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On the Solution of the Black-Sholes Equation with Jump Process
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Abstract

In this paper, we study the well known equation that is the Black-Scholes equation by considering its solution for the case
of jump processes, particularly the jumps of prices of the stock models can be interpreted by the concepts of distribution
theory.
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1. Introduction

In the year 1973, F. Black and M. sholes has first introduced the well known equation that can be solved for the call option
of the stocks. Such equation is named the Black-Scholes equation which is given by

0 0 2S2 2
Y u(s, 1) + rsa u(s, 1) + > 352 u(s,t) —ru(s,t) =0 (1)
with the terminal condition
u(sr,T) = (sp — k)" (2)

denotes (s7 — k)t = max(st — k,0), for 0 < ¢t < T where u(s, t) is the option price at time ¢, r is the interest rate, s = s(f)
is the price of stock at time ¢, sy is the price of stock on the expiration date at time 7', k is the strike price and o is the
volatility of stock. They obtain such solution

In(3)+ (r+ 10)(T - 1)

u(s, 1) =s<D( T )
o I+ =Lta?(T -0
_ k (T t)(D k 2 3
¢ < oNT —t ) ©)

which is call the Black-Sholes Formula where ® denote by

() = — f <
= — e 2 Z3
Vor

(J.Michael, 2001). In this paper, we study such solution for the case of the jumps of s. Let s = s(¢) be the prices of the stock
having the jumps of magnitude a;,a,,as,...,a, attime t = t|,t,t3,...,t, respectively for 0 < t; <t, < t3,...<t, <T.
By using the jumps in the distributional sense (I.M, 1964, p22) and the method of option prices with the stock model. We
let

x(t) = s(t) = Y aiH(t ~ 1;)
i=1

where
1, for t; <t

H(l_[i):{ 0, for t<t.

is a Heaviside function, and x(z) is a continuous functions for all . Thus

s(f) = x(7) + Z aH(t - 1))
i=1
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If we put
u(s, 1) = u(x()) + " aiH(t - 1), 1) = v(x(0), 1),
i=1

we obtain the Black-Sholes in (1) for the jump processes in the form

i < i
22 V0.0 + r(x() + ; aiH(t = 1)) = (D). 0+

0_2 m b 62
5 (0 + Y aH ~ 1)) 23 V0,0 = rv(x(),1) = 0 @
i=1

with the terminal condition

m

v((T), T) = (x(T) + Z aH(T - 1) - k)
i=1

+
b

(&)

we obtain

m

v(x(0), 1) = (x() + ) aiH( - 1))
i=1

d

[ln(wp(w %)(T—t)]
oVT —t
In (A2EEHDY 4 ()T )

k

oNT -t
as a solution of (3) for the case of jump processes. For the case of no jumps that is a; = 0, equation (6) reduces to (1) and
(5) reduces to (2).

— ke T ] (©)

2. Preliminaries

Let us consider the stock model
ds = usdt + osdB @)

where s = s(¢) is the price of a stock at time #, i is a drift and o is a volatility of the stock s and B is the Wiener process
or Brownian motion. Suppose s(7) has jumps of magnitude a;, az,as, ..., a, attime t = t;,t, 3, ... , t,, respectively. Let

x(t) = 5(t) = Y aiH(t — 1;) (8)
i=1

where
1, for t; <t

H(t-1;) =
(=) { 0, for t<t.
is a Heaviside function.

Now x(7) is a continuous functions for all ¢ and the derivative o ds@)

except t = ty,h, 13, ..., ,. Differentiable both

dt dt
sides of (8) and obtain
dx(t) ds(t) <
— = - Ot — ¢ 9
= Zl] as(t — 1) )
where dfl(lt) is the derivative of s(¢) in the distributional sense.

Now from (7), (8) and (9) we obtain

dx(t) + i a;o(t — t;dt = u[x(t) + i a;H(t - ti)]dt
i=1 i=1

+ O'[X(t) + i a;H(t - ti)]dB,
i=1

dx(t) =ux(Hdt + ox(H)dB + Z aH(t — t;)dt

i=1

a:H(t — 1,)dB - Z aid(t — t;)dt.
1 i=1

m m
+ 0

I

34 ISSN 1916-9795  E-ISSN 1916-9809



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 3, No. 1; February 2011

Let
J@t)=pu Z a;H(t —t)dt + o Z a;H(t — t,)dB — Z a;0(t — t;)dt.
i=1 i=1 i=1
Thus
dx(t) = ux(t)dt + ox(t)dB + J(1).

Now from (1) we have u(s, t) is the option price at time ¢. Let

u(s, 1) = u(x(t) + Zml aiH(t - 1).1)

i=1

= v(x(1),1).
By using It6 chain rule, we have
2
Ao, 1) = ZEDD | HOD,D lw(d )~
ot ox 2
By (11),
dv —%dt + —[,ux(t)dt + ox(t)dB + J(1)]
. o d dB+J
2 pe — [ux(p)dt + ox(H)dB + J ()]
av=Lar + —[ (Ddt + ox(t)dB + J(1)|
Y Hux ox
+ zﬁ[,uzxz(t)(dt)z + 22 (1)(dB)* + JA(t)

+ 2uox*(dtdB + 2ux(t)dtJ (1) + Zo-x(t)dBJ(t)].

(10)

Y

Since, we have (dB)? = dt, thus dtdB ~ (df)*/?. Now, (df)* and (dr)*'? are not first order, so we discard the terms (df)?

and dtdB.

From (10), we have

m m

P =2 - 1) @ + () at - 1) @By
i=1 i=1

(D st - 1)) @i + 2u0( Y aittc - 1)) didB

i=1 i=1

— 2 Z a:H(t - 1) Z aid(t — 1;)(dt)*
i=1 i=1

m m

_20 Z aH(t —1;) Z a;6(t — t;)dtdB
i=1 i=1

since (dB)? ~ dt and the terms (df)*> and dtdB are cancelled, Thus

m

P = o Z a;H(t - t,-))zd.t

i=1

Now consider the term dtJ(t) and dBJ(t), the same as before, dtJ(t) = 0 and

dBJ(t) = o Z a:H(t — t;)dt.

i=1
Thus

dv v
dv =a—:dt + —[,ux(t)dt +ox(dB+ ()] + 5 is a . [0'2 (rydt

m

+20°2x(f) Z aiH(t - t)dt + o Z a:H(t - 1)) dt],

i=1 i=1
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or

v v
dv=—di + a[ﬂx(l)dl +ox(ndB + (1)

o’ v S 2
+ 7@[x(t) + ; aiH(t - )| dr. (12)
Let u(s, t) = ¢s + yp where ¢ is a number of shares of stock and ¢ is a number of bonds and p is the value of a bond.
Now, we have du(s, t) = ¢ds + ydp and
ds = dx(t) + Z a;o(t—t;)
i=1

= p(x(t) + Zm: aiH(t - 1;))dt + o(x(r) + Zm: a;H(t - 1;))dB.
i=1 i=1
Thus

du(s, 1) = du(x(1) + Zm: aH(t - 1;).1)

i=1

= glu(x + > aiH( - 1)
i=1

+ a(x(t) + i a;H(t — t,-))dB] + Yrpdt
i=1

where dp = rpdt, r is the interest rate. We set u(s, t) = v(x(?), f) thus
dv =¢[y<x(t) + Z a;H(t — t,-))dt
i=1

+o(x(0) + i a;H(t - 1;))dB| + yrpdt (13)

i=1
we equate the dv from (12) and (13) and

ux(t)dt + ox(t)dB + J(t)

= /J(x(t) + Zm: a;H(t - t,-))dt + 0'<x(t) + i aH(t - t,-))dB
i=1 i=1

and choose ¢ = %, we then obtain

v o2 8%y Z 2
5+ 7ﬁ[x(t) + ; a:H(t — )| dr = yrpdr. (14)
Now
u(s, 1) = u(x(t) + Z a;H(t - ti)) = v(x(1), 1)
i=1
a m
= gs+yp = o (x)+ . aH(@ 1)) +up
i=1
thus
v oL
wp = V0.0 = o (x(0) + Y aiH( - 1)
i=1
rypdt = (rv(x(r). 1) - r(x(r) + Z aH(t - t[))%)dt. (15)
i=1
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From (14) and (15)
(@dt + 0——2()6 + g‘aimt - ti))zg)dt

m

= (rv - r(x + Z a;H(t — t,-))%)dt

i=1

thus

ov + r(x + i a;H(t - ti))ﬂ

ot p Ox
a? N 20%
+ 7(x+;a,ﬂ(t—z,-)) a5 =0 (16)
Equation (16) is the Black-Sholes P.D.E with jump processes.
Now Put ",
R=x+ Za,-H(t —1),
i=1
thus
bv_ v ok _ o
dx OR 0x OR
and

v a &v OR B n?

a2~ OR ox  OR®
thus (16) becomes

ot OR 2 OR?

2 2
OV(R, 1) . rR@v(R, 1) N o R26 V(R, 1) R =0 (17)

which is the Black-Scholes equation with R = x(¢) + )", a;H(t — t;) and 0 < ¢t < T. From (2), we have the terminal
condition u(s, T) = (s7 — k)*, k is the strike price. Since s7 = x(T) + X2, a;H(T — t;), thus

VR, T) = Ry — k)* (18)

Rr = x(T) + 2, a;H(T — t;) is the price of stock at time t = 7.

In this work, we study the equation (17) with the terminal condition (18). So, we can say that the equation (1) with the
terminal condition (2) is the Black-Sholes equation with no jump. If we have jump processes, we obtain (16). If we put
R = x(t)+ X, a;H(t — t;), we obtain (17) with the terminal condition (18). We next study the Black-Sholes formula with
jump process. Recall that, for the call option price today is

v(s, T) = soN(d(T, s0)) — ke " N(d_(T, s0))

which is called the Black-Sholes formula where sy = s(0), s7 = spexp [(r— DT + O'B(T)], fort =T,0<1t<T,
B(T) is the Brownian motion at time ¢t = 7, r is the interest rate, o is the volatility of the stock s, d.(T,sy) =
ﬁ [ln (370) + (r + ‘T—z) T], k is the strike price and N is the cumulative standard normal distribution function

)
1 Vo 1 < e
N(y)=—f e’ /Zdzz—f e Pdz.
V21 J-w V21 J-y

For the jump processes, we have s(f) = x(¢) + 2* | a;H(t — 1;).
Now, fort =T, s(T) = st = x(T) + X2, a; H(T — t;)

and 1 = 0, 5(0) = x(0), since >\, a;H(—t;) = 0 for £; > 0

or so = xp = x(0). Thus for the call option to day, we obtain

v(x(T) + Z aiH(T - 1;),T) = xoN(d.(T, x0)) - ke N(d_(T, x0)).

i=1

Thus, we see that the call options to day for the jump and no jump are the same and can be computed from the same
Black-Sholes formula.
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We next study the solutions of the Black-sholes equation given by (17) with the given terminal condition (18). From the
Black-Sholes formula we try the solution

VR, 1) = RN(d(T = t,R)) — ke "T"N(d_(T - 1,R)) (19)
where 5
1 R o

d=—— T_t[ln(E)+(ri7)(T—t)}, (20)

0 <t < T. We show that v(R, 1) satisfies (17).
At first we can verify that

ke ON'(d_) = RN'(d,) Q1)
see [1, p.193], where R = x(¢) + X1, a;H(t — t;), N'(d.) is the derivative of N(d.). From (19), (20)and (21), we can
compute

(R, 1) O*V(R, 1) 1
—_— = N d N = N’ d
3R ) R VT (dy)
and also v(R. 1) R
V 13 .
2 = ke " TINWL) - N'(d,)  see[l, p.159]
OR 2T — ¢ ' P
substitute into (17),
R
rke " TIN(d.) — —Z_N'(d,) + rRN(d.,)
2NT =t
o2 1
+ =R ————N'(d;) — rRN(d.) — rke """N(d_) = 0
2 oRNT —t ’ !

thus lefthand side are cancelled to be zero. That implies (17) holds. It follows that v(R, ¢) given by (19) is the solution of
17).

3. Main results
The work in the preliminaries section, starting form (7)-(21) leading to the main theorem.

Theorem 1. Given the Black-Scholes equation

Ov(R, 1) Rt o 2(J‘ZV(R, 1)
o TR R TR R

(R, 1) =0 (22)
with the terminal condition
VR, T) = Ry — k)" (23)

where R = x(t)+ Y| aiH(t—t;) and Rt = x(T)+ Y72, a;H(T —1;) is the price of stock at time t = T for the jump processes,
r is the interest rate and o is the volatility of the stock. Then we obtain the unique solution of (22) satisfies (23) which is
given by

(R, 1) = RN(d\(T - t,R)) — ke """ "N(d_(T - 1,R)), (24)

and

R = x(t) + Z GH(t - 1), (25)
i=1

thus, for the jumps case, we obtain
m
v(x(t)+ Z aH(t - t;), t)
i=1

= (x(0) + Z aH(t - 1))N(d.) - ke ™" ON(d_) (26)

i=1

as the solution of the Black-Sholes equation with jump processes.

Proof.

Now, we have
1, for t; <t

H(t—ti)={0’ for 1 < 1. i=1,2,....m
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Thus for #; < t in (25) we obtain the solution

m

v=(x0 + Z ai)N(d.) — ke TIN(d)

i=1
where Y\, a; is the sum of magnitude of the jumps of the prices of stock for m times of jumps at time 71, 13,13, . . ., Z.

We can also show that v(R, 7) a unique solution of (22) which satisfies (23). Consider

1 d.(T—-t,R) 5
N(T 1) = = f Py
JT —00

where du(T —1,R) = —=[In(§) + (r= T) (T - 1)

Thus lirrrldt(T —1t,R)=ocoforR >k
1—
and lirrTldi(T —1,R) = —cofor0 <R <k see[l,p.193].
11—
i - — L (™ oP2gy = N2z _
Thus imN(d.(T = 1,R) = = e Pdy = == 1forR>k
. _ _ 1 —00 _),2/2 _
and HmN(d(T -1, R) = &= [ e /2dy = 0for 0 <R < k.

Thus, from (24) we obtain
| Rr—k, for R>k;
V(R’t)_{O, for 0 <R < k.

where Ry is the price of stock at t = T. Thus v(R,t) = (Ry — k)*.
It follows that v(R, ) satisfies the terminal condition (23). That implies v(R, f) is the unique solution of (22). ([l
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