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Abstract

In this paper, a new modified proximal point algorithm involving fixed point iterates of a finite number of asymptotically
quasi-nonexpansive mappings in CAT (0) spaces is proposed and been proved for the existence of a sequence generated
by our iterative process converging to a minimizer of a convex function and a commen fixed point of a finite number of
asymptotically quasi-nonexpansive mappings.

Keywords: convex minimization problem, CAT(0) spaces, resolvent identity, asymptotically quasi-nonexpansive map-
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1. Introduction

In recently years, many convergence results by the proximal point algorithm (shortly PPA) which was initiated by Martinet
in 1970 for solving optimization problems have been extended from the classical linear spaces such as Euclidean spaces
R?, Hilbert spaces, and Banach spaces to the setting of some manifolds(for example, Riemannian manifolds, Hadamard
manifolds ).

A metric space (X, d) is called a CAT (0) space (Ambrosio et al., 2008), if it is geodesically connected and if every geodesic
triangle in X is at least as "thin’ as its comparison triangle in the Euclidean plane. A complete CAT(0) space is also called
a Hadamard space. Especially, every real Hilbert space H is a complete CAT'(0) space. A subset K of a CAT (0) space X
is convex, if for any x, y € K, we have [x, y] in K, where [x, y] := {1x® (1 — )y : 0 < A < 1} is the unique geodesic joining
x and y. Let C be a nonempty closed subset of CAT(0) space X and let T : C — C be a mapping. The set of fixed point
of T is denote by F(T), that is, denote by F(T) the set of fixed point of T, that is, F(T) = {x € C : Tx = x}. Recall that
T is said to be asymptotically quasi-nonexpansive if there exists a sequence {k,} in [1, co) with ’}Lrgo k, =1and p € F(T)
such that
d(T"x, p) < k,d(x,p),YxeC,n > 1.

It is well known that a geodesic space (X, d) is a CAT (0) space, if and only if the inequality
(1 - Dx@1y,2) < (1 - Nd*(x,2) + td*(y,2) — t(1 = )d*(x,y) (1.1)
is satisfied for all x,y,z € X and ¢ € [0, 1]. In particular, if x, y, z are points in a CAT(0) space (X, d) and ¢ € [0, 1], then
d((1 -Dx®ty,z) < (1 - nd(x,z) +td(y, 2). (1.2)
We call that a function f : C — [—o0, 00) defined on a convex subset C of a CAT(0) space is convex if, for any geodesic
[, 3] == {yxy(D) : 0 <A< 1) ={Ax® (1 -y : 0 < A< 1} joining x,y € C, the function f o y is convex, i.e.

fey(D) == fAx o (1 = D)y) < Af(x) + (1 = Df (). For all 4 > 0, the Moreau — Yosida resolvent of f is defined in a
complete CAT(0) space X as follows:

1
Ja(x) = argminyec[f() + ﬁdz(y, 0.

Let f : X — (—o00, 0) be a proper convex and lower semi-continuous function. It was shown in (Agarwal, 2007) that the
set F'(J,) of the fixed point of the resolvent J, associated with f coincides with the set argminycc f(y) of minimizers of
f. Also, for any A > 0, the resolvent J, of f is nonexpansive (Jost, 1995). In 2013, Bacak (Bacak, 2013) introduced the
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PPA in a CAT(0) space (X, d) as follows: for any x; € X and

1

2
z/lnd O, x0)]1,

Xn+1 = argminyec[f(y) +

where 4, > 0,Vn € N. It was shown that if f has a minimizer and 7, 4, = co, then the sequence {x,} A — converges to
its minimizer (Ariza-Ruiz, 2014).

Many mathematical researchers have continued their directions of the research work. In 2017, Nuttapol Pakkaranang.etc
(Nuttapol et al, 2017), they introduced the following algorithm:

x1 € C chosen arbitrarily,

20 = argminyec[ f() ® 3 d*(y, x5,)],
Wi = (1 = @n)zy @ @uR" 2y,

Yn = (1= B)wy, ® BuS "W,

Xpt1 = (1 = Y)Yn @ YuT "y, n 2 1,

where R, S, T are three asymptotically quasi-nonexpansive mappings. They proved some weakly convergence theorems
of the sequence {x,} for the proposed algorithm to common fixed points of asymptotically quasi-nonexpansive mappings
and to minimizers of a convex function in CAT (0) spaces.

Stimulated and inspired by the work of the above mathematics researchers, in this paper, we come up with the following
algorithm:

x1 € C chosen arbitrarily,

zn = argminyec[ fO) + 5-d* (v, X1,

Xpi1 = (1 = 1)z ® @1, T{zp,m =1, n > 1,
x1 € C chosen arbitrarily,

an = argminyec[f) + s-d*(. 1),

Xpi1 = (1 = @1)y1n ® @1, T} Y105

Yin = (I = a24)y2n ® @2u T3 y2n,

(D

Yim-2m = (1 = @n-1y)Yom-1)n © ¥n-1nT (1) Yim-1yn>
Y(m-1n) = (1 - a’mn)zn 52 amnT(nm_l)Zn,m > 2»” > 1,

where 4, > 0,Vn € N, T;(i = 1,2, ...,m) is a finite number of asymptotically quasi-nonexpansive mappings. Research its
convergence, the results that we obtained improve and extend the results of reference (Nuttapol et al., 2017).

2. Preliminries

In this section, we will metion some basic concepts, and useful lemmas, which will be used in the next section.
Definition2.1 (Chang et al., 2012) Let {x,} be a bounded sequence in a CAT(0) space (X,d). For any x € X, we put
r(x, {x,}) = lim,,« sup d(x, x,,).

(1) The asymptotic radius of {x,} is given by r({x,}) = inf{r(x, {x,}) : x € X};

(2) The asymptotic center A({x,}) of x, is the set A({x,}) = {x € X : r(x, {x,}) = r({x,})}.

It is well known that, in a complete CAT (0) space, A({x,}) consists of exactly one point (Kirk & Panyanak, 2008).

Definition2.2 (Chang, 2016) A sequence {x,} in a CAT(0) space X is said to be A — convergent to a point x € X if x is
the unique asymptotic center of {u,} for every subsequence {u,} of {x,}. In this case, we write A — lim,_,., = x of {x,} and
denote
@ae) = | ) Adwhco
{untcixn}

where the union is sum over all subsequences {u,} of {x,}.

Definition 2.3 Let C be a nonempty closed convex subset of a CAT (0) space (X, d). A family of mappings {T, T2, ..., Ty, Trs1}
is said to satisfy the condition (w*) if there exists a non-decreasing function f : [0, co) — [0, co) with f(0) = Oand f(r) > 0
for all r € (0, c0) such that

d(x,Tix) > f(d(x, F))
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or

d(x,T2x) > f(d(x, F))
or

d(x,Twx) 2 f(d(x, F))
or

d(x, Tys1x) > f(d(x, F))
for all x € X, where F = "' F(T)).

Definition 2.4 (Nuttapol et al., 2017) Let (X, d) be a metric space, and C is a nonempty subset of X. A mapping
T : C — C is said to be semi — compact if any sequence {x,} in C satisfying lim,, d(x,, Tx,) = 0 has a convergent
subsequence, that is, it exists a subsequence {x,,} of {x,} such that x,, = p € C.

Lemma2.5 (Chang, 2012) If {x,} is a bounded sequence in a complete CAT'(0) space with A({x,}) = {x} is a subsequence
of {x,} with A({u,,}) = {u} and the sequence d(x,, u) converges, then x = u.

Lemma2.6 (Kirk & Panyanak, 2008) Every bounded sequence in a complete CAT(0) space X has a A — convergent
subsequence.

Lemma2.7 (Ambrosio, 2008) Let (X, d) be a complete CAT(0) space and f : X — (—o0, c0] be a proper convex and
lower semi-continuous. Then, for all x,y € X and A > 0, the following inequality holds:

1 1 1
ﬁdz(m, y) - ﬁdz(x, y) + ﬁdQ(x, Lax) + f(x) < fO), (2.3)

where J, is a Moreau — Yosida resolvent of f.

Lemma2.8 (Chang, 2012) Assume that C is a closed convex subset of a complete CAT(0) space X and T : C — C be an
asymptotically nonexpansive mapping. Let {x,} be a bounded sequence in C such that A—lim x,, = p and lim,,_,o d(x,,, T x,,).
Then Tp = p.

Lemma2.9 (Xu, 2003) Let {a,} be a sequence of nonnegative real numbers satisfying the following conditions:
Ay < (1 + bn)a'n,

where b, > 0 and X7, b, < oo, then the lim,,_, @, exists.

Lemma2.10 (Mayer,1998) Let (X, d) be a complete CAT (0) space and f : (—oo, 00] — (—o0, 0] be a proper convex and
lower semi-continuous function. Then the following identity holds:

A—-
Jax = JH(T“JM@ %x), VxeX, A2 pu>0, (2.6)

where J, is a Moreau — Yosida resolvent of f.

3. Results

In this section, we prove our main results.

Theorem 3.1 Suppose that the following conditions are satisfied:

(1) Let (X, d) be a complete CAT (0) space and C be a nonempty closed convex subset of X;
(2) Let f : X — (—o0, 0] be a proper convex and lower semi-continuous function;

3T : C - C,i =1,2,..,m are a finite number of {k,}—asymptotically quasi-nonexpansive mappings with k, €
[1,00), lim, ek, = 1, 2, (k, — 1) < oo such that

Q= ﬂ F(T;) N argminyec f(y) # @ (3.1)
i=1
(4) {@in}.i=12...m be sequences in [0, 1] with 0 < @ < @;, < ¢ < 1 for all n € N and for some a, ¢ are positive constants in

0, 1);

(5) {1,} be a sequence with 4, > 1 > 0 for all » > 1 and for some A.
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Then, the sequence {x,} defined by the algorithm (1) A—converges to a point x* € Q, which is a minimizer of f in C as
well as a commen fixed point of 7,i = 1,2, .., m.

Proof: The proof will be completed in five steps.

Letpe Q. Thenp=T,p=Tp=..=Typand f(p) < f(y),Vy € C. Therefore, we have
1 1
F(p) + 5=d*(p.p) < fO) + 57=d*(v. p). ¥y € C. (32)

2, 22,
Hence, p = Jyp,Vn > 1.
The first step, we prove that the limit lim,,_,c, d(x,, p) exists.
Since J,, is nonexpansive and z, = J,, x,, so we have

d(zn, p) = d(Ja, Xn, Ja,p) < d(Xp, p). (3.3)

While m = 1, we obtain that
x1 € C chosen arbitrarily,

in = argminyEC [f()’) + ﬁ”dz(y, Xl
X1 = (1 — @1)z, eaa’lnT?Zn’ nxl.

By (1.2), we get

d(xn+1,17) = d((l - Q'ln)zn @ alnT?Zna P)
< (1 - a’ln)d(zm P) + alnd(T?Zna P)
< [1+ (ky — Daiald(xy, p).

This implies that there exists a Q1,, = (k, — a1, and Q1, > 0 and = | Oy, < 0, such that

d(xn+1’p) < (1 + an)d(xm P)

By lemma 2.9, we obtain that the limit lim,, . d(x;, p) exists. So, {x,} is bounded. Thus, {z,} and {T]z,} is bounded.

While m = 2, we have
x1 € C chosen arbitrarily,

zn = argminyec[fO) + 7y d* (v, o),
Xop1 = (1 = aln)yln 69alnT?yln
Yin = (1 - a2n)Zn GBQZnT;Zn, n>1.

By virtue of (1.2) and (3.3), we get

d(yin, p) = d((1 — @2,)z, ® a'Znngm p)
<1 = a)d(zy, p) + a'2nd(T£lZn’ D)
< (1 —Qy, t+ aann)d(xn’ P)

and

d(xp41, p) = d((1 = a1)y10 @ @1, T{ Y10, P)
< (A = a1)dQin, p) + @1, d(T1 Y10, P)
< (1 = a1)d(yin, p) + @1aknd(y1n, p)
< (1 =iy + apky)(1 = @z, + aky)d(x,, p)
= [1 + (@1n + @20 + @1y@20(ky — D)(ky — 1)]d (x5 p).

So, there is a @, = (a1, + @2y + @1,@20(k, — 1)), and @2, 2 0, and X | 05, < oo such that

d(Xns1, p) < (1 + Q20)d(Xn, ).
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Therefore, by lemma 2.9, we obtain that the limit lim,, . d(x,, p) exists. Thus, {x,} is bounded, and 5o {z,}, {y1a}, {T] Y14}
and {T{z,} also are bounded.

This analogies, it implies that there is a Q;, 2 0,i = 1,2,...,m, and £ | O;, < oo such that
d(Xn+1,P) < (1 + Qin)d(xm P)

Similarly, by lemma 2.9 we have that the limit lim,,_,., d(x,, p) exists.

Therefore, {x,} is bounded, and so are {z,}, {yin}i=12,..m-1> {T}"Vin}i=12...m-1, and {T';z,} are bounded.

The second step, we prove that lim,, ., d(x,, z,) = 0. Let

lim d(x,,p) =c>0. 3.4

By lemma 2.7, we get

1
d*(za, p) -

24,

1 2 1 2
2/lnd (X0, p) + 2_/1,,d (X0, 20) < f(p) = f(z0)

That is,
1
24,

Because of f(p) < f(z,),Vn > 1, we get

{d* (20, p) = d* (X, P) + d*(Xny 22)} < F(P) = f(20).

d*(Xp, 7) < d*(Xns p) = d* (2, ). (3.5)
While m = 1, we have
x1 € C chosen arbitrarily,
in = argminyEC[f(y) + 2+1nd2(y’ -xn)]s
Xor1 = (1 = @1)z, @a/lnT;lzm n>1.

By (1.2), we get

d(anrl,p) =d((1 - a1)z, ® a’lnT?Zna p)
< (1 - a’ln)d(zm P) + a’lnd(T{lZn, P)
< (1 —a, t+ alnkn)d(zna P),

which can be rewritten as

d(zn, p) 2 d(X41, P)-

1- ay, + al,,kn
Therefore, this combines the above with (3.4) implies that

lim inf d(zp, p) = lim inf{—————d(xp1, p)} = c.
n—oo n—oo 1- ay, + a’lnkn

On the other hand, by (3.3), we also get
lim sup d(z,, p) < lim supd(x,, p) = c.

This implies that

lim d(z,, p) = c. (3.6)
Also from (3.4), (3.5) and (3.6), we obtain that
lim d(x,, z,) = 0. 3.7

While m = 2, we have
x1 € C chosen arbitrarily,

zn = argminyec[ fO) + 5p-d* (v, %1,
Xn+l = (1 - aln)yln @ a’lnT?ylm
Yin = (1 - Q'Zn)zn ®a'2nT£lZn, n>1.
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By (1.2), we get

d(xps1, p) = d((1 = @1)Y10 ® @12 T1Y105 P)
< (1 - a’ln)d(ylm P) + alnd(T{lylna P)
< (1 —a t alnkn)d(ylna P)

Simplifying we have

1
d n» 2 —d n 9 .
O1n> D) 1 —ay, +ank, (Xn+1, P)

So, we can get

1
lim inf d(y1,, p) = lim inf{ ————d(x,+1, p)} = c.
n—oo n—oo 1- a1, + alnkn

On the other hand, it shows that
lim sup d(yi,, p) < lim sup{(1 — a2, + @2,k,)d(x,, p)} = c.

Therefore, it implies that
lim d(yin, p) = c.

By (1.2) and (3.8), we get

dyin, p) = d((1 — @2,)2, ® a’2nT£’Zna p)
< (1 - a2n)d(zn’ P) + aan(Tme P)
< - ay, + a2,ky)d(zy, p)-

Similarly, simplifying we have

d(Zn,P) 2 1 k d(yln’p)'

— @2y + Q2pky

So, we obtain that
1

——dp, =c.
l—a/zn+a/2nkn (y] P)} ¢

lim inf d(z,, p) > lim inf{

By (3.3) we have
lim sup d(z,, p) < lim supd(x,, p) = c.

So we get lim,,—,o d(z,, p) = c.
This togethers the above with (3.5) shows that lim, e d(x,, z,) = 0.
And it can be pushed that

lim d(z,, p) = ¢, im d(yiy, p) = c;i=1,2,....m— 1.

By (3.8) we also have limy, 00 d(x4, 20) = 0.
The third steps, we prove that

lim d(x,, T1x,) = lim d(x,, T>x,) = ... = lim d(x,,, T,,x,) = 0.

n—oo

While m = 1, we have
x1 € C chosen arbitrarily,

Zn = argminyEC[f(y) + idz(y, )1,
X+l = (1 - aln)zn @Cl’]nT{ZZn, n>1.
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By (1.1) we get
d*(Xps1, p) = d2((1 = @120 ® €1, T2, )
< (1 = a1,)d*(zn, p) + @1ad™ (T 20, p) = @121 = @1,)d* (20, T} 20)

< (1 -yt alnkﬁ)dZ(Zm P) - aln(l - a’ln)dz(zn’ Tilzn)-

Simplifying above the inequality, we have

d* (20, T'2) < {(1 = ap, + @1,kD)d* (2, p) — d*(Xpi1, P)}

aln(l - a’ln)

1
<

= {(] —Qp + alnki)dz(zn, P) - d2(-xn+1vp)} - 0(11 - 00)
a(l —c¢)

Thus, we obtain that

d(xy, T;lxn) < d(T?xm T?Zn) + d(T?Zna Zn) + d(Xn, Zn)
< knd(xn, 20) + d(T?Zm Zn) + d(Xn, 20)
= (1 = kd(x,,2,) + d(T{lva Zz) = 0(n — o).

It shows that

d(xpi1, X,) = d((1 — @1,)7, © a’lnT{lZn, Xn)
< (1 - aln)d(zn’ xn) + alnd(Tlen’ xn)
< (] - a’ln)d(zn, X,) + aln{d(T?Zn» Zn) + d(zn, xp)} — O(I’l — 00).

So, we get
d(xp, T1 ) < d(X, Xpi1) + A, TP X01) + AT, TP ) + AT 0, Trixy)

< d(x,,, -xn+1) + d(xns -xn+1) + d(-xn+1» T?+]xn+1) + kn+1d(-xn+1, -xn) + kld(Tln-xn» xn)
< (1 - a’ln)d(zn, xn) + a’ln{d(TIZZm Zn) + d(zm xn)} - O(n - OO)

This implies that
lim d(x,, T1x,) = 0.

n—oo
While m = 2, we have
x1 € C chosen arbitrarily,

2n = argminyec fO) + 5 d* (v, %1,
Xpe1 = (1 — @1)y1, @ a’lnT;lylm
Yin = (1 - a'Zn)Zn GB(YZnT;Zn, n>1.

By (1.1) we get

d* (i, p) = d*(1 = @2,)20 ® @2, T5 20, P)
< (1 = a2)d*(2n, p) + @2,d*(Ty 20, P) — @25 (1 = @2,)d* (20, T3 20)-

Simplifying the above and we get

d*(zn, Tzn) < {(1 = @y + @2,k)d (20, p) = d* (i, )}

a’2n(1 - Q'Zn)

1
< (1 = a2 + @2,k)d* (20, p) — d*(¥1n, p)} — O(n — ).
a(l —c¢)
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Similarly we obtain that

d(xy, Tgxn) < d(Tgxm ngn) + d(ngm Zn) + d(2n, Xn)
< knd(Xn, 70) + d(T;Zm Zn) + d(2p, Xp) = 0(n — o0).

This together with (1.2), we have
d(yln’ xn) = d((l - Q'Zn)zn @ a2nT§Zna xn)
< (1 - a’Zn)d(Zm xn) + a’2nd(T§1Zn, xn)
< (1 = a20)d(zn, Xa) + aZn{d(ngm Zn) + d(2p, X))}
= d(zp, Xn) + a’an(Tme Zn) = 0(n — o0).

By (1.1) we get

d*(Xpi1, p) = A1 = 1)y 10 ® @1, T Y10, P)
< (1= a1)d*O1ns ) + @1ad* (Ty10, p) = @1(1 = @1)d> G105 TV 1)

Rearranging the above inequality, it implies that

& Gins T'y10) < {(1 = a1y + @1 kDd* Gins p) = d*(Xni1, D))

aln(l - aln)
1

<

“a(l-c)

(1 = a1y + @1ak)d* Yin, p) = d*(Xnr1, P)} = O(n — o0).

Thus, we obtain that

d(xy, Tilxn) < d(T{lxn’ T?yln) + d(T?)’m, Vi) + dYin, Xn)
< knd(xn’yln) + d(T;lyln»yln) + d(yln’ xn) - O(I’l - OO)

By (1.2), this together with the above some inequalities, we get

d(Xpi1, X)) = d((1 = @1)y 10 ® @1, T Y105 X0)
< (I = a1)dWin, Xn) + @12d(T 1 Y10, Xn)
< (1= @1)d(yin, xn) + a1dd(T{y1n, T X0) + d(T X, x0)}
< (I = a1)dQin, Xn) + 1lknd(V1n, Xn) + AT X0, Xn))
= (1 = gy + @1,k) A1, %) + @1, d(T] X, X)) = 0(n — 00).

Therefore, we have
d(xn’ Tlxn) < d(xn’ xn+l) + d(xn+l’ T?+1xn+l) + d(T;l+lxn+l’ T;H-lxn) + d(T;H-lxn’ Tlxn)
< d(xn, -xn+1) + d(xn+1’ T?+1xn+1) + d(TTH-lerl, T;H-lxn) + d(T:H—l-xna Tlxn)

< d(-xm .X,,+1) + d(-xn+1, T]n+l-xn+1) + knd(xn+1’ xn) + kld(T]n-xn, -xn) i O(l’l - 00)

This implies that lim, e d(x,, T1x,) = 0.
Similarly, we obtain
d(x,,, T2xn) < d(-xm )C,,+1) + d(xn+1, T£l+lxn+1) + d(T£l+l-xn+l’ TEH-l-xn) + d(TEH—l-xns T2xn)

< d(xm xn+l) + d(anrl, TEH-lanrl) + knd(anrls xn) + d(TéH—lxm xn) - O(I’l - OO)
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Therefore, we have lim,, 00 d(x,, T2x,) = 0.
Thus, we get
lim d(x,, T1x,) = lim d(x,, T>x,) = 0.

This analogies, we obtain that

lim, e d(z0, Thzy) =0, m=1,2,..; m> 1,
lim, oo dYin, X)) =0; i=1,2,...,m—1; m > 2,
limy, o0 d(Yin, T'yin) = 0; i = 1,2, ..om = 1; m > 2,
lim, oo d(X,, TPx,) =05 i=1,2,..m = 1; m > 1,

lim, 00 d(Xp11,X,) = 0; Y > 1.

It implies that
lim d(x,, T\ x,) = lim d(x,, Tx,) = ... = lim d(x,, T,,x,) = 0.

The fourth steps, we prove that
lim d(Jx,,x,) =0, 4, >1>0.

Because of 4, > 4 > 0, by lemma 2.10 and (3.7), we get

d(J/lxns xn) < d(J/lxm Zn) + d(Zn’ xn)
= d(]/lxm J/I,,xn) + d(Zm -xn)

Ay —A A
< d(J/lxn’ J/l( 1 JA,,xn 2] A_-xn)) + d(Zn’ xn)
A, — A
< d(xn, n/l—n‘lxlnxn @ /l_nxn) + d(zn, xn)
A, — A4

= 1 J/l,,d(xm J/L,xn) + d(zm xn)
A, — A4
= 1 J/l,ld(xn, Zn) + d(Zm xn) - O(}’l - OO)

n

This shows that
lim d(J,x,, x,) = 0.

n—oo

By the first step, It follows that the limit lim,,—,« d(x,, p) exists. By (3.9) and (3.10) , we have

lim d(x,, T1x,) = ... = lim d(x,,, T, x,,) = lim,_eod(J 1%, X,,) = 0.

The fifth steps, we prove that
oAt = ) Aduh c @,

{un h{x,}
where A({u,}) is the asymptotic center of {u,} .
Let u € wa(x,). Then, by lemma 2.6, there exists a subsequence {u,} of {x,} such that A({u,}) = {u}.
Therefore, there exists a subsequence {v,} of {u,} such that A — lim,,_,., v, = v for some v € C.

This together with (3.11) and it shows that

lim d(v,, Tiv,) = 0,i = 1,2, ...,m; lim,_,d(Jyv,, v,) = 0.
By lemma 2.8, it shows that v € Q. So, by lemma 2.5 we obtain that # = v. This implies that @x(x,) C Q.
Finally, we will prove that the sequence {x,} A — converges to a point x* € Q.

It will suffice to prove that @ (x,) consists of exactly one point in the end.

Let {u,} be a subsequence of {x,} with A({u,}) = {u} and let A({x,,}) = {x}.
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Since u € wa(x,) € Q and {d(x,,u)} converges, so, by virtue of lemma 2.5, we obtain that x = u. Thus, @ (x,) = {x*}.
This completes the proof. d
Corollary 3.2 Suppose that the following conditions are satisfied:

(1) Let (X, d) be a real Hilbert space and C be a nonempty closed convex subset of X;

(2) Let f : X — (—o0, 0] be a proper convex and lower semi-continuous function;

3T, : C - C,i =1,2,..,m are a finite number of {k,}—asymptotically quasi-nonexpansive mappings with k, €
[1,00),lim, 0 kp = 1, X2, (k, — 1) < o0 such that

Q=

m
F(T;) nargminyec f(y) #+ O;
i=1

4) {@in}.i=12...m be sequences in [0, 1] with 0 < a < @;, < ¢ < 1 for all n € N and for some a, ¢ are positive constants in
(O, 1);

(5) {4} be a sequence with 4, > A > 0 for all » > 1 and for some A. Let {x,} be the sequence generated by the following
manner:

x; € C chosen arbitrarily,

@ = argminyec[f() + sl x)IP,

Xpe1 = (1 = 1)z @ a1, Tz, m =1, n 21,

x1 € C chosen arbitrarily,

Zp = argminyec[f(y) + jll(y, x)IP1,

X1 = (1 = @12)y1n @ @12 T Y10

Yin = (1 = @20)y20 ® @2, T3 Y205

Yim-2m = (1 = @n-13n)Yom-1)n © Am-1)nT 1) Yim-1yn>

Ym-vymy = (1 = @mp)zn ® amnT(’jn_l)zn,m >2,Vn>1,

for each n € N, then the sequence {x,} weakly converges to a common element x* € Q.

Theorem 3.3 Under the hypothesis of Theorem 3.1, suppose that the family of the mappings {T', 7>, ..., T\, J,} satisfies
the condition (w*). Then, the sequence {x,} defined by (1) strongly converges to a common element x* € Q.

Proof. From the first step of theorem 3.1 , we get that lim,_, d(x,, x*) exists for x* € Q. Also, it follows that
lim,—,0 d(x,, Q) exists. On the other hand, because a finite number of asymptotically quasi-nonexpansive mappings
{T,T,,...,T,, J,} satisfied the conditions w*, we have

lim f(d(x,,Q)) < lim d(x,, T x,) =0

or

lim £(d(x,, Q) < lim d(x,, Tax,) = 0
or

lim f(d(xna Q) < lim d(x,, T),x,) =0
or

lim f(d(x,,Q)) < lim d(x,, Jix,) = 0.

Thus, we have lim,,_,«, f(d(x,,Q)) = 0. By using the property of f, we have lim,_,., d(x,, Q) = 0. Thus, following the
proof of Theorem 3.3 of the reference (Pakkaranangetal.,2017), which implies that {x,} is a Cauchy sequence in X and
so {x,} converges to a point x* € X and hence d(x*,Q) = 0. Since Q is closed, we have x* € Q. This completes the
proof. O

Theorem 3.4 Under the hypothesis of Theorem 3.1, suppose that T or T, or - - - or T,, or T is semi-compact. Then the
sequence {x,} defined by (3.1) strongly converges to a common element p € Q.
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Proof. Suppose that 7 is semi-compact. By the third step of Theorem 3.1, we have lim,,_,, d(x,, T1x,) = 0. Thus, there
exists a subsequence {x,,} of {x,} such that x,, = p € X. Since

lim d(x,, Tox,) = ... = lim d(x,, T),x,) = lim,_cod(x,,, J1x,) = 0.
We have d(p, Tp) = ... =d(p,T,,p) = 0 and d(p, J,p) = 0, which shows that p € Q. For other mappings, we also prove
that the sequence {x,} strongly converges to a common element of Q. This completes the proof. O
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