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Abstract

The purpose of this article is to prove strong convergence theorems for mapping of asymptotically quasi-nonexpansive
types in a Hilbert space according to hybrid methods. The results obtained in this paper extend and improve upon those
recently announced by Qin, X., Su, Y. and Shang, M. (Qin, X. et al., 2008), and many others.
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1. Introduction

Let H be a real Hilbert space and let C be a nonempty subset of H. Further, for a mapping T : C — C, let @ # F(T) be
the set of all fixed points of 7. A mapping 7 : C — C is said to be asymptotically quasi-nonexpansive if there exists a
sequence {k,} of real number with k,, > 1 and lim k, = 1 such that for all x € C, g € F(T)

n

IT"x — gl < kyllx —ql|, for alln > 1. (D)
T is called asymptotically quasi-nonexpansive type (Sahu, 2003) provided 7 is uniformly continuous, and

lim sup{sup (J|T"x — g|| = |lx — gD} < 0, for all g € F(T). 2)
n  xeC

T is called uniformly L-Lipschitzian if there exists a positive constant L such that

[|IT"x = T"y|| < L|lx — y||, forall x,y € Cand alln > 1. 3)

Fixed point iteration processes for asymptotically quasi-nonexpansive type mappings in Banach spaces have been studied
extensively by many authors, (Chang, 2004; Li, 2007; Puturong, 2008 & 2009; Quan, 2006; Sahu, 2003; Saluja, 2007;
Tian, 2007). The other nonlinear mappings, which are all special cases of asymptotically quasi- nonexpansive type map-
pings, have been also studied both in Banach spaces and Hilbert spaces. Those nonlinear mappings are nonexpansive
mappings, quasi-nonexpansive mappings, asymptotically nonexpansive mappings, asymptotically quasi-nonexpansive
mappings and asymptotically nonexpansive type mappings. However, In recently years, the hybrid iteration methods
for approximating fixed points of nonlinear mappings has been introduced and studied by various authors as follows:

In 2003, Nakajo, K. and Takahashi, W. introduced an iterative scheme for a single nonexpansive mapping 7" in a Hilbert
space H:

Xxo € C chosen arbitrarily,

Yu = Xy + (1 — )Ty,

Ch={zeC |y, —zll < llx, — zllh C))
0, =1{z€C :{(x,—z,x — x,) =0},

X1 = Pc,ng, (X0)s

where C is a closed convex subset of H, Px(xp) denotes the matric projection from H onto a closed convex subset K of
H. They proved that if the sequence {a,} is bounded above from one, then the sequence {x,} generated by (4) converges
strongly to Pr(ry(Xo). Where F(T') denote the fixed points set of 7.

In 2006, Kim, T. H. and Xu, H. K introduced an iterative scheme for asymptotically nonexpansive mapping 7 in a Hilbert
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space H:
Xo € C chosen arbitrarily,
Y = @y + (1= @) T" Xy,
Co=1z€C :llyu— 2P < llxy — 2ll? + 6}, o)
On =1{z€ C:{xy—z,x0 — x4) = O},
Xp+1 = Pc,no, (X0),

where C is bounded closed convex subset and

6, = (1 — a,)(k2 = 1)(diam C)> — 0 as n — co.

They proved that if the sequence {«,} is bounded above from one, then the sequence {x,} generated by (5) converges
strongly to Pr(ry(xo).

They also introduced an iterative scheme for asymptotically nonexpansive semigroup J in a Hilbert space H:

X € C chosen arbitrarily,
[
1
Yn = QpXp + (1 - an)t_fT(s)xnds’
n 0

Co=1z€C:lys— 2l < lx, —2* + 6}, (©6)
On={z€C:{x,—2,x —x) 2 0},
Xnt1 = Pc,ng,(X0),

where C is bounded closed convex subset and

0,=(1- ozn)[(tlfL(u)du)z — 1](diam C)*> = 0 as n — co.
0

They proved that if the sequence {a,} is bounded above from one, then the sequence {x,} generated by (6) converges
strongly to Prg)(xo). Where F(J) denote the common fixed points set of J.

In 2006, Carlos Martinez-Yanes and Hong-Kun Xu introduced an iterative scheme for nonexpansive mapping 7 in a
Hilbert space H:

X € C chosen arbitrarily,

Yn = Xy + (1 - an)TZna

in = ann + (1 _ﬁn)Txna

Co={z€C:llys— 2 <llx, -2l ™

+ (1= an)lzall® = 11xal® + 2¢20 = 2, 2D}
Qn = {ZE C: <xn —Z, X0 _-xn> = 0}9
Xnt1 = Pc,no, (X0),

where C is a closed convex subset of H. They proved that if the sequence {«,} is bounded above from one and 3, — 0,
then the sequence {x,} generated by (7) converges strongly to Prr(xp).

They also introduced an iterative scheme for nonexpansive mapping 7 in a Hilbert space H:

Xo € C chosen arbitrarily,

apxg + (1 —a,)T x,,

z€C:llyn—2P < llxy —2l? ®)
+ a(1x0ll* + 2(x, — X0, 2)},

Qn = {ZE C: <xn_Zax0_xn> 20}’

Xnt1 = Pc,ng, (X0),

Yn
Cn

where C is a closed convex subset of H. They proved that if the sequence {«,} is bounded above from one and @, — O,
then the sequence {x,} generated by (8) converges strongly to Prr)(xo).
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In 2007, Su, Y., Wang, D. and Shang, M. introduced an iterative scheme for quasi-nonexpansive mapping 7 in a Hilbert
space H:

X € C chosen arbitrarily,
Yn = QpXy + (1 - a'n)Txm
Cn = {Z € Cnfl N anl : ”Z _yn” < ”Z - xn”}’

Co={z€C:llz—yoll < llz = xoll}, )
O, = {zeCran On-1: (Xp — 2, X0 — Xp) 2 0},
Qo =C,

Xnt1 = Pc,ng,(X0)s

where C is a closed convex subset of H. They proved that if {e,} is a sequence in [0, 1] such that lim sup «, < 1, then the

n—oo

sequence {x,} generated by (9) converges strongly to Prry(xo).

In 2008, Inchan, I. and Plubtieng, S. introduced an iterative scheme for two asymptotically nonexpansive mappings S and
T in a Hilbert space H:

Yn = QpXy + (1 - an)TnZn’
in = ﬁnxn + (1 —,8,,)S”x,,, (10)
Cos1 ={2€ Cp: llyn =l < llx — 2 + 6},

Xur1 = Pc,, (x0), n€N

where 6, = (1 — a,)[(22 = 1) + (1 = B,)t3(s2 = 1)](diam C)> - 0asn — coand 0 < @, < 1,0 < b < B, < ¢ < 1 for all
n € N. They proved that the sequence {x,} generated by (10) converges strongly to Pr(s)nr)(X0)-

They also introduced an iterative scheme for two asymptotically nonexpansive semigroups . = {S(¢) : 0 < ¢ < oo} and
Z ={T(t) : 0 <t < oo} in a Hilbert space H:
oy

1
Y = Xy + (1 = an)t_fT(t)ant’
n
0

Zn = BuXn + (1 —ﬁn)slnfs(t)xndt, (1
0
Cor1 = (2€ Cp 2y — 2P < llxs — 2l + 6,)
Xne1 = Pc,, (x0), neN,

where 6, = (1 — a,) [(&" = 1)+ (1 = Bt (5,7 = D] (diam € - 0asn — 00 (5, = L [ LTdrand 5, = L [ LS dn),
O0<a,<a<land0<b<pB,<c<lforallne NU{0}andz, — co,s, — co.

They proved that the sequence {x,} generated by (11) converges strongly to Pr.s)nr(7)(X0)-

In 2008, Qin, X., Su, Y. and Shang, M. introduced an iterative scheme for asymptotically nonexpansive mapping 7 in a
Hilbert space H:

X € C chosen arbitrarily,
Zn = Boxn + (L= B)T"x,
Y = Xy + (1 = @) 1"z,
Co={(veC:llyn—vIF <llx, —IP 12)
+ (1= anlkgllzall?® = bl + (= DM + 20 = kyza, v)1),
On={veC:{xg—xyx,—v) >0},
X1 = Pc,ng,(x0),
where M is a appropriate constant such that M > ||v||> for each v € C,.. They proved that if {k,} is a sequence such that

k, — 1 as n — oo and {e,} is a sequence in (0, 1) such that @, < 1 — ¢ for all n and for some ¢ € (0, 1] and 5, — 1, then
the sequence {x,} generated by (12) converges strongly to Pr(r)(xo).
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They also introduced an iterative scheme for asymptotically nonexpansive mapping 7T in a Hilbert space H:
Xo € C chosen arbitrarily,
Yn = apxo + (1 — @) T"x,,
Co= v € C Iy = VI < lbow = vIP + (K = 1 = ankpllxil? (13)
+ ayllxoll” = 2Aanxo + (k; = 1 = @nkp)x,, vy + (1 = @,)(ky — HM},
O,={veC:{xo— xp,x,—v) >0},
Xut1 = Pc,ng, (X0),

where M is a appropriate constant such that M > |[v||> for each v € C,. They proved that if {k,} is a sequence such that
k, — 1 asn — oo and {w,} is a sequence in (0, 1) such that @, — 0 as n — oo, then the sequence {x,} generated by (13)
converges strongly to Pr(r(xp).

The purpose of this paper is to prove strong convergence theorems for mapping of asymptotically quasi-nonexpansive
types in Hilbert space. The results obtained in this paper extend and improve upon those recently announced by X. Qin,
Y. Su, and M.Shang and many others.

2. Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm || - ||; let C be a nonempty closed convex subset of H. In a
real Hilbert space H, we have

(x+y,2) =(x,2) +(,2),
{ax,y) = alx,y),
(x,y) = (3, x),
Il + P = [P + (xy) + v x) + Iy
llxx = yIP* = [1xIP = (x,y) = (. x) + P,
forall x,y,z€ H.

Let {x,} be a sequence of H and let x € H. Then, {x,} is said to converge weakly to x, denoted by x,, — x, if forany y € H,
(Xn, y) = (X, ¥).

For any x € H, there exists a unique nearest point in C, denoted by Pc(x), such that ||x — Pc(x)|| < ||x — y|| forany y € C.
Such a P¢ is called the metric projection of H onto C.

Recalling a well-known concept, and the following essential lemma, in order to prove our main results:
Lemma 2.1 There holds the identity in a Hilbert space H:

[l4x + (1 = )yl = AP + (A = DIl = A0 = Dllx = ¥,
forall x,y e Hand A € [0, 1].

Lemma 2.2 [Qin, 2008] Let C be a closed convex subset of a real Hilbert space H and let P. be the metric projection
from H onto C. Given x € H and z € C. Then z = Pc(x) if and only if there holds the relations:

(x—z,y—-2)<0 forallyeC.
Lemma 2.3 [Takahashi, 2009] Let H be a real Hilbert space and let {x,} be a bounded sequence of H such that x,, — Xx.
Then the following inequality hold:
[lxl| < lim inf [|x,|I.
Lemma 2.4 [Takahashi, 2009] Let H be a real Hilbert space and let {x,} be a sequence of H. If x, — x, then x,, — x.

Lemma 2.5 [Takahashi, 2009] Let H be a real Hilbert space and suppose x,, — x. Then lim inf ||x, — x|| < lim inf ||x, — /|
n—oo n—o00
for all y € H with x # y.

3. Main Results

In this section, we provide proof strong convergence theorems for a mapping of asymptotically quasi-nonexpansive type
in a Hilbert space by hybrid methods.

Lemma 3.1 Let C be a nonempty closed convex subset of Hilbert space H, and T : C — C be an asymptotically quasi-
nonexpansive type mapping with nonempty fixed point set F(T) and T is uniformly L-Lipschitzian. Put

G, = max{0, sup[||T"x — pll = [lx — pllI}
xeC
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foralln > 1, forall p € F(T) so that i G, < 0. Then F(T) is a closed and convex.

n=1

Proof We first show that F(T) is closed. To see this, let {x,} be a sequence in F(T') with x, — x, we shall prove that
x € F(T). Then we have

x=1limx,=1m7Tx,=T limx, =Tx
n—oo

n—oo n—oo

and hence x € F(T). This implies that F(T) is closed. Next, we show that F(T') is convex. Let x,y € F(T) and 1 € (0, 1).
We show z = Ax + (1 — A)y € F(T). From Lemma 2.1, we have

llz = T2l = [lAx + (1 = )y = AT"z = (1 = HT"2|
= Ax = T"2) + (1 = D)y - T"2)IP
= Alx = 772 + (1 = Dlly = TP = a1 = Dllx -yl
= A[(IT"z = x| = llz = xI) + Iz = ]
+ (=D [Tz =yl = llz = ¥l + Iz = ylIT* = A1 = Dllx = I
= [Tz = xll = llz = xID* + 217"z = x|l = llz = xI)
(Ilz =l + llz = ] + (4 =) [AIT"2 = ¥l = llz = ¥
+2(IT"z = ¥l = llz = Y1) Iz = yID) + Iz = yI7| = A1 = Dl = yi?

2
<a [SUP(HT"CI —xll =g - X||)] +24 {SUP IT"q = xll = llg - xll)} (llz = xl)
qeC qeC
2
+ Az = x* + (1 =) [sug (T"q = yll - llg - yll)]
qE

+2(1-2) [Sug (T"q =yl = llg = yll)] (lz =D + (1 = Dllz = yI* = A0 = Dllx =yl
q€

< AG? +22G, (Iz = xll) + (1 = G2 + 2(1 = DG, (llz = yI) + 1Az = x) + (1 = Dz = y)IP
= G2 +24G, (llz— xl) +2(1 = DG, (lz =y -

Which implies that ||z — T"z|]| — 0. We obtain,
lz =Tzl < llz = T" 2l + 17"z = Tzl < |lz = T"'2l| + LIT"z - zll - 0,

which implies that 7'z = z. So, we get z € F(T). This implies that F(T') is convex.

Theorem 3.1 Let C be a nonempty bounded closed convex subset of Hilbert space H and let T : C — C be an asymptot-
ically quasi-nonexpansive type mapping with nonempty fixed point set F(T) and T is uniformly L-Lipschitzian. Assume
that {a,} and {B,} are sequences in (0, 1) such that «,, < 1 — 8 for all n and for some 6 € (0,1] and 5, — 1. Define a
sequence {x,} in C by the following algorithm:

Xo € C chosen arbitrarily,

Zn = Baxa + (1 _ﬁn)Tnxm

Yn = QpXy + (1 - an)TnZna

Co={veC:ly,— v’ < aullxll’ + (1 - )Gy, + MG,y + (1 = a)llzall?

= 2@y + (1 = an)ze, v) + VP,
On={veC:{(xg—xpx,—v) 20},
Xnt1 = Pc,ng, (X0),
where M = 2(1 —a,)(diam C) and G,, = max{0, sup[||T"x— pl|—|lx—p|[]]} forall n > 1, for all p € F(T) so that ), G, < co.
xeC n=1

Then {x,} converges to Ppr)Xo.

Proof It is obvious that for n € NU{0}, Q, is closed and convex. We show that C,, is closed and convex for all n € NU {0}.

Let {vy},,_, € C, C C with v,, — vasm — oo. Since C is closed and v,, € C,,, we have v € C and

= Virl® < @allxall* + (1 = @)G2 + MGy, + (1 = @)lizall* = 2¢@nn + (1 = @)z Vi) + [Vl -
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Then

s = VI = llyn = Vi + v = VI
= {lyn = Viall® + Vi = VI + 200 = Vs Vi — v)
< = Vil + 11V = VIP + 211y = viallllv = vl
< ayllxlP + (1 = @Gy + MG, + (1 = a)llzall” = 2¢@nxs + (1 = @), Vin)

2 2
+ ”Vm” + ”Vm - V” + 2||yn - Vm””Vm - V”
Taking m — oo
2 2 2 2 2
llyn = vII* < @ullxall” + (1 — )Gy + MGy + (1 = ap)llzall” = 2{@pxn + (1 = @p)zn, v) + VI

Then v € C,, and hence C,, is closed.
Letx,y € C,, € C with z = Ax + (1 — )y where A € (0, 1). Since C is convex, z € C. Thus, we have

Iy = xI* < @ullxall* + (1 = @Gy + MG, + (1 = a)llzall® = 2@ Xy + (1 = @)za, x) + 121
and

”yn - y”2 < an”xn”z + (1 - a'n)Gﬁ + MGn + (1 - an)”Zn”z - 2<anxn + (1 - an)zmy> + ||)’||2

Hence

llyn = 2l = llyn = (2x + (1 = Dy)IP

= 1A = x) + (1 = D = YIP

= Allyn = 2P + (1 = Dllyn = P = 21 = Dlly — 1l

< A%l + A1 = @)G? + AMG,, + A1 — ap)l|zall? = 2ex, + (1 = @)z, X)
+ Al + (1 = Dayllxl® + (1= DA = )Gy + (1 = YMG, + (1 = )(1 = a)llzall®
= 2(1 = )@ x, + (1 = ap)zny) + (1= DI = A1 = D)y - x|

= aullxall® + (1 = @)G; + MG,y + (1 = a)llzall* = 2(@nxy + (1 = @)zn, Ax + (1 = D))
+ [lAx + (1= Dyl

= @llnll + (1 = @Gy + MG, + (1 = ap)llzall = 2@, + (1 = @)z, 2) + 2.

It follows that z € C,, and hence C,, is closed and convex. Then C,, N Q,, is closed and convex.

Next, we show that F(T) c C, for all n € N U {0}. Indeed, let p € F(T), we have

Iy =PI = llan(x, = p) + (1 = @) (T"z, — PP

= aullxy = pIP* + (1 = @)lIT"20 = pl* = an(l = ap)llx, — Tzl

< aullxy = plP* + (1 = @)IIT"2, = pIP?

= ayllxy = pIF + (1 = @) [IT"20 = pll = llzn = pID + llza = pIIT?
aullx = plF + (1 = @)(IT"z0 = pll = llza = pID
+2(1 = an)(IT"z0 = pll = llza = pIDUlza = pID) + (1 = @n)llza — pIP
aullx, = plP + (1 = @)[sup(IT"x = pll = llx - pIT?

IA

+2(1 - an)[sug(llT"x = pll= Ik = pDIAlzs = pID + (1 = @iz, = pI?

IA

aullxall® = 2@nn, p) + @ullpll® + (1 = )Gy,

+2(1 — a,)G,(diam C) + (1 — a,)l|z, — p||2.

aullxall® = 2¢@nxa, p) + aullpll® + (1 = )Gy + MG, + (1 = a)llzall® = 2¢(1 = @)z, p)

+1pI? = allpl®

aullxall® + (1 = @G + MGy, + (1 = @llzall” = 2 (@ + (1 = @)z, p) + lIpII*. (14)

It follows from (14) that p € C, for all n € N U {0}. So, we get F(T) c C,. Let us show by induction that F(T) c C, N Q,
for all n € N U {0}. In the case of n = 0, we have F(T) c Cy and Qp = C. So, we get F(T) c Cy N Qp. Suppose

8 ISSN 1916-9795  E-ISSN 1916-9809



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 2, No. 4; November 2010

that F(T) C Cy N Oy for some k € N. Since C; N Oy is closed and convex, we can define xir1 = Pc,ng,(x0). From
Xk+1 = Pcno(X0), by Lemma 2.2 we have

(X0 — Xga1, Xke1 — 2y =20 forall z e Cr N Q.
Since F(T) c C; N Qx, we also have
(X0 — Xpa1, Xke1 —uy >0 forallu e F(T).
So, we get F(T) C Qi1 Then we obtain F(T) C Ciy1 N Qk+1. Next, let us show that {x,} is bounded. Since F(T) is a
closed and convex. Put zo = Prr)(xo). From x,.1 = Pc,ng,(X0), we get
[Ixp41 = X0ll < llz = xoll  forall ze C, N Q,.
From zyp € F(T) c C,, N Q,, we also have
X041 = Xoll < llzo — xoll ~ forall n € N U {0},

and hence {x,} is bounded. Since x,,; € C, N @, C Q, and from the definition of O, we have x, = Py, (xp), we get
[1,—Xol| < ||Xp+1—Xoll. From boundedness of {x, }, we get that lim ||x,—xo|| exists. So, we obtain (||x,1—xoll>=||x,—xol*) —
n—oo

0. On the other hand, from x,; € Q,, we have

<X() = Xns Xn — xn+1> > 0.

So, for all n € N U {0} we get
2 2
(12 = X1 l” = 1Cxn = X0) — (Xne1 — Xo)l
2 2
= |l = xoll” = 2 = X0, X1 — X0} + || X041 — Xoll
2 2
= “xn+1 - )C()” - ”xn - )CQ” - 2<xn — Xn+1, X0 — -xn>
2 2
= |1 = Xoll” = [l — xoll” = 2¢x0 = x> X = Xnt1)
2 2
< ”xn+1 - X()” - ”xn - X()” .
This implies
”xn+l - -xn” - 0. (15)

However, since limf, = 1 and {x,} is bounded, we obtain
n—o0

llzn = xull = 11Bnxn — Xall + (1 = BT x5 = x4ll — 0. (16)
Since ||z, = Xnr1ll < M1z = Xull + [1X0 — X1l It follows from (15) and (16) that
llzn = X1l — 0. 17)
On the other hand, it follows from x,,; € C, that
yn = Xas1l? < @allxall® + (1 = )Gy + MGy, + (1 = an)llzall” = 2@, + (1 = )20 1) + (s [P
= aullxall + (1 = @)llzall® + 101 1P = 20 (o, Xat1) = 220, Xus1)
+ 205 zns Xn1) + (1 — )G,y + MG,
= aullxall® + lzall® = €allzall® + 106ne1 1P = 200(Xn, Xn1) = 2(2ns X1}
+ 2, (2, Xnr1) + (1 = )G, + MG,
= [lzall* = 2¢zn Xna1) + 10t P + @allxall* = 200, Xoa1) + @l nit I*
= @izl + 20z, Xar1) = @ullxpat P + (1 = @)G; + MG,

2 2 2 2
= ”Zn - xn+1|| + a’n”xn - xn+1” - an”Zn - xn+l” + (1 - an)Gn + MGn

It follows from (15), (17) and Y, G,, < o that
n=1
lyn = Xpall = 0 (18)

It follows from (15) and (18) that
1yn = xall < lyn = Xnaa |l + X1 = Xall = 0. (19)
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Again, noticing that 7"z, =y, + @,||T"z, — x,||, we have
”Tnzn - )C,,” = ”yn - xn” + Q'n”TnZn - )C,,”.
It follows that || 7"z, — x,|| = ﬁllyn — Xu|l- Since @, < 1 — ¢ and T is uniformly L-Lipschitzian, we have

NT"xp = Xull S NT" x5 = T2l + [IT" 20 = 23l

1
< L”xn _Zn” + (_S”yn - xn”-

Therefore, it follows from (16) and (19) that
”Tnxn - xn” - 0

We obtain

IT %0 = xll < IT o = T 0l + 1T iy = T |+ 1T Xt = Xl
+ X1 = Xall
< Llxy = T"xll + (L + DIxy = Xl + 17" X1 = X,
which implies that
IT x, — x,|| = O.
Since {x,} is bounded, there exists a weakly convergent subsequence {x,,} of {x,} such that x,, — ¢. Assume g # Tq.
From Opial’s theorem (Lemma 2.5), we have
}LIE inf [|x,, — gl < [lgg inf ||x,, — T'ql|
< lim inf(}x,, — T, | + 17, = Tql)
< lim inf(Llx,, — gl

= (Dlim inf [1x,, — gl

This is a contradiction. So, we have g = T'q, and hence g € F(T'). From zyg = Pp(r)x9, Lemma 2.3, 2.4 and ||x,,.1 — xol| <
llzo — xoll, we have
lIx0 — zoll < llxo — gll < lim inf [|xp — x;,,[| < lim sup [lxo — X[l < [lx0 — zoll-
1—00 1—00

So, we get lim|lxo — x,[| = [lxo — gll = llxo - zoll-
It follows that xo — x,, — xo — zo; hence, x,, — zo. Since {x,,} is an arbitrary subsequence of {x,}, we conclude that
X, — Zo. This complete the proof.

Theorem 3.2 Let C be a nonempty bounded closed convex subset of Hilbert space H and let T : C — C be an asymptot-
ically quasi-nonexpansive type mapping with nonempty fixed point set F(T) and T is uniformly L-Lipschitzian. Assume
that {«,} is a sequence in (0, 1) such that @,, — 0 as n — oo. Define a sequence {x,} in C by the following algorithm:

X € C chosen arbitrarily,

Yo = @pxo + (1 — @) T"x,,

Co= v eC:lyn =V < aullxoll + (1 = @)G;, + MG, + (1 = )l

= 2anxo + (1 = @)x,v) + IVIF),
Q,={veC:{xg—xp,x,—v) =0},
Xnt1 = Pc,no, (X0),

where M = 2(1 —a,)(diam C) and G,, = max{0, sup[||T"x— p||—|lx— pl|]} for all n > 1, for all p € F(T) so that i G, < o,
Then {x,} converges to Pr)Xo. = !
Proof Similarly as in the proof of Theorem 3.1, we can get the proof is completed.
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