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Abstract
This paper aims at proposing a re-reading of the Portfolio Selection by means of an extension of the risk/return
analysis, thus taking into account the investors’ choice that meets the ethical principles of an individual. We aim
at describing the portfolio selection realized on the basis of the static ethical index (Barracchini, 2007). We also
aim at presenting a dynamic ethical index by the definition of those functions we will call ethical reputation and
ethical coherence.
Keywords: portfolio theory, ethical finance, Sustainable Responsible Investment (SRI), ethical coherence,
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1. Introduction
The wealth of a market economy implies that the different ethical identities of families, enterprises and banks
have to be crossed, in order to improve the allocation of resources for a sustainable development. The
transparency, for the socially-responsible products market, is still weak and confusion between screened business
and humanitarian business is still strong. The difference between ethical business and humanitarian business is
fundamental. Ethical business invests in companies with an ethical purpose, an ethical activity, an ethical
management. To be considered socially-responsible, a company should have all these characteristics.
Humanitarian business, also known as devolution business, implies that investors give up a part or all of their
profit to community or solidarity activities.
Humanitarian business cannot be considered ethical because, in the predominant opinion, it is just an indirect
form of donation that does not give investors responsibility on how money is used in the investment process
(Barracchini, 2007). Evidence from psychology, game theory, anthropology and contingent valuation surveys
reveals a more complex pattern of decision-making than that described by neoclassical utility theory. While
ethics and utility maximisation in economics seem mutually exclusive, ethics has recently become a crucial issue
in financial markets.
The market demand for ethical investment is increasing, suggesting that investment decision are influenced both
by financial and moral considerations. Therefore, marketing strategies for ethical investment are needed.
(Hopmann-Pesti-Kirchler, 2007). In Jessen (2009), it is shown how superior investment opportunities can
emerge when the new dimension is incorporated into the investment decision. The model by Jessen for an
optimal responsible investment is considered if structured products may facilitate retail SRI.
Drut (2010) explores the implications of social responsibility in accordance with the model designed by Markovitz,
always dealing with such issue at the mean-variance level.
In Barracchini (2007), a model for optimal responsible investment allowing for a personal-value based decision
– called ethical index (k ) of investor k th , which we define static – has been shown.
This paper aims at proposing an extension of the static ethical index by means of a dynamic ethical index as well
as the definition of the functions of ethical reputation and ethical coherence. In this paper, when the concept of
ethical portfolio is used, we mean a portfolio only made of ethical assets. The investor k th selects such assets
as far as a satisfying value of the ethical index (k ) will be achieved. The first part of this paper offers a
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definition of the concept of the dynamic ethical index by means of the functions of ethical reputation and ethical
coherence. The second part describes the three-dimensional model of portfolio optimization: portfolio risk,
expected return and ethical coherence. The third part presents the criteria of selecting a portfolio through a
function of “generalized” utility.
2. Portfolio Selection and Ethical Coherence: A Background
The mean-variance model (Markowitz, H. M., 1952) regarding the portfolio choices is based on some
simplifying hypothesis, such as the investments’ one-period term, the absence of taxes and transition costs as
well as the perfect competitiveness of the financial markets – that is, a perfect information symmetry,
Let Bi , i  1,2,..., N be the N-titles or investments or business;
xi = the quotas of the i  th title, so that x1  x2  ...  x N  1
~
Ri ( i  1,2,..., N ): the stochastic return of the investment i  th

 i ( i  1,2,..., N ): the expected return of the investment i  th
~
~
 ij : the covariance of Ri and R j (i, j  1,2,..., N )

ij  [1,1] : the correlation coefficient
~
~
~
~
R  x1 R1  x2 R2  ...  x N RN : the stochastic return of the portfolio
~
  E ( R )  x11  x2  2  ...  x N  N : the expected return of the portfolio,
~
~ NN
2 (R)  Var(R)   xi xj ij :
j1 i1

the variance,

To properly develop the present work, we now need draw on the definition of subjective qualitative index
(Barracchini, 2007):
The ethical index of portfolio, ( k ) , is a subjective qualitative index, referring to the qualitative features of
investments and whose value, whether not negative, is referred to the ethical preferences of the investor k  th .

This paper aims at examining the ethical improvement or worsening (Note 1) of each asset in the portfolio as
time changes. The index ( k )  ( k ) (0) indicates the static ethical nature of the portfolio – that is, the ethical
value assigned to the portfolio by the investor k  th in the period of resource investment t=0. In a moment
subsequent or prior to t=0, the investor k  th may also assign a different value within the ethical index to the
portfolio, without changing the adopted criteria of ethical selection.
Remark: The following procedure, with proper changes, can be extended to the evaluation of the ethical firms
and to the control of the ethicality of the firms (Annibali – Barracchini - Bellini, 2008).

The need for a dynamic evaluation of the index (k ) is therefore clear. The time function of the index ( k ) (t ) is a
safe but not optimal tool, since a customer susceptible to ethics may also reward the attention payed over time by
a firm to the respect for ethical principles– that is, the so called “historical ethicality”.
In order to measure such historical ethicality, a function hereinafter called ethical coherence needs to be used –
that is, a function that weighs the dynamic ethicality ( k ) (t ) at any one instant.
In order to define the function of ethical coherence – indicated with  ( k ) T  , where T is the extent of the
observation interval of an asset from -T to 0 – introducing a weight, f ( k ) (t ) , hereinafter called ethical reputation,
is needed.
Thus, the function of ethical coherence is defined as follows:

 ( k ) 0    ( k )

E ( k ) T   
 1 0 (k )
(k )
   t   f t dt
 T  T

if

t0

if

t0

(1)

Suppose that the ethical reputation f ( k ) t  is a monotonically non-decreasing function so that the farthest
ethical index ( k ) t  does not have a greater incidence than the latest ethical index.
Axiomatic features of the ethical coherence:  ( k ) t  , t  [T ,0]
1) 0   ( k ) t   1

2)  ( k ) t   1 if ( k ) t   1 , t  [T ,0]

Thus, we indicate with
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Ei( k ) (T )  Ei( k ) the ethical coherence assigned by the individual k  th to the business Bi in [T ,0] , while the
portfolio ethical coherence referring to the individual k  th in [T ,0] is the following
N

E ( k ) (T )   Ei( k ) xi

(2)

i 1

3. A Three-Dimensional Model of Portfolio Optimization

This section presents a three-dimensional model of portfolio optimization: portfolio risk, expected return and
ethical coherence.
In this paper we are going to assume portfolio sets of ethical assets that ensure a minimum risk for a fixed return
and a fixed level of ethical coherence, observed for all the assets in the portfolio over the same time interval.
In the building up of such a portfolio, the selection of the ethical assets is made according to the ethical
coherence observed over a span of time T prior to the portfolio building-up time t=0.
Such coherence index, indicated with E ( k ) T  , is assumed to be fixed on a level  (k ) .
3.1 The Case of Three Risky Assets
In this section we wish to investigate a portfolio whose assets are characterized by two objective and quantitative
parameters (the expected return and the riskyness) and a subjective parameter, all of them linked to the asset’s
quality – that is, the ethical coherence as it has been measured by the individual k  th . The portfolio take into
consideration holds three types of assets, characterized by the following sets of values: B1  1 , 1 , E1( k )  ,
B2   2 ,  2 , E2( k )  , B3   3 ,  3 , E3( k ) 

1  x1  x2  x3
   x   x   x

1 1
2 2
3 3
 k 
(k )
(k )
(k )


E
E
x
E
x
(3)
1
1
2
2  E3 x3

 2   12 x12   22 x22   32 x32  2 x1 x2 1, 2  2 x1 x3 1,3  2 x2 x3 2,3
Supposing  i   j , at least for a value of i  j with i, j  1,2,3 , the set of linear equations made of the first
three equations of (3) allows, as regards the unknowns ( x1 , x2 , x3 ), a unique solution as described below:
x1 

E ( k ) (  2  3 )   ( E2( k )  E3( k ) )

(k )

E1

 2  3   E2( k ) ( 3  1 )  E3( k ) ( 1   2 )
x2 

x3 

Where:  i   j   (i, j ) and



E ( k )  (2,3)  E (2,3)
E1  (2,3)  E2( k )  (3,1)  E3( k )  (1,2)
(k )

E (1,3)  E ( k )  (1,3)
(k )
1

E

 (2,3)  E2  (3,1)  E3  (1,2)
(k )

(k )

(4)

E ( k )  (1,2)  E (1,2)
E1  (2,3)  E2  (3,1)  E3  (1,2)
(k )



(k )

(k )

Ei( k )  E (j k )  E (i, j )

In the following equation of variance
 2  x12 12  x22  22  x32  32  2 x1 x2 1, 2  2 x1 x31, 3  2 x2 x3 2, 3

if we change the variables x1 , x2 , x3 and write it in a compact way, it follows that

 E

 2

k , i , j 1
i j k



2

3

(k )

 ( i , j )   E ( i , j )  k2  2

E

(k )
1

 E
3

(k )

k , i , j 1
i jk

 ( 2 ,3 )  E 2





 ( i , j )   E ( i , j )    E ( k , j )  E ( k )  ( k , j )   k ,i

(k )

 ( 3,1)  E 3

(k )

 (1, 2 )



2


(5)

The equation (5) depends on the expected return and the ethical coherence of a portfolio made of three risky assets.
Remark: In the case of n>2 risky assets (e.g., n=4), the previous case can be followed, thus building up two
portfolios made of two assets and examining the resulting portfolio.

In order to analyze the indifference curves of a rational and susceptible-to-ethics individual, we can distinguish
among three different subcases on the reference level with a fixed variance, thus carrying on with the examination
of the curve (5). In our model we have supposed that the asset B3 is risk-free, while the assets B1 and B2 are
37

www.ccsenet.org/jms

Journal of Management and Sustainability

Vol. 2, No. 2; 2012

risky – therefore,  3  0 from which 1 3   2  3  0 .


Indicating with 12  1 2 the correlation coefficient of the two risky assets, we obtain the representation of the
12
possible levels of  2 , as  and E (k ) change. The parts in the first quadrant of the chart hold our interest, as for all
the cases taken into consideration. A careful-with-ethics customer will never choose a product with negative
ethical coherence, as well as a rational customer will never choose an asset with a negative return. If the correlation
coefficient 12 lies between (-1, 1), the indifference curves are, compared to the previously fixed  2 and as E (k )
and  change, ellipses whose axes of symmetry are not parallel to the coordinate axes.
It is clear that the Pareto efficiency, where 1 12 1 , is unique as well as it is the point of intersection of the
tangent line to the ellipse and at right angles to the axis crossing the two foci (Table 1).
Table 1. Iso-variance curve as a function of correlation coefficient
Correlation coefficient

Iso-variance curves in the plane
(Ethical coherence, return)

12  1

 1  12  1

12  1

3.2 The Case of N Risky Assets and a Risk-Free One

In a more general case of N risky assets and a risk-free one (the latter indicated with B0  ( 0 , E0( k ) ,0) ), the model
becomes:
N

1   x j
j0

N
 
 jx j


j0

N
 E  k    E (j k ) x j

j0
N
N
 2
     x j x i

j 1 i 1
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In order to calculate a portfolio with a minimum variance and once assigned both E (k ) and  , the Lagrangian
will be used:
NN
N
 N   N
 

Lx0, x1,, xn,1,2,3  xj xiij 11 xj 2 j xj 3Ek  E(jk) xj 
j1i1
j0
 j0   j0  


The system of partial derivatives in the Lagrangian, setting the constraint that it equals zero, is
 L
(k )
 x  1   2 0   3 E0  0
 0
 L  2 x     2 x     2 x         E ( k )  0
1 1,1
i 1, i
n 1, n
1
2 1
3 1
 x1


 L

 2 x1i ,1    2 xi i ,i    2 xn i , n  1   2 i   3 Ei( k )  0
 xi


 L
 2 x1 n ,1    2 xi  n , i    2 xn  n , n  1   2 n   3 En( k )  0


x
 n
 L
    x0  x1    xi    xn  1
 1
 L   x   x     x     x   
0 0
1 1
i i
n n
  2
 L

  x0 E0( k )  x1 E1( k )    xi Ei( k )    xn En( k )   E ( k )
  3

(7)

Assuming that the vector is not a linear combination of, the previous model can be rewritten as follows:
 0
 0

 0

 0
 

 0
 1

  0
 E ( k )
 0

0
2 1,1

 0
 2 1,i

 0
 2 1, n

1 1
 1  1


2 i ,1

 
 2 i ,i

 
 2 i , n



 1  i


2 n ,1

 
 2 n,i

 
 2 n , n





 1
 1
1
  i
  n
 1
(k )
(k )
  Ei
  En( k )
 E1

0
0
0

0
0
0

 1  n

 1   x0   0 
 E1( k )   x1   0 
  

    


 Ei( k )   xi   0 
  

      

   

 En( k )   xn   0 
  1    1 
0
   

0
 2     
     E ( k ) 
0

  3 

(8)

Otherwise, it can also have the following compact structure:

Cx  s

(9)
Such a solution is derived by means of a pre-multiplication of both the members for the inverse of the matrix of C
coefficients (we are dealing with a N+4-class, non-singular, square matrix, since it is the extension of the liability
of two risky assets and a risk-free one to the case of N risky assets and a risk-free one):
x  C 1  s

The same calculation has to be repeated for each value of  and E (k ) in order to get the optimal combination
for an ethical portfolio. In fact, the combination risk-return-ethical coherence makes the curves  2 to be constant
on the return-ethical coherence level in relation to N risky ethical assets and a risk-free one.
The Lagrangian has a minimum point only: therefore, the optimal portfolio regarding the variance  2 can be
observed for each fixed level of  and E (k ) with E ( k )   ( k )  (0,1] .
3.3 Portfolio Selection Criteria

According to the traditional theories of portfolio, adopting a standard in order to choose among the various
opportunities provided seems to be necessary. For this purpose, the function of utility has to be introduced in
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order to describe the three types of attitudes that an individual may have towards a risky situation: in fact, a
person is said to be risk-avoinding, risk-neutral and risk-seeking.
As regards the case provided by our model, it seems to be also necessary to extend the utility function that,
therefore, is made of three variables. The case taken into consideration concerns portfolios made of ethical assets
only, since they have been selected by rational and susceptible-to-ethics individuals – hence the utility function we
have examined is made of the three variables  , E (k ) and  2 :



U , E ( k ) ,  2



(10)

having the following features:
increasing compared to  and E (k ) , decreasing compared to  2 ;
therefore, if it is derivable, with
U
U
U
0
0
0

E ( k )
 2

(11)

According to the traditional theory of the expected utility (Von Neumann, J., & Morgenstern, O. 1944), a
quadratic form with three variables can be obtained. In case of a non susceptible-to-ethics individual, the
parameter is not taken into consideration, thus applying the traditional theory of the risk-return utility.
As the theory of the expected utility has been aware of (subjective but summarized in three categories against
indifferent and willing to risk) to risk so, in our opinion, must take into account the ethical sensitivity of the
investor.
4. Final Remarks

We think that the Portfolio Theory can be re-read, taking into account the attention payed by investors to the
quality of business in their choices.
The present study aims at being an attempt – already announced in Barracchini (2007) and
Annibali-Barracchini-Bellini (2008) – to provide for a new approach to the portfolio theory.
The cases we have examined (3 and N assets) show that choosing ethical assets only in a portfolio, in accordance
with the individual k  th ’s value of ethical coherence, limited the basket but satisfied the investor’s moral demands.
The use of ethical coherence as a new variable raised the number of equations, thus giving the issue a newly
acquired tree-dimensional feature (mean-variance-ethical coherence) rather than the previous bi-dimensional one
(mean-variance). Such third dimension increased the complexity of the utility function as well, since an investor
also cares about maximizing the portfolio’s ethical coherence as well as about rationally operating on return and
risk. The outcome of this work has been to determine an efficient frontier from which a unique, optimal, ethical
portfolio with a fixed variance can be extrapolated, thus maximizing both the return and the ethical coherence. The
uniqueness of such a portfolio does not concern the assets’ make-up but the uniqueness itself of the index variables
– that is, return and ethical coherence.
Corporate reputation [Fombrun-Rindova (1998), Fombrun-Shanley (1990), Fombrun-Van Riel (1998), Davis
(2003)] can be measured by evaluating the solvency and the ability of a company to meet an investor’s demand.
All the works available on the matter are, in most cases, accounting and empirical models. On the contrary, our
proposal concerns the selection of an ethical portfolio – i.e., a portfolio which respects those principles the
consumer believes to be consistent with his/her ethics.
We have deeply dealt with the problem of how to quantify an "ethical portfolio size" within a dynamic algorithm as
well as how to use such size in the portfolio selection criteria.
The outcome of this work is the introduction of the ethical size as a third dimension in the same way as return and
risk in mean-variance method, thus becoming a three-dimensional mean-variance-ethics model.
Our innovative contribution was to establish the conditions for a process of dynamic building-up of the ethical
dimension through the definition of the qualitative/quantitative corporate variables – called ethical reputation and
ethical coherence respectively.
Thus, a portfolio of N risky assets and a risk-free portfolio were analyzed, calculating the optimal quantities with a
fixed variance at an ethics/return level. In particular, in the case of three risky assets, curves with a constant
variance have been represented (see table 1) and the different geometries depending on the correlation coefficient
have been shown. Moreover, in the case of three titles, explicit solutions about the weights for each asset in the
portfolio (4) have been found.
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Note

Note 1. For instance, if you want to evaluate the ethical level of an asset – being this one expression of a
business producing animal feed – the inclusion in the combination of biological ingredients as a product is
considered an improvement of the index, whereas removing them is considered a worsening.
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