡) =
1

√2
[휂(𝜚) + 𝜉(𝜚)] + [𝑓(𝜚, 𝑡)𝑇(𝜚) + g(𝜚, 𝑡) 휂(𝜚) + ℎ(𝜚, 𝑡)ξ(ϱ)],  

If the 휂𝜉 -spacelike Smarandache curve is a parametric curve on Ψ(𝜚, 𝑡), then  Ψ(𝑠, 𝑡0) =
1

√2
[휂(𝜚) + 𝜉(𝜚)] 

for some 𝑡 = 𝑡0 that is, 

                                                                        

𝑓(ϱ, 𝑡0)  =  g(ϱ, 𝑡0)   =  ℎ(ϱ, 𝑡0) = 0                           (32) 

Since 

n(𝜚, 𝑡) =
𝜕Ψ(𝜚, 𝑡)

𝜕𝜚
×
𝜕Ψ(𝜚, 𝑡)

𝜕𝑡
 

So, it can be expressed as 

𝑛(𝜚, 𝑡) =

[
𝜕ℎ(𝜚,𝑡)

𝜕𝑡
(𝜅1(𝜚) 𝑓(𝜚, 𝑡) + 

𝜕g(𝜚,𝑡)

𝜕𝜚
) −

𝜕g(𝜚,𝑡)

𝜕𝑡
(
𝜕ℎ(𝜚,𝑡)

𝜕𝜚
−𝜅2(𝜚)𝑓(𝜚, 𝑡))]  𝑇(𝜚) + [

𝜕𝑓(𝜚,𝑡)

𝜕𝑡
(
𝜕ℎ(𝜚,𝑡)

𝜕𝜚
−𝜅2(𝜚) 𝑓(𝜚, 𝑡)) +

    
𝜕ℎ(𝜚,𝑡)

𝜕𝑡
 (휀𝜅1(𝜚) g(𝜚, 𝑡) + 휀𝜅2(𝜚)ℎ(𝜚, 𝑡) − 

𝜕𝑓(𝜚,𝑡)

𝜕𝜚
+ 

 (𝜅1(𝜚)+𝜅2(𝜚))

√2
)] 휂(𝜚) − [

𝜕g(𝜚,𝑡)

𝜕𝑡
(휀𝜅1(𝜚)g(𝜚, 𝑡) +

휀𝜅2(𝜚)ℎ(𝜚, 𝑡) − 
𝜕𝑓(𝜚,𝑡)

𝜕𝜚
+

 (𝜅1(𝜚)+𝜅2(𝜚))

√2
) +

𝜕𝑓(𝜚,𝑡)

𝜕𝑡
(𝜅1(𝜚)𝑓(𝜚, 𝑡) + 

𝜕g(𝜚,𝑡)

𝜕𝜚
)] 𝜉(𝜚)                       (33) 

If  

{
 

 
𝛤1(𝜚, 𝑣0) = 0,                                             

𝛤2(𝜚, 𝑣0) = √2
(𝜅1(𝜚) + 𝜅2(𝜚)) 

𝜕ℎ(𝜚,𝑡0)

𝜕𝑡
,

𝛤3(𝜚, 𝑣0) =
−

√2
(𝜅1(𝜚) + 𝜅2(𝜚)) 

𝜕g(𝜚,𝑡0)

𝜕𝑡
.

                           (34) 

then we obtain 

𝑛(𝜚, 𝑡0) = 𝛤2(𝜚, 𝑡0)휂(𝜚) + 𝛤3(𝜚, 𝑡0) 𝜉(𝜚)  

From Eqn. (34), we get 

𝑛(𝜚, 𝑡0) = (cosh 휃(𝜚) 𝛤2(𝜚, 𝑡0) + sinh 휃(𝜚) 𝛤3(𝜚, 𝑡0))𝑁(𝜚)

+ (sinh 휃(𝜚) 𝛤2(𝜚, 𝑡0) + cosh 휃(𝜚) 𝛤3(𝜚, 𝑡0))𝐵(𝜚) 

Also from Eqn. (30), we should have 

{
(cosh 휃(𝜚) 𝛤2(𝜚, 𝑡0) + sinh 휃(𝜚) 𝛤3(𝜚, 𝑡0)) ≠ 0.

(sinh 휃(𝜚) 𝛤2(𝜚, 𝑡0) + cosh 휃(𝜚) 𝛤3(𝜚, 𝑡0)) = 0.
                       (35) 

Then 

𝛤3(𝜚, 𝑡0) = − tanh휃(𝜚) 𝛤2(𝜚, 𝑡0).                              (36) 

Using Eqn. (36) and  cosh휃(𝜚) 𝛤2(𝜚, 𝑡0) + sinh 휃(𝜚) 𝛤3(𝜚, 𝑡0) ≠ 0, we get 

   𝛤2(𝜚, 𝑡0) ≠ 0                                         (37) 

which implies that 

   
𝜕g(𝜚,𝑡0)

𝜕𝑡
= tanh휃(𝜚)

𝜕ℎ(𝜚,𝑡0)

𝜕𝑡
.                                 (38) 

and 

𝜅1(𝜚) + 𝜅2(𝜚) ≠ 0  and  
𝜕ℎ(𝜚,𝑡0)

𝜕𝑡
≠ 0                            (39) 

Combining the conditions (32) ,(38) and (39), we have complete the proof.                              

Corollary 4.1. Let 𝜔 = 𝜔(𝜚) be a unit speed spacelike curve with moving Bishop frame in Minkowski 3-space 

ℛ1
3. Then 𝑇휂-spacelike Smarandache curves of the curve 𝜔(𝜚) is not eodesic on the surface Ψ(𝜚, 𝑡). 

Proof. Let 𝛾(𝑠(𝜚)) be 𝑇휂  -spacelike Smarandache curve on the surface Ψ(𝜚, 𝑡). Thus from Eqn. (29), 

Ψ(𝜚, 𝑡) can be expressed as 
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Ψ(𝜚, 𝑡) =
1

√2
[𝑇(𝜚) + 휂(𝜚)] + [𝑓(𝜚, 𝑡)𝑇(𝜚) + g(𝜚, 𝑡) 휂(𝜚) + ℎ(𝜚, 𝑡)ξ(ϱ)], 

If the 𝑇휂 -spacelike Smarandache curve is a parametric curve on Ψ(𝜚, 𝑡), Ψ(𝜚, 𝑡) =
1

√2
[𝑇(𝜚) + 𝜉(𝜚)] and 

𝑓(ϱ, t0)  =  g(ϱ, t0)   =  ℎ(ϱ, t0) = 0                            (40) 

Then 

𝑛(𝜚, 𝑡) =

[
𝜕ℎ(𝜚,𝑡)

𝜕𝑡
(
𝜅1(𝜚)

√2
+ 𝜅1(𝜚) 𝑓(𝜚, 𝑡) + 

𝜕g(𝜚,𝑡)

𝜕𝜚
) +

𝜕g(𝜚,𝑡)

𝜕𝑡
(
𝜅2(𝜚)

√2
+𝜅2(𝜚)𝑓(𝜚, 𝑡) −

𝜕ℎ(𝜚,𝑡)

𝜕𝜚
)]  𝑇(𝜚) +

[
𝜕𝑓(𝜚,𝑡)

𝜕𝑡
(
−𝜅2(𝜚)

√2
−𝜅2(𝜚) 𝑓(𝜚, 𝑡) +

𝜕ℎ(𝜚,𝑡)

𝜕𝜚
) +

    
𝜕ℎ(𝜚,𝑡)

𝜕𝑡
 (휀𝜅1(𝜚) g(𝜚, 𝑡) + 휀𝜅2(𝜚)ℎ(𝜚, 𝑡) − 

𝜕𝑓(𝜚,𝑡)

𝜕𝜚
+ 

 𝜅1(𝜚)

√2
)] 휂(𝜚) − [

𝜕g(𝜚,𝑡)

𝜕𝑡
(휀𝜅1(𝜚)g(𝜚, 𝑡) + 휀𝜅2(𝜚)ℎ(𝜚, 𝑡) −

 
𝜕𝑓(𝜚,𝑡)

𝜕𝜚
+

 𝜅1(𝜚)

√2
) +

𝜕𝑓(𝜚,𝑡)

𝜕𝑡
(
𝜅1(𝜚)

√2
+ 𝜅1(𝜚)𝑓(𝜚, 𝑡) + 

𝜕h(𝜚,𝑡)

𝜕𝜚
)] 𝜉(𝜚)                                                                                   (41) 

If we let  

{
 
 

 
 Φ1(𝜚, 𝑡0) =

𝜅1(𝜚)

√2
  
𝜕ℎ(𝜚,𝑡0)

𝜕𝑡
+ 

𝜅2(𝜚)

√2
 
𝜕g(𝜚,𝑡0)

𝜕𝑡
                         

Φ2(𝜚, 𝑡0) =
−𝜅2(𝜚)

√2
 
𝜕𝑓(𝜚,𝑡0)

𝜕𝑡
+

𝜅1(𝜚)

√2
 
𝜕ℎ(𝜚,𝑡0)

𝜕𝑡
                       

Φ3(𝜚, 𝑡0) =
− 𝜅1(𝜚)

√2
 
𝜕g(𝜚,𝑡0)

𝜕𝑡
−

𝜅1(𝜚)

√2

𝜕𝑓(𝜚,𝑡0)

𝜕𝑡
                        

                  (42) 

So, Eqn. (42) leads to 

𝑛(𝜚, 𝑡0) = Φ1(𝜚, 𝑡0)𝑇(𝜚) + Φ2(𝜚, 𝑡0)휂(𝜚) + Φ3(𝜚, 𝑡0)𝜉(𝜚) 

Then one can find that 

𝑛(𝜚, 𝑡0) = Φ1(𝜚, 𝑡0)𝑇(𝜚) + (cosh 휃(𝜚) Φ2(𝜚, 𝑡0) + sinh 휃(𝜚) Φ3(𝜚, 𝑡0))𝑁(𝜚)

+ (sinh휃(𝜚) Φ2(𝜚, 𝑡0) + cosh휃(𝜚) Φ3(𝜚, 𝑡0))𝐵(𝜚) 

We know that  𝜔(𝜚)  is a geodesic curve if and only if 

{

Φ1(𝜚, t0) = 0                                                             

cosh휃(𝜚) Φ2(𝜚, 𝑡0) + sinh휃(𝜚) Φ3(𝜚, 𝑡0) ≠ 0

sinh 휃(𝜚) Φ2(𝜚, 𝑡0) + cosh휃(𝜚) Φ3(𝜚, 𝑡0) = 0

                         (43) 

Then from Eqns. (42) and (43), we obtain 

                                                                                   

tanh휃(𝜚) = −
𝜅1(𝜚)

𝜅2(𝜚)
                                       (44) 

Using Eqns. (35) and (44), we get 𝜅1(𝜚) = 𝜅2(𝜚) = 0, which gives a contradiction which complete the proof.   

 

Corollary 4.2. Let 𝜔 = 𝜔(𝜚)  be a unit speed spacelike curve with moving Bishop frame in Minkowski 

3-space ℛ1
3. Then 𝑇𝜉 -spacelike Smarandache curves of a spacelike curve 𝜔(𝜚)  is not geodesic on the 

surface Ψ(𝜚, 𝑡). 

Proof. Let 𝛾(𝑠(𝜚)) be 𝑇𝜉 -spacelike Smarandache curve on the surface  Ψ(𝜚, 𝑡). Thus, from (29), we have 

Ψ(𝜚, 𝑡) =
1

√2
[𝑇(𝜚) + 𝜉(𝜚)] + [𝑓(𝜚, 𝑡)𝑇(𝜚) + g(𝜚, 𝑡) 휂(𝜚) + ℎ(𝜚, 𝑡)ξ(ϱ)],  

If the 𝑇𝜉 -spacelike Smarandache curve is a parametric curve on this surface, Ψ(𝜚, 𝑡0) =
1

√2
[𝑇(𝜚) + 𝜉(𝜚)] 

that is, 

   𝑓(ϱ, t0)  =  g(ϱ, t0)   =  ℎ(ϱ, t0) = 0                                 (45) 

Then 

  𝑛(𝜚, 𝑡) = [
𝜕ℎ(𝜚,𝑡)

𝜕𝑡
(
𝜅1(𝜚)

√2
+ 𝜅1(𝜚) 𝑓(𝜚, 𝑡) + 

𝜕g(𝜚,𝑡)

𝜕𝜚
) +

𝜕g(𝜚,𝑡)

𝜕𝑡
(
𝜅2(𝜚)

√2
+𝜅2(𝜚)𝑓(𝜚, 𝑡) −

𝜕ℎ(𝜚,𝑡)

𝜕𝜚
)]  𝑇(𝜚) +

[
𝜕𝑓(𝜚,𝑡)

𝜕𝑡
(
−𝜅2(𝜚)

√2
−𝜅2(𝜚) 𝑓(𝜚, 𝑡) +

𝜕ℎ(𝜚,𝑡)

𝜕𝜚
) +
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𝜕ℎ(𝜚,𝑡)

𝜕𝑡
 (휀𝜅1(𝜚) g(𝜚, 𝑡) + 휀𝜅2(𝜚)ℎ(𝜚, 𝑡) − 

𝜕𝑓(𝜚,𝑡)

𝜕𝜚
+ 

 𝜅2(𝜚)

√2
)] 휂(𝜚) − [

𝜕g(𝜚,𝑡)

𝜕𝑡
(휀𝜅1(𝜚)g(𝜚, 𝑡) + 휀𝜅2(𝜚)ℎ(𝜚, 𝑡) −

 
𝜕𝑓(𝜚,𝑡)

𝜕𝜚
+

 𝜅2(𝜚)

√2
) +

𝜕𝑓(𝜚,𝑡)

𝜕𝑡
(
𝜅1(𝜚)

√2
+ 𝜅1(𝜚)𝑓(𝜚, 𝑡) + 

𝜕g(𝜚,𝑡)

𝜕𝜚
)] 𝜉(𝜚)                                    (46) 

If we write  

      

{
 
 

 
 Θ1(𝜚, 𝑡0) =

𝜅1(𝜚)

√2
  
𝜕ℎ(𝜚,𝑡0)

𝜕𝑡
+ 

𝜅2(𝜚)

√2
 
𝜕g(𝜚,𝑡0)

𝜕𝑡
                         

Θ2(𝜚, 𝑡0) =
−𝜅2(𝜚)

√2
 
𝜕𝑓(𝜚,𝑡0)

𝜕𝑡
+

𝜅2(𝜚)

√2
 
𝜕ℎ(𝜚,𝑡0)

𝜕𝑡
                       

Θ3(𝜚, 𝑡0) =
− 𝜅2(𝜚)

√2
 
𝜕g(𝜚,𝑡0)

𝜕𝑡
−

𝜅1(𝜚)

√2

𝜕𝑓(𝜚,𝑡0)

𝜕𝑡
                        

                (47) 

we obtain 

𝑛(𝜚, 𝑡0) = Θ1(𝜚, 𝑡0)𝑇(𝜚) + Θ2(𝜚, 𝑡0)휂(𝜚) + Θ3(𝜚, 𝑡0)𝜉(𝜚) 

From Eqn. (34), we get 

𝑛(𝜚, 𝑡0) = Θ1(𝜚, 𝑡0)𝑇(𝜚) + (cosh 휃(𝜚) Θ2(𝜚, 𝑡0) + sinh 휃(𝜚) Θ3(𝜚, 𝑡0))𝑁(𝜚)

+ (sinh휃(𝜚) Θ2(𝜚, 𝑡0) + cosh휃(𝜚) Θ3(𝜚, 𝑡0))𝐵(𝜚) 

If 𝜔(𝜚) is a geodesic curve, then Θ1(𝜚, 𝑡0) = 0, and we get 

𝜕ℎ(𝜚,𝑡0)

𝜕𝑡
= −

𝜅2(𝜚)

𝜅1(𝜚)
 
𝜕g(𝜚,𝑡0)

𝜕𝑡
                                  (48) 

and 

sinh 휃(𝜚) Θ2(𝜚, 𝑡0) + cosh 휃(𝜚) Θ3(𝜚, 𝑡0) = 0 

Then 

Θ3(𝜚, 𝑡0) = − tanh휃(𝜚) Θ2(𝜚, 𝑡0)                           (49) 

So 

cosh 휃(𝜚) Θ2(𝜚, 𝑡0) + sinh 휃(𝜚) Θ3(𝜚, 𝑡0) ≠ 0 

using (49), we get 

𝜕𝑓(𝜚,𝑡0)

𝜕𝑡
≠ 휀

𝜕ℎ(𝜚,𝑡0)

𝜕𝑡
, and 𝜅2(𝜚) ≠ 0                        (50) 

In Eqn. (50) and using Eqns. (48), (49), together (35), we obtain 

𝜕𝑓(𝜚,𝑡)

𝜕𝑡
= 휀

𝜕ℎ(𝜚,𝑡)

𝜕𝑡
                                      (51) 

Combining Eqns. (50) and (51), the contradiction is obtained.                                         

Corollary 4.3. Let 𝜔 = 𝜔(𝜚) be a unit speed spacelike curve with moving Bishop frame in Minkowski 3-space 

ℛ1
3. Then 𝑇휂𝜉 -spacelike Smarandache curves of the curve 𝜔(𝜚) is not geodesic on the surface Ψ(𝜚, 𝑡). 

Proof. Let 𝛾(𝑠(𝜚)) be a spacelike 𝑇휂𝜉 -spacelike Smarandache curve on the surface Ψ(𝜚, 𝑡). Then, from (29), 

Ψ(𝜚, 𝑡)  as follows: 

Ψ(𝜚, 𝑡) =
1

√3
[𝑇(𝜚) + 휂(𝜚) + 𝜉(𝜚)] + [𝑓(𝜚, 𝑡)𝑇(𝜚) + g(𝜚, 𝑡) 휂(𝜚) + ℎ(𝜚, 𝑡)ξ(ϱ)] 

If spacelike 𝑇휂𝜉-spacelike Smarandache curve is a parametric curve on this surface, then there exist a parameter 

𝑡 =  𝑡0 such that  Ψ(𝜚, 𝑡0) =
1

√3
[𝑇(𝜚) + 휂(𝜚) + 𝜉(𝜚)] that is, 

    𝑓(ϱ, 𝑡0)  =  g(ϱ, 𝑡0)   =  ℎ(ϱ, 𝑡0) = 0                           (52) 

Then 

𝑛(𝜚, 𝑡) =

[
𝜕ℎ(𝜚,𝑡)

𝜕𝑡
(
𝜅1(𝜚)

√3
+ 𝜅1(𝜚) 𝑓(𝜚, 𝑡) + 

𝜕g(𝜚,𝑡)

𝜕𝜚
) −

𝜕g(𝜚,𝑡)

𝜕𝑡
(
𝜅2(𝜚)

√3
+𝜅2(𝜚)𝑓(𝜚, 𝑡) −

𝜕ℎ(𝜚,𝑡)

𝜕𝜚
)]  𝑇(𝜚) +

[
𝜕𝑓(𝜚,𝑡)

𝜕𝑡
(
−𝜅2(𝜚)

√3
−𝜅2(𝜚) 𝑓(𝜚, 𝑡) +

𝜕ℎ(𝜚,𝑡)

𝜕𝜚
) +

    
𝜕ℎ(𝜚,𝑡)

𝜕𝑡
 (휀𝜅1(𝜚) g(𝜚, 𝑡) + 휀𝜅2(𝜚)ℎ(𝜚, 𝑡) − 

𝜕𝑓(𝜚,𝑡)

𝜕𝜚
+ 

( 𝜅1(𝜚)+𝜅2(𝜚))

√3
)] 휂(𝜚) − [

𝜕g(𝜚,𝑡)

𝜕𝑡
(휀𝜅1(𝜚)g(𝜚, 𝑡) +

휀𝜅2(𝜚)ℎ(𝜚, 𝑡) − 
𝜕𝑓(𝜚,𝑡)

𝜕𝜚
+

 ( 𝜅1(𝜚)+𝜅2(𝜚))

√3
) +

𝜕𝑓(𝜚,𝑡)

𝜕𝑡
(
𝜅1(𝜚)

√3
+ 𝜅1(𝜚)𝑓(𝜚, 𝑡) + 

𝜕g(𝜚,𝑡)

𝜕𝜚
)] 𝜉(𝜚)                 (53) 

If we write  
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{
 
 

 
 Υ1(𝜚, 𝑡0) =

𝜅1(𝜚)

√3

𝜕ℎ(𝜚,𝑡0)

𝜕𝑡
+ 

𝜅2(𝜚)

√3

𝜕g(𝜚,𝑡0)

𝜕𝑡
                

Υ2(𝜚, 𝑡0) =
−𝜅2(𝜚)

√3

𝜕𝑓(𝜚,𝑡0)

𝜕𝑡
+

(𝜅1(𝜚)+𝜅2(𝜚))

√3

𝜕ℎ(𝜚,𝑡0)

𝜕𝑡

Υ3(𝜚, 𝑡0) =
− (𝜅1(𝜚)+𝜅2(𝜚))

√3

𝜕g(𝜚,𝑡0)

𝜕𝑡
−

𝜅1(𝜚)

√3

𝜕𝑓(𝜚,𝑡0)

𝜕𝑡

                         (54) 

we obtain 

𝑛(𝜚, 𝑡0) = Υ1(𝜚, 𝑡0)𝑇(𝜚) + Υ2(𝜚, 𝑡0)휂(𝜚) + Υ3(𝜚, 𝑡0)𝜉(𝜚) 

So, from Eqn. (34), we get 

𝑛(𝜚, 𝑡0) = Υ1(𝜚, 𝑡0)𝑇(𝜚) + (cosh휃(𝜚) Υ2(𝜚, 𝑡0) + sinh휃(𝜚) Υ3(𝜚, 𝑡0))𝑁(𝜚)

+ (sinh휃(𝜚) Υ2(𝜚, 𝑡0) + cosh휃(𝜚) Υ3(𝜚, 𝑡0))𝐵(𝜚) 

We know that 𝜔(𝜚) is a geodesic curve if and only if 

{

Υ1(𝜚, 𝑣0) = 0                                                             

cosh휃(𝜚) Υ2(𝜚, 𝑡0) + sinh 휃(𝜚) Υ3(𝜚, 𝑡0) ≠ 0

sinh 휃(𝜚) Υ2(𝜚, 𝑡0) + cosh 휃(𝜚) Υ3(𝜚, 𝑡0) = 0

                        (55) 

In Eqn. (55) and using Eqn. (54), we obtain 

𝜕ℎ(𝜚,𝑡0)

𝜕𝑡
= −

𝜅2(𝜚)

𝜅1(𝜚)
 
𝜕g(𝜚,𝑡0)

𝜕𝑡
, 𝜅1(𝜚) ≠ 0                               (56) 

𝜕𝑓(𝜚,𝑡)

𝜕𝑡
≠

( 𝜅1(𝜚)+𝜅2(𝜚))

𝜅2(𝜚)
 
𝜕ℎ(𝜚,𝑡0)

𝜕𝑡
                                (57) 

and 

𝜕𝑓(𝜚,𝑡)

𝜕𝑡
=

− ( 𝜅1(𝜚)+𝜅2(𝜚))

𝜅1(𝜚)
 
𝜕g(𝜚,𝑡0)

𝜕𝑡
, 𝜅1(𝜚) ≠ 0                           (58) 

From Eqns. (56) and (58), we obtain 

𝜕𝑓(𝜚,𝑡)

𝜕𝑡
=

− ( 𝜅1(𝜚)+𝜅2(𝜚))

𝜅1(𝜚)
 
𝜕ℎ(𝜚,𝑡0)

𝜕𝑡
                             (59) 

From Eqns. (56) and (59), we get 

𝜕𝑓(𝜚,𝑡)

𝜕𝑡
≠

− ( 𝜅1(𝜚)+𝜅2(𝜚))

𝜅1(𝜚)
 
𝜕g(𝜚,𝑡0)

𝜕𝑡
                              (60) 

Combining Eqns. (58) and (60), we have a contradiction.                                            

Now let us consider other types of the marching-scale functions 𝑓(ϱ, t), g(ϱ, t)  and ℎ(ϱ, t). 

(i) If we choose  

{
 
 
 
 

 
 
 
 𝑓(𝜚, 𝑡) = ∑𝑎1𝑘 𝑙(𝜚)

𝑘𝑥(𝑡)𝑘
𝑟

𝑘=1

  

g(𝜚, 𝑡) = ∑𝑎21𝑘 𝑚(𝜚)
𝑘𝑦(𝑡)𝑘

𝑟

𝑘=1

ℎ(𝜚, 𝑡) = ∑𝑎3𝑘 𝑛(𝜚)
𝑘𝑧(𝑡)𝑘

𝑟

𝑘=1

 

Then we can simply express the sufficient condition for which the spacelike curve 𝜔(𝜚) is 휂𝜉-spacelike 

Smarandache iso-geodesic curve on the surface Ψ(𝜚, 𝑡) as 

{
 

 
𝑥(𝑡0) = 𝑦(𝑡0) = 𝑧(𝑡0) = 0                 

𝑎31 ≠ 0, 𝑛(𝜚) ≠ 0 𝑎𝑛𝑑 
𝑑𝑧(𝑡0)

𝑑𝑡
≠ 0     

𝑎21𝑚(𝜚) = tanh휃(𝜚) 𝑎31 𝑛(𝜚) 
𝑑𝑧(𝑡0)

𝑑𝑡

                          (61) 

where 𝑙(𝜚), 𝑚(𝜚), 𝑛(𝜚), 𝑥(𝑡), 𝑦(𝑡) and 𝑧(𝑡) are functions of class 𝐶1, 𝑎𝑖𝑗 ∈ ℝ,   𝑖 = 1,2,3, 1 ≤ 𝑗 ≤ 𝑟. 

(ii) If we choose  
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{
 
 
 
 

 
 
 
 𝑓(𝜚, 𝑡) = 𝑢 (∑𝑎1𝑘 𝑙(𝜚)

𝑘𝑥(𝑡)𝑘
𝑟

𝑘=1

)  

g(𝜚, 𝑡) = 𝑣 (∑𝑎21𝑘 𝑚(𝜚)
𝑘𝑦(𝑡)𝑘

𝑟

𝑘=1

)

ℎ(𝜚, 𝑡) = 𝑤 (∑𝑎3𝑘 𝑛(𝜚)
𝑘𝑧(𝑡)𝑘

𝑟

𝑘=1

)

 

Then we can write the sufficient condition for which the spacelike curve 𝜔(𝜚) is 휂𝜉 -spacelike Smarandache 

isogeodesic curve on the surface Ψ(𝜚, 𝑡) as 

{
 

 
𝑥(𝑡0) = 𝑦(𝑡0) = 𝑧(𝑡0) = 𝑢(0) = 𝑣(0) = 𝑤(0) = 0                 

𝑎31 ≠ 0, 𝑛(𝜚) ≠ 0 ,
𝑑𝑧(𝑡0)

𝑑𝑡
≠ 0, 𝑎𝑛𝑑 𝑤′(0) ≠ 0                    

𝑎21𝑚(𝜚)
𝑑𝑦(𝑡0)

𝑑𝑥
𝑣′(0) = tanh휃(𝜚) 𝑎31 𝑛(𝜚) 

𝑑𝑧(𝑡0)

𝑑𝑡
 𝑤′(0)        

                     (62) 

where 𝑙(𝜚), 𝑚(𝜚), 𝑛(𝜚), 𝑥(𝑡), 𝑦(𝑡) and 𝑧(𝑡)are 𝐶1 functions. Also, the conditions for different types of 

marching-scale functions can be obtained by using the Eqns. (32) and (37). 

Example 4.1. Let 𝜔(𝜚) = (
√3

2
cosh𝜚,

√3

2
sinh 𝜚,

𝜚

2
) be a spacelike curve parametrized by arc-length with 

timelike principalnormal,(휀 = −1). Then it is easy to show that 

 𝑇(𝜚) = (
√3

2
sinh 𝜚,

√3

2
cosh 𝜚,

1

2
) , 𝜅 =

√3

2
 ≠ 0, 𝜏 = −

1

2
≠ 0 and 휃(𝜚) = −

𝜚

2
+ 𝑐  , 𝑐 =  𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 . Here, we 

can take 𝑐 = 0. Then, we get 𝜅1 =
√3

2
cosh

𝜚

2
,  𝜅2 =

√3

2
sinh

𝜚

2
. From Eqn. (2), we get 

휂(𝜚) = ∫𝜅1(𝜚)𝑇(𝜚) 𝑑𝜚 , 𝜉(𝜚) = ∫𝜅2(𝜚)𝑇(𝜚) 𝑑𝜚 , then we have 

휂(𝜚) = (
3

4
[
1

3
cosh (

3𝜚

2
) + cosh (

𝜚

2
)] ,

3

4
[
1

3
sinh (

3𝜚

2
) + sinh (

𝜚

2
)] ,

√3

2
 sinh (

𝜚

2
)) 

𝜉(𝜚) = (
3

4
[sinh (

𝜚

2
) −

1

3
sinh (

3𝜚

2
)] ,

−3

4
[
1

3
cosh (

3𝜚

2
) + cosh (

𝜚

2
)] ,

−√3

2
 cosh (

𝜚

2
)) 

If we take 𝑓(𝜚, 𝑡) = 0, g(𝜚, 𝑡) = tanh (
𝜚

2
) sinh(𝑡) and h(𝜚, 𝑡) = sinh(𝑡) , we obtain a family of the surfaces 

with common spacelike curve 𝜔(𝜚) as 

 Ψ(𝜚, 𝑡) = (
√3

2
 cosh(𝜚) +

3

4
(tanh (

𝜚

2
) sinh(𝑡)) [

1

3
 cosh (

3𝜚

2
) + cosh (

𝜚

2
)] +

3

4
sinh(𝑡) [sinh (

𝜚

2
) −

1

3
sinh (

3𝜚

2
)] ,

√3

2
 sinh(𝜚) +

3

4
(tanh (

𝜚

2
) sinh(𝑡)) [

1

3
 sinh (

3𝜚

2
) + sinh (

𝜚

2
)] −

3

4
sinh(𝑡) [

1

3
cosh (

3𝜚

2
) + cosh (

𝜚

2
)] ,

𝜚

2
+

√3

2
sinh (

𝜚

2
) (tanh (

𝜚

2
) sinh(𝑡)) −

√3

2
cosh (

𝜚

2
)) 

where  0 ≤ 𝜚 ≤ 2𝜋,−1 ≤ 𝑡 ≤ 1 (see Figure 6). 

If we take 𝑓(𝜚, 𝑡) = 0, g(𝜚, 𝑡) = tanh (
𝜚

2
) sinh(𝑡) and h(𝜚, 𝑡) = sinh(𝑡), 𝑡0 = 0  then the Eqns. (32) and 

(35) are satisfied. 

Thus, we obtain a family of the surfaces with common spacelike  휂𝜉 -spacelike Smarandache geodesic curves 

as 

 Ψ1(𝜚, 𝑡) = (
3

4√2
[
1

3
(cosh (

3𝜚

2
) − sinh (

3𝜚

2
)) + cosh (

𝜚

2
) + sinh (

𝜚

2
)] +

3

4
(tanh (

𝜚

2
) sinh(𝑡)) [

1

3
cosh (

3𝜚

2
) +

cosh (
𝜚

2
)] +

3

4
sinh(𝑡) [sinh (

𝜚

2
) −

1

3
sinh (

3𝜚

2
)] ,

3

4√2
[
1

3
(sinh (

3𝜚

2
) − cosh (

3𝜚

2
)) + sinh (

𝜚

2
) − cosh (

𝜚

2
)] +

3

4
(tanh (

𝜚

2
) sinh(𝑡)) [

1

3
sinh (

3𝜚

2
) + sinh (

𝜚

2
)] −

3

4
sinh(𝑡) [

1

3
cosh (

3𝜚

2
) + cosh (

𝜚

2
)] ,

√3

2√2
[sinh (

𝜚

2
) − cosh (

𝜚

2
)] +

√3

2
sinh (

𝜚

2
) (tanh (

𝜚

2
) sinh(𝑡)) −

√3

2
sinh(𝑡) cosh (

𝜚

2
)) 

where 0 ≤ 𝜚 ≤ 2𝜋,−1 ≤ 𝑡 ≤ 1 (see Figure 7). 
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Figure 6. Ψ(𝜚, 𝑡) as a family of surfaces and curve 𝜔(𝜚). 

If we take  𝑓(𝜚, 𝑡) = 0 , g(𝜚, 𝑡) = ∑ (tanh (
𝜚

2
) sinh(𝑡))

𝑘

sink(𝑡)3
𝑘=1  and h(𝜚, 𝑡) = ∑ coshk (

𝜚

2
) sinhk(𝑡)3

𝑘=1 , 

and 𝑡0 = 0 , then the Eqn.(60) is satisfied. Thus, we obtain a family of the surfaces with common 

spacelike 휂𝜉-spacelike Smarandache geodesic curves as 

 Ψ2(𝜚, 𝑡) =

(
3

4√2
[
1

3
(cosh (

3𝜚

2
) − sinh (

3𝜚

2
)) + cosh (

𝜚

2
) + sinh (

𝜚

2
)] +

3

4
(∑ (tanh (

𝜚

2
) sinh(𝑡))

𝑘

sink(𝑡)3
𝑘=1 ) [

1

3
cosh (

3𝜚

2
) +

cosh (
𝜚

2
)] +

3

4
(∑ coshk (

𝜚

2
) sinhk(𝑡)3

𝑘=1 ) [sinh (
𝜚

2
) −

1

3
sinh (

3𝜚

2
)] ,

3

4√2
[
1

3
(sinh (

3𝜚

2
) − cosh (

3𝜚

2
)) + sinh (

𝜚

2
) −

cosh (
𝜚

2
)] +

3

4
(∑ (tanh (

𝜚

2
) sinh(𝑡))

𝑘

sink(𝑡)3
𝑘=1 ) [

1

3
sinh (

3𝜚

2
) + sinh (

𝜚

2
)] −

3

4
(∑ coshk (

𝜚

2
) sinhk(𝑡)3

𝑘=1 ) [
1

3
cosh (

3𝜚

2
) + cosh (

𝜚

2
)] ,

√3

2√2
[sinh (

𝜚

2
) − cosh (

𝜚

2
)] +

√3

2
sinh (

𝜚

2
) (∑ (tanh (

𝜚

2
) sinh(𝑡))

𝑘

sink(𝑡)3
𝑘=1 ) −

√3

2
(∑ coshk (

𝜚

2
) sinhk(𝑡)3

𝑘=1 ) cosh (
𝜚

2
)) 

where 0 ≤ 𝜚 ≤ 2𝜋,−1 ≤ 𝑡 ≤ 1 (see Figure 7). 

 

Figure 7. Ψ1(𝜚, 𝑡) as a family of surfaces and its 휂𝜉 -spacelike Smarandache geodesic curves. 

 

 Figure 8. Ψ2(𝜚, 𝑡) as a family of surfaces and its  휂𝜉 -spacelike Smarandache geodesic curves. 
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5. Conclusion 

In this article, we found the necessary and sufficient conditions that make a special spacelike Smarandache curve 

is Iso-asymptotic, and the necessary and sufficient conditions that make it was Iso-geodesic by using the Bishop 

frame in Minkowski 3-space 𝐸1
3. In the future, we need to discuss whether it is possible or impossible to create 

the necessary conditions that make this curve is an Iso-asymptotic or Iso-geodesic in Minkowski 7-space. 
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