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Abstract

The article collects the most frequently-used properties of two’s power plus-minus one, and classifies them into seven
sorts in accordance with the criterion of divisibility, indivisiblity, the calculation of the great common divisor and other
traits. Each property is marked with its concrete provenance so that it is a useful reference and convenient for researcher
to refer. Some new useful identities are also proved in the paper.
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1. Introduction

Two’s power plus-minus one, whose mathematical expression is 2% + 1 with k being a positive integer, frequently occurs
ineither 2 + 1 or 28— 1 in many occasions, such as in number theory (Rosen, 2011 & PANs, 2013), in computer science
(Graham R L,1994) and in mathematical competition (Liu P J,2010). Looking into current publications, one can see that,
most problems related with 2% + 1 with k are around their divisibility. A recent research project came across a problem
to estimate the smallest order of 2 to an odd prime p. Since this problem needs to know divisibility of 2 + 1, I had to
look through literatures in hand and tried to find something available for solving the problem. Then I found the materials
were scattered in many books and articles. After careful classification, I collected the most frequently-used contents and
presents them in this article so as to be a reference to other researchers.

2. Symbols and Notations

In this whole paper, numbers are integers by default unless especial comments. Symbol alb means integer b is divisible by
integer a, symbol a { b means b is not divisible by a, and symbol a*||b means a*|b but a**! { b with integer k > 1. Formula
a = b(modm) means a is congruent to » modulo m and it is equivalent to m|(a — b). Symbol (a, b) denotes the greatest
common divisor (GCD) between integers a and b. Symbol A & B means A is equivalent to B or B holds if and only if A
holds. Symbol A = B means A can derive out B or B is obtained from A. For convenience, use symbol T to express the
word *Theorem’. For example, *T1’ means *Theorem 1°.

3. Collected Theorems

Relations are classified by divisibility, indivisibility, GCD and the other sort, as listed below.

3.1 Divisible Relations

T1: Fermat’s Little Theorem[Rosen.2011.p217]. For arbitrary odd prime p, it holds
27~! — 1 = 0(mod p)

In general, if p is an arbitrary prime and a is an integer with (p,a) = 1, then
a’~' — 1 = 0(mod p)

T2: Euler’s Theorem[Rosen.2011.235]. For arbitrary positive odd integer m, it holds
290m _ 1 = 0(modm)

where ¢(m) is the Euler’s totient.

In general, if m is a positive integer and a is an integer with (a, m) = 1, then

a®™ — 1 = 0(modm)
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T3: [LIU.2008.(v1).p50]. For positive integers m and n,

Q"+ D|2"+1) = m|n
In general, if m ,n and a are arbitrary positive integers with a > 1,then

@+ D@ +1)=> mln
if m , n, a and b are positive integers with (a, b) = 1,then

@" +b"a" +b") = min

T4: [PAN.2013.p24].Let m and n be positive integers with m < n; then

Q2" -D|2"-1) © m|n

T5: [LIU.2008.(v1).p69 & PAN.2013.p19]. Let a be an odd integer with @ > 1; then among the numbers 2! — 1,2% —
1,...,2%° 1 — 1, there exists at least one divisible by « .

3.2 Indivisible Relations
T6: [PAN.2013.p24, LIU.2008.(v1).p57]. For positive integers m and n with m > 2, it holds

@" -1t +1)
T7: [LIU.2008.(v2.1).p11]. Suppose « and S are two primes with @ < 8 ; then for arbitrary integer m, it holds
aBfmP + 1

Particularly,
af 2P+ 1

T8: [Graham.1994.p148, LIU.2008.(v2.1).p86]. For arbitrary integer n > 1, it holds
nt2' -1
T9: [LIU.2008.(v2.1).p11] For positive integers m and n with n > 1 and 2 { m, it holds

n—1

ntm" " +1

Particularly,
nt @ +1

where [ is a positive integer.

T10: [LIU.2008.(v2.1).p102&p141]. Suppose d and n are positive integers with 3 < d < 2™*!; then
a2 +1

In general, suppose a, d and n are positive integers with 3 < d < 2"*!; then
dta®™ +1

3.3 GCD Relations
T11: [Rosen.2011.p107, PAN.2013.p46 & LIU.2008(v1).p142]. Let m and n be positive integers; then

@"-1,2"-1=2""—1
In general, arbitrary integers a > b with (a, b) = 1 yields
(@ =", d" - b") = a"™m — pmm
and thus

(@ -1,a"-1)=a"" -1
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and it yields
@ - D@ -1) o mn

T12: [LIU.2008.(v1).p134]. Let k and n be positive integers; then
F 1,2+ 1) =1

T13: [LIU.2008.(v1).p162]. Let m and n be positive integers such that @||m and S||n with o and 8 being nonnegative
integers; then
LLa<pg

20mm 4 La >
T14: [LIU.2008.(v1).p142]. Let m and n be positive integers ; then

(2’"—1,2"+1)={

Q"+ 1,2" + DI + 1)

3.4 Associate Relations

T15: [PAN.2013.p19]. Let a be odd number with @ > 2 ; suppose d is the smallest positive integer x that satisfies
a|(2* — 1); then positive integer h satisfies (2" = 1) if and only if d|h.

T16: [LIU.2008.(v2.1).p86] Let p be an odd prime; suppose a is the smallest positive integer x that satisfies 2 — 1 =
O(modp) and b is the smallest positive integer y that satisfies 2¥ + 1 = O(modp) ; then a = 2b. Arbitrary positive integer
n that satisfies 2" + 1 = (mod p) must hold n = kb with k being a positive odd integer.

T17: [PAN.2013.p239]. Suppose p is a prime and 4 is the smallest positive integer such that 2h_ 1= 0(modp); then
2lh = 2% + 1 = 0(mod p)

3.5 The Mersenne Number & Fermat Number

T18: [ Rosen.2011.p258]. If 2™ — 1 is a prime number, then m is also a prime.

T19: [PAN.2013.p14]. If 2" + 1 is a prime number, then m is the form of 2" with n being a positive integer.

T20: [Rosen.2011.p130]. Let m and n be distinct nonnegative integers; then the two Fermat numbers F,, = 2> + 1 and
F, =2% + 1 satisfy
Y +1,2%+ 1) =1

T21: [PAN.2013.p14 & Rosen.2011.p130]. Suppose m > 0; let F,, = 2*" + 1; then

3.6 Miscellaneous Relations

T22: [LIU.2008.(v1)p61].For arbitrary positive integer n, it holds
"4 1=2"+ DR =2"+1)

and thus
3122 = 2" + 1)

T23: [SHAN.2011.p111]. For arbitrary positive odd numbers m and #, it holds
"+1,2"+1)=3

which also says 3](2%!

T24: [WANG.2017]. For arbitrary integer @ > 1, it holds

+ 1) with arbitrary positive integer k.

22¢=1 1 1 = 0(mod3)

and
22272 _ 1 = 0(mod3)

And for arbitrary integer a > 1, it holds
22071 _ 1 % 0(mod3)
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and
22072 4 1 % O(mod3)

3.7 Related Relations
T25: [LIU.2008.(v1)p162].Arbitrary positive integers n, a and b yield

a' — b"
-b
T26: [LIU.2008.(v2.1).p91] Let a,b be positive integers and p be an odd prime; then

(n,a" = b") = (n,

)

a

(1) if p'||(a¢ — 1) for positive integers [ and c, then p'*!||(a” - 1);

(2) if p||(a€ - 1) for positive integers ! and ¢, then plll(a“e — 1) for integer e with (p,e) = 1;
3) if pl||(a° - 1) for positive integers / and c, then p’*kll(apk” - 1);

(4) if p*||(a® — 1) for positive integers k and b, then p¥||b(a® — 1) withd = (b, p — 1).

T27: [LIU.2008.(v2.1).p8] Let a,b be positive integers and p > 3 be an odd prime; then

ab” — ba” = 0(modp)

Particularly,
2Pa — 2a” = O(mod p)

T28: [LIU.2008.(v2.1).p189]. If positive integer b is divisible by " with a and n being positive integers, then
a M@+ 1" -1
T29: [LIU.2008.(v2.1).p184]. Let p be an odd prime; then
o (P\(P+i
Z ( )( _ ) =27 + 1(mod p?)
YA

where (’j’) is the binomial coefficients such that (’J’) = ﬁ with p > j > 0.

T30: [LIU.2008.(v2.1).p143].Let p and g be prime numbers with p + g > 6, then
pqt2”+21
T31: [LIU.2008.(v1).p258].Let n and k be positive numbers, then
(n* +n+ D@ + 7+ 1)

T32: [LIU 2008.(v1).p139].Let a and b be positive integers with (a,b) = 1 and p be an odd prime number; then

al + b? 1
b =
(@+b, a+b) {17

T33: Let a and b be positive integers with (a,b) = 1 and p be an odd prime number; then

a’ —b? 1
- b, =
(a ) {p

Proof. Let a — b = t; then

PN
P)ebP~t — bP
a’ —b’ _ (t+b)P —b" Eb(’) - (P
=y

i—1g p—i
17 bP
a->b t t )

. l
i

Hence

P
(@-b, %) =), (’,’ )f"‘lb""d = (6.pb"™)

i=1
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Note that (a, b) = 1 yields (a + b, b) = 1; thus

aP — bP
((l—b, )Z(I,P)
a-b

Since p is a prime number, it knows either (p,f) = p or (p.f) = 1.
O

T34:Let a and b be positive integers with (a, b) = 1, m be a positive integer and n be an odd integer; then

m_ pm
@-b,"~ ——)=(a=bm)
n bn
(a+b,aa:b )= (a +b,n)

Proof. The proof of the first one can refer to that of T33. Here only prove the second one.LLeta—b = t; thena =t — b and

5 ()ei=p) + b

a’+b" — (t_b)n + D" — i=0 — ("l)[n_i_l(—b)i
a+b t t i\ |
=0
Hence |
an+bn _ < n n—i—1 i _ n n—1y _ n—1
(a+b, a+b)‘“’§(f)t <b>>—<t,(n_1)b ) = (t.nb"")

Since (a,b) = 1itholds (a + b,b) = 1 ; thus (a + b,nb""') = (a + b, n).
]

T35:Let p be an odd prime number and m be a positive integer; then

Lptm+1

m(p—1) (m-1)(p-1) p-1 —
(p,2 +2 +..+2P7+ 1) { b plm + 1

or equivalently,
! g 20m+D(p=1) _ 1 { Lptm+1

(p T )= b plm+ 1

Proof. Since p is an odd prime number, it holds by Fermats little theorem
2771 — 1 = 0(modp)

and it holds for arbitrary positive integer k
2Kr=D _ 1 = 0(mod p)

Then it yields
(p,27@=D 4 2m=Dp=1) o4 2D 4 1)
= (p,2mp=D) 4 2m=Dp=1) 4 220=D 9 4 2= _ 1)
= (p, 2P 4 2=D(p=D 4y 2201 4 9)
= (p,2"P=D 4 2m=D=D 4 230D 4 34 220=D _ )
= (p,2mP=D 4 20m=Dp=D) 4 230D 4 3)
= (p.2""D + m)
=(p,m+1+2mr=D _1)
=(p,m+1)

20m+D(p=1) _1

Since p is prime, it knows either (p, m+1) = 1 or (p,m+1) = p holds. Since 2P~V 42m=Dr=D 4 4or-t4] = 2—=1

it knows
2mep=h _q { IL,ptm+1

(p, 1 _ 1 p,plm+1
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4. Conclusions and Future Work

Each researcher of science and technology has experienced searching bibliographies in library, or through the Internet or
somewhere else. It is really a boring and time-consuming thing when he or she has to face a pile of books, magazines,
and even manuscripts because he/she has to look for and record the required contents first and then analyze the gathered
materials to select what is needed. It is believed that, the bibliographies prepared process will take almost half the time of
writing a paper or report. Therefore, collecting and classifying the former achievements in accordance with professional
background are surely necessary and helpful for researchers. This is the purpose of this article. Hope it can benefit as
wishes.
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