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Abstract

In 1997, the following conjecture was considered by Mauldin as a generalization of Fermat's Last Theorem: “for X, Y, Z,
ny, n, and n; positive integers with n,, n,, ny> 2, if X™ + Y™ = 7" then X, Y, Z must have a common prime
factor”. The present work provides an investigation focusing in various aspects of this conjecture, exploring the
problem’s specificities with graphic resources and offering a complementary approach to the arguments presented in
our previous paper. In fact, we recently discovered the general form of the counterexamples of this conjecture, what is
explored in detail in this article. We also analyzed the domain in which the conjecture is valid, defined the situations in
which it could fail and previewed some characteristics of its exceptions, in an analytical way.
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1. Introduction

The Beal Conjecture (also referred by Elkies, 2007, as Tijdeman-Zagier conjecture) was considered by Mauldin (1997)
as a generalization of Fermat's Last Theorem (FLT). It consists in a proposition within the number theory’s field of
work according to which, for X, Y, Z, n,, n, and n; positive integers with n;, n,, nz> 2, if X" 4+Y"2 = 7" then
X, Y, Z must have a common prime factor. Stated another way, there is no solution in integers for X"t +Y"2 = Z"s in
the case of X,Y, Z, n,, n,, n; positive integers and n;, n,, ng >2if X, Y and Z are coprime (Mauldin, 1997).

Beukers (1998) have also worked in this kind of problem, as well as Darmon and Granville (1995), who investigated
integer solutions for the superelliptic equation z™ = F(x,y), where F is a homogeneous polynomial with integer
coefficients of the generalized Fermat equation AxP + By9 = Cz".

The Beal Conjecture is considered a generalization of Fermats Last Theorem because FLT Equation (X" + Y™ = Z") is
a particular case of X" 4+ Y™z = Z"s, Concerning FLT, one of the most famous problems in history of mathematics, the
mathematician Andrew Wiles proved the modularity theorem for semistable elliptic curves, which, together with Ribet's
theorem, provides a proof for Fermat's Last Theorem. This FLT proof is based in the proof of Taniyama-Shimura’s
Conjecture (Rubin & Silverberg, 1995), which sustains that all elliptic curves are associated to a special class of elliptic
functions, called modular functions (Ribet, 1993).

This paper aims to present a deeper approach on the Beal Conjecture, exploring the problem™s specificities with graphic
resources and offering a complementary material to our previous work, where we presented a partial proof of this
conjecture. We also analyzed the domain in which the conjecture is valid, defined the situations in which it could fail
and previewed some characteristics of the general form of its counterexamples, in an analytical way. Therefore, it is
expected that the present text provides a novel and whole approach for the problems overall understanding.

The search of numerical counterexamples via computational algorithms may lead to a treacherous trap and false
counterexamples, due to overflow, rounding and truncation errors, especially when dealing with large numbers. This
way, we believe that the analytical treatment offers a safe way (and perhaps the only reliable one) to enlighten this
problem.

The analyses presented in this article were developed starting from the scope of real numbers and then evaluated under
the scope of integer numbers.
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2. Exploring the Problem
Based on the initial arguments presented by Di Gregorio (2013), let’s start from an equation in the form

A%+ B% = (? 1)
in reals, here referred as Pythagoras”equation. Multiplying (1) by A™2 in order that the first term becomes the n-th
power of A, there comes that:

AN 4 B2AN-2 = (ZANn-2 )
Now let’s take an equation in the general form

XM +Y"2 = 7" A3)

in reals, here referred as Beal s equation. Comparing Equation (2) to Equation (3) and by making n = n,, one can have

X=A 4)

Y = "V/BZAMZ = "3/BZXMi2 (5)

7 = "YC2An—Z = "YCZXm 2 (6)

Using Equations (4), (5) and (6) one can obtain real solutions X, Y, Z for Beal s equation starting from real solutions A,
B, C for Pythagoras equation.

It is also possible to obtain real solutions A, B, C for Pythagoras “equation starting from real solutions X, Y, Z for Beal s
equation, using the following transforms

A=X (7
yn2
Z"3

From Equations (4), (5) and (6) one can note that, in principle, unless that n, = 2 (situation in which the power of A is
zero, resulting in the unit) or A = 0 (trivial solution), the variable A = X is always present in the transforms.

As we want to investigate integer solutions for Equation (3), let’s assume X, Y, Z positive integersand n; > 2. This imply
that B2 and C?are necessarily rational numbers (integers or non-integers), because they are written as quotients of
integers (Niven, 1990) as shown in Equations (8) and (9).

Once Euclid proved that there are infinite primes (Euclid, trans. 2009), X®1~2, Y2 and Z"3 can be written in the form of
infinite products (Landau, trans. 2002):

Xn1—2 — Hfil Pi(nl_z)kX,i — Pl(nl_z)kx,l Po(onl_2)kx,oo (10)
Yz =%, pinzkY,i _ Plnzky,1 Por;zky,oo (11)
s =12, Pin3kZ,i — P1n3kz,1 P£3kz,oo (12)

in which the powers ky;, ky;and kz; represent the number of times the i-th prime appears in the factorization of X, Y
and Z, respectively. Therefore, BZ and CZcan be written as:

npk npk
p 2 Y'l..P 2KY, 00

2 1 )
B® = (n1-2)kx ;1 (M1-2)kx 0 (13)
P, Py
n3kz 1 _nzkz
c2=__P wPog % (14)
- P(n1—2)kx,1 P(111—2)kx,c>o
1 wPeg
or equivalently:
ky 1—(n1-2)k k: —(n1-2)k
B2 = Plnz y,1—(n1—2)kx 1 ."P::z Y00~ (N1 —=2)Kx 00 (15)
k71— -2)k k - -2)k
c2 = p1“3 z,1—(n1—-2)kx 1 ."por;s Z,00—(N1—2)Kx 0 (16)

Since B2 and CZ2are necessarily rational numbers, three situations may occur:

e Situation 1: B2 and C? are integers;
e Situation 2: B? or C? is integer and the other is a non-integer rational;
e Situation 3: B? and C? are non-integer rational numbers.
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2.1 Situation 1 Analysis (B? and C? are Integers)

Assuming that BZ and C? are integers, for all the powers of their prime factors P, kgz;, kcz; = 0, respectively, Vi.
Contrariwise, a prime factor could be raised to a negative power, going to the denominator and leading B? and C? to
be non-integers, what conflicts with Situation 1 fundamental hypothesis. This condition can be expressed in the general
form as

Kpzi | (m-2)

nzky; = (0 = 2ky; = Kpz + Ky = 4+ =k (17)
Kezi |, (q-2)

ngky; — (0 — 2)ky; = ez = kg = 4+ 2ky; (18)

Equations (17) and (18) can be represented by the arbitrary straight lines in Figure 1. It is important to highlight that the
graphic shows (17) and (18) as continuous functions, but in fact the target of the study focuses on ky;, ky;, kz; integers,
implying in a discrete behavior that would be difficult to represent graphically. However, this simplification does not
affect the conclusions, because ky;, ky;, kz; integers are a particular case of ky;, ky;, kz; reals.

From Figure 1 one can note that both functions ky; and kz; are crescent, since n; > 2, n, >0 and nz > 0. It is

ko2 Koo
noteworthy that once kgz; kez; =0, the linear coefficients %%e [0,00), what implies that, for ky; >0,
2 3

ky; kz; > 0.

Akv.ikz,i

na

gl
Figure 1. Graphic arbitrary representation of equations (17) and (18), which rule the non-negative powers of primes P,
in B2and C?, respectively.
Studying Figure 1 in details, the behavior of the powers kg2, K2, Kx i, Ky,i, kz; can be resumed in Table 1.



http://jmr.ccsenet.org Journal of Mathematics Research \ol. 10, No. 2; 2018

Table 1. Behavior of the powers of a prime P; illustrated in Figure 1.

C1 C2 C3 C4
Powers of P;
sz_i =0 kBZ_i >0 kcz‘i =0 kcz_l- >0
Ll k 0 kY,i - 0 kY,i > 0 kZ,i - 0 kZ,I: > 0
o (AP,in X;AP,inY) | (AP,inX;3PinY) | (APinX;APinZ) | (APinX;3P,inZ)
ky; >0 ky; >0 k;; >0 k;; >0
L2 kxi > 0 Y,i Y,l Z,i Z,l

Considering a hypothetical situation where ky;, ky;, kz; are integers simultaneously (as always happens in integer
solutions for Equation 3), if a prime factor P, exists in X (and X must have at least one prime factor since it is an integer
by initial hypothesis), then P, necessarily is present in Y (see Table 1 cells (2;1) and (2;2) — the pair in brackets represents
relative position of the cell at Table 1: line and column, respectively) and in Z (see Table 1 cells (2;3) and (2;4)). This
proves Beal Conjecture for Situation 1.

As already mentioned, the exception occurs when n; = 2, when'Y and Z do not depend on the variable X anymore. One
can note that, in principle, it seems not to be necessary that n,,n; > 2 for the rule to be considered valid, but only
n, > 2. However, there are cases of known integer solutions of X, Y, Z coprime in which n; > 2 and n, = 2 or n; = 2,
i.e. 734132 =2% e 27 + 173 = 712 (Darmon & Granville, 1995). This aspect will be clarified in section 3.

2.2 Situation 2 Analysis (B? or CZ2is Integer and the Other is a Non-integer Rational Number)

Supposing B2a non-integer rational and writing it in the form Ig2 + eg2, in which Iz represents the whole part of B2
and eg2 is the decimal part, and as A% + B? = C?, it follows that:

A% + g2 + g2 = C? (19)
(A% + Ig2) + gg2 = C? (20)

Equation (20) shows that, since A%and Ig2 are integers, then (A% + Iz2) = Iz, in which Iz is the whole part of C2.
This results that C? = Iz + ggz, that is, if B? is a non-integer rational number, then C? also is, and the decimal part is
common to both (egz = gc2). Therefore, Situation 2 is impossible to happen, leaving only Situation 3 to be analyzed, in
order that Beal Conjecture was not contradicted by Situation 2.

2.3 Situation 3 Analysis (B? and C?are Non-integer Rational Numbers)

Suppose the prime factors with negative powers in B2 are Py, -+, Py, (there should be one or more primes Py in B2

since it is a non-integer rational number by hypothesis of Situation 3). It is important to highlight that A is integer
according to the initial hypothesis, resulting k,z; = 0, Vi.

Writing A%2and B? in the notation of infinite products, then A% + B2 = C% becomes

k k k,2 k k k kg2 k
(P1 AR p AN p ...POOAZ'°°) + (P1 S R N PDOBZ""’) =cz (21

The powers of Py ,---, Py, in B? are necessarily negative by hypothesis (Kpzn,, -+ kg2, < 0) and can be put at

f
evidence, resulting

k,2 k,2 —-k,2 ka2 .~ Kp2 k,2 Kk, 2 k2 k2 kg2
A%1 A“N71 ~B%Njp A“Ngf “B“Ng A% ,00 B4,1 0 0 B4,00 B“,N1 B N¢ 2
[(P1 Py Py P, ) + (P, RS, B, P, )] P M LBy M= C

(22)

Now, for all primes inside the brackets in Equation (22), their respective powers are not negative, resulting that the content
of the brackets is an integer number (here named M), what brings to Equation (23).

k 2 k 2
B4 N B“,N¢
[M]p ™™ By,

=C? (23)
As one can see, the only terms with negative powers in the left member of Equation (23) are Py, -, Py,, resulting that
these primes are necessarily responsible for the negative powers in C2, since it is a non-integer rational number by
hypothesis of Situation 3. It is important to highlight that the powers of Py,,---, Py, in C%are not necessarily

Kpz n,, +, Kg2 n,, because if M have primes Py,, -+, Py, in its factorization, their powers would be altered. Thus, C?can
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be written in the form of Equation (24).

kMm,1=K2 k kM N kM, c0=K 2
<P Cc41 p M,N1 p f C ,oo)
— CZ

1 T Np " Nf o (24)
P_szle P_kBZ,Nf =
N; ~PNg

Since the primes with negative powers in B2 and C? are the same, the equations that rule the behavior of these powers
can be represented in the same cartesian plane, as illustrated in Figure 2. In this situation, equations (17) and (18) become,
for the primes Py;:

kg2

BZN | (ny-2)
nzkY,Nj —(n; — z)kX,Nj = kBZ,N]- kY,N]- = s+ n; kX,Nj (25)
2 2
KNy my-2)
n3kZ,Nj —(n; — Z)kx,Nj = kCZ,N]- kZ,N]- = + " kX,Nj (26)
3 3

Equations (25) and (26) can be represented by the arbitrary straight lines in Figure 2. It is important to highlight that the
graphic shows (25) and (26) as continuous functions, but in fact the target of the study focuses on kX_N].,kYJ\J].,kZNj

integers, implying in a discrete behavior that would be difficult to represent graphically. However, this simplification does
not affect the conclusions, because kX,Nj, kY,Nj, kZ,Nj integers are a particular case of kX,Ni, kY,Nj, kz.Nj reals.

From Figure 2 one can note that both functions kY,N]. and kZ,N]. are crescent, since n; > 2, n, >0 and n; > 0 and
their angular coefficients have the same form of the linear functions presented in Figure 1. However, in Situation 3,

Kp2 . Kez .

. . . . . B“,N
kgzn;, kez; < 0, leading to negative linear coefficients Land —L.

nz nz

AKY NjKZ Nj

n3

Figure 2. Graphic arbitrary representation of equations (25) and (26), which rule the negative powers of primes Py in

B2and C2, respectively.
Studying Figure 2 in details, the behavior of the powers kX_N]_, kY,Nj: kz,Nj can be resumed in Table 2.
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Table 2. Behavior of the powers of a prime Py, illustrated in Figure 2.

C1 C2
Powers of PN].
kY,N,- kz,N,-
(ﬂPNjin X; (EPNjin X;
EIPNj inY denominator; EIPN].in Z denominator;
Y non integer) Z non integer)
(EIPN].in X; (EIPN].L'n X;
L2 0<kyy <min{Ryy.R;y.}
Nj Nji 2N , ; ; ;
EIPij Y denominator; HPij Z denominator;
Y non integer) Z non integer)
If Ry, <Rzn; If Ryn,<Rzn;
kY,N]' = 0 kZ,Nj < 0
L3 (EIPN]. in X;ﬂPNjin Y) (HPNjin X;
EIPN].L'n Z denominator;
Z non integer)
kX,NI- = min{RY,Nj;RZ,Nj}
If Ryn;>Rzn; If Ryn;>Rzn;
kY,N]‘ < O kZ,Nj = 0
L4 (EIPN].in X; (EIPNJ.L'n X;EIPNjin Z)
EIPNjin Y denominator;
Y non integer)
If Ry <Rz, If Ryn,<Rzn;
min{Ry y.R;n.} < kxn.
L5 PNEEN S TR (3Py,in X;3Py,in ¥) @Py,in X;
<max{Ry y. Rz y.
{ g Z'N’} EIPNl.inZ denominator;
Z non integer)
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If Ryn, >Rz, If Ryn,>Rzn;
L6 (EIPNjin X; (EIPNjin X;EIPNjin Z)

EIPNj in Y denominator;

Y non integer)

If Ryn;<Rzn; If Ryn;<Rzn;
L7 kY,Nj >0 kZ,Nj =0
(EIPNjin X;EIPNjin Y) (E!PN].L'n X;EPNjin Z)
kX,Nj = max{RY,Nj;RZ,Nj}
If Ryn;>Rzn; If Ryn;>Rzn;
L8 kY,N]' = 0 kZ,Nj > 0
(EIPN].in X;ﬂPNjin Y) (EIPNjin X;EIPNjin Z)

If Ry, =Ry,
L9 kX,Nj = RY,N]- = RZ,N]' kY,Nj =0 and kZ,Nj =0

(EIPN].in X; EPNjin Y; }—.’IPNjin Z)

L10 kX,Nj > max{RY,Nj;RZ,Nj}
(EIPN].in X;3Py,in Y) (EIPNjinX;EIPNjL'n Z)

Considering a hypothetical situation where kX,Nj, kY,Nj'kZ,Nj are integers simultaneously (as always happens in integer
solutions for Equation 3), from Table 2 one can conclude:

a) Lines1to 6 have Y and / or Z as non-integer rational numbers. As Beal Conjecture is only about integer
solutions for Equation (3), this conclusion does not contradict Beal Conjecture.
b) Line 10 shows that if a prime factor PN]. exists in X, then PN]. necessarily is present in Y and in Z. This is in

accordance to Beal Conjecture.
c) Lines 7, 8 and 9 reveal that, for primes PN]_, there is a possibility that they exist in X and, do not exist in Y

and/or do not exist in Z, for X, Y and Z integers. This conclusion, in principle, could allow somehow a
contradiction to Beal Conjecture and we will dedicate the following section to investigate it.

It is important to highlight that an exception to Beal Conjecture may only occur in case each power kX,N]_ behave as one
of the situations described in Table 2 cell (7;2), cell (8;1) or line 9, what seems to be very rare, but not impossible. This
also imply in X having no primes P, different from Py,, -, Py, because if this doesnt happen, the primes P, would
be ruled by Situation 1, in which Beal Conjecture was already proved to be valid.

As in Situation 3 B? is a non-integer rational number, it can be written in the form of Equation (27). In fact, in the case
of an exception for Beal Conjecture, the primes of X must be exactly Py,, -, Py,, because if one of them (supposedly
Py,) is absent from X, then Y will never be integer, once the resultant power of Py, inside the radical symbol RVART
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(0 - (_kBZ.Ne)) < 0, leading to a non-integer radicand, as shown in Equation (28).

Ko Ko
BZ, BZ,
5 P PhPR PP
B* = — s 27
p_ BZNi L, “BZNg
Ny Py
ko2 kg2
ny (p B%1 po  po _ pY .p B _ -
nz 1 N N N 00 (n1—2)kx N (n1-2)kx N
— 2Yyn,—2 — 1 [¢] f N1 0 f
Y = VBX i Tt ety PRy By, (28)
N1 " Ng ™" Nf
This way, A=X can be written as
— v — pkxng kx Ny
A=X= PN1 PNf (29)

From Equation (28) one can note that, in an exception for Beal Conjecture, it is also necessary that the non-negative
powers of primes P in B? are multiple of n, (kgz; = agz;n,; where agz; is a non-negative coefficient), in order
that they can go out of Y S radical. A similar behavior happens with the non-negative powers of primes P, in C? , that
must be multiple of n; (k¢z; = acz;ns; where agz; is a non-negative coefficient), in order that they can go out of Z's
radical.

2.3.1 Analysis for the Exceptions (Table 2 lines 7, 8 and 9)
Taking Equations (25) and (26) and making ky_Nj =0 and kz.N,- = 0, one can obtain RY,NJ. and RZ_Nj, respectively
(Equations (30) and (31)).

-k

BZ,N;

— ©)
RY,N]' - (n;-2) (30)

—Kez .

— )
RZ,N]' - (n1—2) (31)

Isolating the term kX,Nj in Equations (25) and (26) one can also obtain Equation (32), which can be graphically
represented by Figure 3.

n3kZ‘Nj - nzkY'N]. = kCZ,N]' - kBZ,Nj (32)

| AN
lkgzn)| > |kezn|

/ E, kg n, = kez

[ke2n;| < [kez,ny

kY.m_

y

Figure 3. Graphic arbitrary representation ot equation (32) according to the possibilities of the negative powers of
primes Py, in B2and C2.
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In Figure 3 we selected three points (E,- correspondent to cell (8;1), E,- correspondent to cell (7;2) and E;-
correspondent to line 9, in Table 2), which represent the exceptions to Beal Conjecture that are being investigated. At

these points, primes Py with positive powers exist in X and, do not exist in Y and/or do not exist in Z. Table 3 can
enlighten these situations.

It is important to highlight that, for each prime Pyj» only one of the situations E;, E, or E; can happen, but each Py
must necessarily fit one of this three options to compose an exception to Beal Conjecture.
In order to distinguish them let’s adopt the following convention for the primes Py;:

e primes in situation correspondent to point E; will be referred as PN,-,l;

e primes in situation correspondent to point E, will be referred as PNj,z;

e primes in situation correspondent to point E; will be referred as Py, ;-

Table 3. Description of the points of exceptions to Beal Conjecture, presented in Figure 3.

POINT - o o CONDITION
k -k -k
E; 0 CENj, BEINj, R _ "BANj, |k32.Nj,1| > |kC2,Nj_1|
n3 YiNj1 (n1-2)
k -k -k 2
E, BZN;j, “C2Nj, 0 R _ TTCiNj, |kBZ»Nj,z| < |kCZ,leZ|
n, ZNj2 (n1-2)
E; 0 0 RY,NJ-,3 = RZ,NJ-,3 kBZ.Nj,3 = kCZ,NJ-_3

From Table 3 one can write X, Y and Z as the following generic expressions:

kg2, N;, _kCZ,Nj 2 R
X = HPO H P (n1 2) Hp j(I211—2) H N]3 ZNj3 (33)
sz’i kBZ,Nj’Z kCZ,Nj'Z
Y=IR ™ MIRY, 1P, ™  TIRY, (34)
Kez; kcz,N]-,l_kBZ,N]-,1
Z=TIR™ TPy ™ TIPS, TIRY, (35)
Applying Equations (33) and (34) in Equation (3), there comes that:
XM +Y"2 =
kB N]1 _kCZ ]2.n1 y
RYN =Rz,N; ;11 kg2 . B2N;, Kc2N;
( ) ( ) Nj, . ' —
HPOHP ny—2 HP ny-2 HP 3.3 +<HPiB 1HPIEI)]-,1HPN].’Z 2 ]ZHPN]3)—
—kp2 . N1 “kKezy ]2-n1
kg2 . “Kez N — ﬁ_sz N, TRz N Ry,N; =Rz,N;
Nj2 Nj2 0 (n1 2) n1 Nj2 Nj2 ja™ ja™
[Py, TR TTPy, [Py, [Py, +
kg2 0 0 0
(TP ™ TIPS, TIPS, TIPS, )
(36)
kg2 . —Ke2

As one can note, as the powers of Py;, in X"t and Y"2 are different from 0, then the term HP PNz Nz can be

put at evidence. As for point E,, |sz_sz| < |kC2,Nj2| , then sz_N]_2 - kcz_N]_2 >0 (itis |mportant to remind that
kcz'Nj2 and sz,N]_Zare negative), and the term inside the bracket in Equation (36) is necessarily an integer number
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-k 2 n1 -k 2 g

C N -
ﬁ > —ke2y, and —kezn;, > Kp2ng, —Kezn, then (1—2) > kg2, — Kz, ). This

implies that primes Py;, must be necessarily present in the sum X"t + Y"2. However, from Equatlon (35) one can note

(because once

that primes Py, are absent from Z"s, leading to X™ + Y™ % Z"s. The conclusion is that an exception for Beal
Conjecture in the situation correspondent to point E, is impossible to happen, in order that the conjecture remains
valid.

Now let’s apply Equations (33) and (35) in Equation (3).

[ Ke2; CZN BZN po
Zn3—Xn1 :(FAPI 1_[PN]1 HPNIZH N]3)

BZN

_ 0 Crey (nl—'z) Ry,N; 5 1 =Rz N ;01
[Tl [p™ ] Imd HPN,-.3

Nja~ Kg2 Nj1 ko2 0 0 0
1_[ Nu (r g nme N2 PNLS)

2 k.2 .n
kg Ny CZNj," 1

—k +k " ba _
_ PO P (n1—2) (12_Nj'1 ]E;Z_Nj‘1 p (n1-2) PRY'NJ'B'nl_RZ'NJ'B'nl
N1 Nj. Nj3

(37)

ke 2NJ kBZ,Nj1

As one can note, as the powers of PNj in Z" and X"t are different from 0, then the term HP can be

put at evidence. As for point E;, |kC2‘N]_1| < |sz‘Nj1| , then kcz‘le — sz_le >0 (it is |mportant to remind that
kczyle1 and sz,lelare negative), and the term inside the bracket in Equation (37) is necessarily an integer number

-k 2N n1 _sz n -
n 1_2) > kB2 and _kBZ,NL1 > kCZ,Nj’1 _szij,l’ then 7( ) > kcz kBZ,Nm)' This
implies that primes Ple must be necessarily present in the result of Z"s — X", However, from Equatlon (34) one can

note that primes Ple are absent from Y2, what results in Z"s — X™ = Y"2. The conclusion is that an exception for

(because once

Beal Conjecture in the situation correspondent to point E; is impossible to happen, in order that the conjecture

remains valid.

Applying now Equations (34) and (35) in Equation (3), there comes that

”HPN,ZHPN,3) (HP PUTIRY, TRy, -

—ky2 —kq2
N, KB2N; N, (CZNj,

Z"s —Y"2 = (HP IR, o HP&’].B) (38)

min{k

koo
As one can note, if the powers of P, in Z" and Y"z are different from 0, then the term [P, 2,52,

can be put

at evidence, resulting in Equation (39).

o Cmin( kezy  ~Kpzy,
ZM3 —Y"2 = 1_[ Pimm{kCZ'i’sz'i} [(l_[ pcziminticz kg2 ) | | Pl\ljclz'l\l]'1 i | | PV, | | PIEI)]'.3>
g2 ;—min{ke2 skpa i} kg2 Nj.z_kcz'Nivz 0
(l |P | |le1| | N, | IPNJ'.3
39)

In this case, Z"s — Y"2 would have prime(s) P; in its result, but from Equation (33) one can note that primes P, are
absent from X™1. This way, to keep the integrity of Equation 3, it is necessary that primes P, do not exist simultaneously
inY and Z. Referring the primes P, in Y as P,y and the primes P, in Zas P, , it comes that an exception at point E; will
have the form of Equations (40), (41) and (42).
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X = [1P% TP TR, TTR,, TTR, 0 2 (40)
kp2;y
Y=TIP," TIRLITP, TIPS, TIPN,, (41)
Ke2i7
Z=TIPYIIR,™ TIR TIPS, TIPS, (42)

2.3.2 Resume about the Analysis of Beal Conjecture for Situation 3

Situation 3 is divided in the situations described in Table 2. The Beal Conjecture was confirmed or not contradicted for
all situations of Table 2, except for the ones described in lines 7, 8 and 9.

After a more detailed investigation on the exceptions at points E;, E, and E. (see Figure 3 and Table 3), it was clear
that these exceptions are impossible to happen at points E; and E,, but not impossible to happen in situations
described by point E-.

2.4 Resume about the Analysis of Beal Conjecture for Situations 1, 2 and 3

As demonstrated in the previous sections, Beal Conjecture was confirmed / not contradicted in all situations related to
Situations 1, 2 and 3, except for the situations described by point E; in Situation 3.

In this peculiar exception, it was proved by Equations (40), (41) and (42) that X, Y and Z must be pairwise coprime, that
is, a prime that is present in one of them is necessarily absent from the others.

3. Extending the Approach

In fact, the initial approach adopted the first term as the rlgference for the dgvelopment presented until now, what led to
A" + B2A"2 = C2A" 2 and consequently X = A, Y = 3/B2X™~2, Z = 3/(C2X1—2,

One can also adopt the second element as the basis, resulting in A?B"2 4 BM = (C2B"2 and X = VAZB"22, Y = B,
Z= 3\/CZB“2;2. The same applies if one chooses the third element to be the reference, coming to A2CP2 4 B2CM 2 =
C" and X = VAZC™2, Y= 3/B2C™2, Z=C.

As one can see, a solution of A2 + B2 = C? in reals (in which at least A or B or C is integer) may lead to three similar
types of solutions for X"t + Y"2 = Z"s (see Table 4).

Table 4. Types of solutions for X" + Y"2 = Z"sthat can be obtained using the first, second and third elements as
unaltered basis. Source: Di Gregorio (2013).

SOLUTIONS FOR

an + Y™ = 7" X Y Z
| A "2/B2 A -2 " [z gng -2

1 nl/AZan—z B n3lcanz_2
1l nl/AZCn3—2 "2[p2ns-2 C

Now, it is clear that:

e Insolution type I, for n; > 2, Y and Z depend on X=A, even if n, = 2 and/or n; = 2.
e Insolution type Il, for n, > 2, X and Z depend on Y=B, even if n, = 2 and/or n; = 2.
e Insolution type IlI, for ny > 2, X and Y depend on Z=C, even if n; = 2 and/or n, = 2.

The development performed for solution type | is analogous for the solutions type Il and 111 and will be presented in
sections 3.2 and 3.3.

3.1 Demonstration for Solution Type |
This demonstration was already performed in section 2.
3.2 Demonstration for Solution Type Il

Demonstration for solution type Il is essentially the same comparing to the one performed in section 2 for solution type |
(so it will not be repeated), since one can exchange the order of the terms of the first member of Equation (3) and
transform Y™z 4+ X™ = Z"s in the format X"t 4+ Y"2 = Z"shy exchanging the variables X & Y, A & B and n; < n,,

11
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resulting in a configuration and conclusions analogous to solution type | (see section 2.4).
3.3 Demonstration for Solution Type 111

As there are some arguments slightly different from solution type I, solution type I will be explored now from the
beginning, to avoid any doubts.

Lets start from an equation (1) in reals. Multiplying (1) by C*~2 there comes that:

ARCM2 4 B2CM2 = (43)
Comparing Equation (43) to Equation (3), in reals, and by making n = n5, one can have
7=C (44)
X = "VAZCnsZ = "\ 4772 (45)
Y = "VBZ(™2 = "{/B7Zms2 (46)

By equalities (44), (45) and (46) one can obtain real solutions X, Y, Z for the Beal equation starting from real solutions
A, B, C for Pythagoras “equation.

It is also possible to obtain real solutions A, B, C for Pythagoras~equation starting from real solutions X, Y, Z for Beal
equation, using the following transforms

cC=2Z 47)
ni

A= (48)
Y™z

Bz = m (49)

From Equations (44), (45) and (46) one can note that, in principle, unless that n; = 2 (situation in which the power of
C is zero, resulting in the unit) or C = 0 (trivial solution), the variable C = Z is always present in the transforms.

As we want to investigate integer solutions for Equation (3), lets assume X, Y, Z integers and nz; > 2. This imply that
A? and BZare necessarily rational numbers (integers or non-integers), because they are written as quotients of integers
as shown in Equations (48) and (49).

Writing X™, Y"2 and Z"~2 in the form of infinite products, these Equations become:

PnlkX,l PnlkX,OO
2 1 -]
A= (n3-2)kz 1 _(n3-2)kz o (50)
P, Py
nzky; nz2Kkyeo
P P ’
2 1 o)
B = (n3-2)kz1 _(n3-2)Kz 00 (51)
P, Py
Or equivalently:
kx 1—(n3-2)k kx co—(n3—-2)k:
A2 = Plnl x,1—(n3-2)kz,1 ---P:;I X,00—(N3—2)Kz 00 (52)
n kY, —-(n —Z)kZ’ n kY, —(n —Z)kzl
BZ - P1 2Ky,1 3 1 ---Pooz 0 3 00 (53)

Since A? and BZare necessarily rational numbers, three situations may occur for solution type I1:

e Situation 1-111: A% and B? are integers;
e  Situation 2-111: A% or B? is integer and the other is non-integer;
e Situation 3-111: A% and B? are non-integers.

3.3.1 Situation 1-111 Analysis (A% and BZ2are Integers)

Assuming that A® and B? are integers, all the powers of the prime factors P, k,z; kgz; = 0, respectively, Vi.
Contrariwise, a prime factor could be raised to a negative power, going to the denominator and leading A2 and B? to
be non-integers, what conflicts with Situation 1-111 fundamental hypothesis. This condition can be expressed in the
general form by Equations (54) and (55), which are illustrated in Figure 4.

Kazi | (m3-2)

nyky; — (Mg = 2)kyz; = Kyz, o Ky = =4+ kg, (54)
Kpzi  (n3-2)

nzky; — (3 = 2)kz; = Kgz,; = ky; = 14+ kg, (55)

12
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As one can see, Equations (54) and (55) have the same form of Equations (17) and (18), in order that the analysis is
analogous to the one performed in Situation | for solution type I (see Figure 4 and Table 5).

Table 5. Behavior of the powers of a prime P, illustrated in Figure 4.

C1 C2 C3 C4
Powers of P;
kBZ,l' =0 sz,i >0 kAz,i =0 kAz,i >0
L1 | kz; =0 v =0 ki >0 kyi =0 kyi >0
at (@PinZ; APinY) | (APinZ; 3PinY) | (BPinZ; APinX) | (APinZ; 3P;in X)
ky; >0 ky; >0 ky; >0 ky; >0
L2 | kz;i >0 G G o o
' (3PiinZ; APinY) | (APinZ; APRinY) | (3PinZ; IPin X) (3Pin Z; 3AP;in X)

Considering a hypothetical situation where ky;, ky;, kz; are integers simultaneously (as always happens in integer
solutions for Equation 3), if a prime factor P, exists in Z (and Z must have at least one prime factor since it is an integer
by initial hypothesis), then P, necessarily is present in Y (see Table 5 cells (2,1) and (2,2)) and in X (see Table 5 cells
(2,3) and (2,4)). Note that the first number in brackets represents the line and the second one represents the column).
This proves Beal Conjecture for Situation 1-111.

Akvikxi

na k7.|_

Figure 4. Graphic arbitrary representation of equations (54) and (55), which rule the non-negative powers of primes P,
in A%and BZ?, respectively.

3.3.2 Situation 2-111 Analysis (A? or BZis Integer and the Other is a Non-integer Rational Number)

Writing A2(non-integer) in the form 1,2 + g,2, in which 1,2 represents the whole part of A and 0 <g,2 <1 is
the decimal part, and as A% + B? = C?, it follows that:

Iz + €42 +B?>=C2 (56)
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BZ = C%—I 2 — gy2 (57)
Once C* > 1,2 and g4z = 1 — gz, there comes that
BZ = (C%—Iyz — 1) + €52 (58)

Since C%and 1,2 are integers, then (C2—I,2 — 1) = Iz, in which I is the whole part of B2.

This results that B2 = Iz + gp2, that is, if A? is a non-integer rational number, then B? also is, because 0 < gg2 < 1.
Therefore, Situation 2-111 is impossible to happen, leaving only Situation 3-11l1 to be analyzed, in order that Beal
Conjecture was not contradicted by Situation 2-111.

3.3.3 Situation 3-111 Analysis (A2 and BZare Non-Integer Rational Numbers)
Suppose the prime factors with negative powers in B? are Py,, -+, Py, (there should be one or more primes PN]. in B2

since it is a non-integer rational number by hypothesis of Situation 3-I11). It is important to highlight that C is integer
according to the initial hypothesis, resulting k¢z; > 0, Vi.

Writing B2and C? in the notation of infinite products, then A? + B? = C2 becomes
B P A WP

Ny N¢ N; N¢
k 2 k 2N kCZN k 2 k 2 kBZN k
(Plc T ) M A '°°) - (PlB V0 N &

BZNf  pKBZe _
. % LR = 4 (59)

N

The powers of Py, Py, in B2 are necessarily negative by hypothesis (Kpzn,,*+, Kpzn, < 0) and can be put at

f
evidence, resulting

k k

BENE Picz'w> - (Plsz'l PO LB PiBZ'”)] piotNL | p BN _ p2

Ny = ENg Ny N¢

[(pkc2,1 kaZ.Nl_kBZ,Nl Pkcz.Nf‘
)
(60)

Now, for all primes inside the brackets in Equation (60), their respective powers are not negative, resulting that the
content inside the brackets is a positive integer number (here named T), what brings to Equation (61).

kpz N kg2 N 2
[TIBy, ™ .. By, ~T=A (61)
As one can see, the only terms with negative powers in the left member of Equation (61) are Py,, -, Py,, resulting that

these primes are necessarily responsible for the negative powers in A2, since it is a non-integer rational number by
hypothesis of Situation 3-I1I. It is important to highlight that the powers of Py,,-:-,Pyin A”are not necessarily

Kpzn,,+, Kz N, because if T have primes Py, ,---, Py, in its factorization their powers would be altered. Thus,

A%can be written in the form of Equation (62).
kT 1=k k k: KT o=k
(le Az'l...Pl\lTl"\'l...PN:’Nf...PC,OT'C>° A2'°°>

“kpz2 N, P‘kBZ,Nf
N1 " Nf

= A? (62)
P

Since the primes with negative powers in B2 and A? are the same, the equations that rule the behavior of their powers
can be represented in the same cartesian plane, as illustrated in Figure 5. In this situation, from Equations (52) and (53)
one can obtain Equations (63) and (64) for Situation 3-111, as analogous to Equations (25) and (26) for Situation 3-1,
respectively.

k

AZN;  (ng-2)
nikyn — (03 = kg = kpzy, = kg = ——+ kg (63)
1 1
kBZ.Nj (ng—2)
npkyn; — (3 = 2)kgn; = Kpzy; = Kyny = —— +— — kg (64)
2 2

Equations (63) and (64) can be represented by the arbitrary straight lines in Figure 5. It is important to highlight that the
graphic shows (63) and (64) as continuous functions, but in fact the target of the study focuses on kX,Nj,kY,N]_,kZ,N]_

integers, implying in a discrete behavior that would be difficult to represent graphically. However, this simplification
does not affect the conclusions, because kX,Nj, kY,Nj, kZ,N]. integers are a particular case of kX,Nj, ky_Nj, kZ_N]_ reals.
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Aev Njkx N

kaz n,

A1

Figure 5. Graphic arbitrary representation of equations (63) and (64), which rule the negative powers of primes Py in

A%and B2, respectively.

From Figure 5 one can note that both functions kY,Nj and kX,Ni are crescent, since n; > 2, n, >0 and n; > 0 and
their angular coefficients have the same form of the linear functions presented in Figure 4. However, in Situation 3-111
kg2 \. ka2

~L and 1
np ng

sz'N]_,kAz'N]_ < 0, leading to negative linear coefficients

Studying Figure 5 in details, the behavior of the powers kX_Nj, kY‘Nj, kZ.N,- can be resumed in Table 6.
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Table 6. Behavior of the powers of a prime Py illustrated in Figure 5.

C1 C2
Powers of PNi
kY,Nj kX,Nj
(APy.in Z; 3APy.inY denomin.; (APy .in Z,
J J J
Ll kZ,Nj — 0
Y non integer) EIPN]. in X denominator;
X non integer)
(EIPN]. inZz; (EIPN],L'n Z;
EIPN].in Y denominator; EIPNj in X denominator;
Y non integer) X non integer)
If Ry, <Ryn; If Ry, <Rxn;
klej = 0 kX,Nj < 0
L3 (EIPNjin Z;EPNjin Y) (HPNjin Z;
EIPN]. in X denominator;
X non integer)
kZ,Nj = min{RY,Nj;RX,Nj}
If Ryn;>Rxn; If Ryn;>Rxn;
kY,N]‘ < 0 kX,Nj = 0
L4 (EIPN].in Z; (EIPNjin Z; HPNjin X)
EIPNjin Y denominator;
Y non integer)
If Ry, <Rxn; If Ry <Rxn;
min{Ry v Ry} < kzn; fv.n; >0 xn; < 0
L5 (EIPN]. inZ, EIPN].in Y) (EIPNjin Z;
< max{Ryn;Rxn;}
EIPNl.in X denominator;
X non integer)
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If Ry, >Ryn; If Ryn,>Ryn;
L6 (EIPNjin Z; (EIPNjin Z; EIPNjin X)

EIPNjin Y denominator;

Y non integer)

If Ryn;<Rxn; If Ryn;<Rxn;
L7 kY,Nj >0 kX,Nj =0
(EIPNjin Z; EIPNjin Y) (E!PN].L'n Z; EIPN].L'n X)
kZ,Nj = max{RY,Nj;RX,Nj}
If Ryn;>Rxn; If Ryn;>Rxn;
L8 kY'Nj = 0 kX,Nj > 0
(EIPN].in Z; EPNjin Y) (EIPNjin Z; EIPNjin X)

I Ryn,=Ryn,
L9 kZ'Nj =) RY,N]- = RX,N]- kY,Nj =0 and kX,Nj =0

(EIPNjin Z; ﬂPNjin Y; }—.’IPNjin X)

L10 kzn. > max{Ryy . .Rxn.}
! e (3Py,inZ; 3Py,inY) (3Py,in Z; 3Py,in X)

Considering a hypothetical situation where kX,N]-:kY,Nj:kZ,N]- are integers simultaneously (as always happens in integer
solutions for Equation 3), from Table 6 one can conclude:

a) Lines 1to 6 have Y and / or X as non-integer rational numbers. As Beal Conjecture is only about integer

solutions for Equation (3), this conclusion does not contradict Beal Conjecture.
b) Line 10 shows that if a prime factor Py, exists in Z, then Py, necessarily is present in Y and in X. This is in

accordance to Beal Conjecture.
c) Lines 7, 8 and 9 reveal that, for primes Py, there is a possibility that they exist in Z and, do not exist in Y

and/or do not exist in X, for X, Y and Z integers. This conclusion, in principle, could allow somehow a

contradiction to Beal Conjecture and we will dedicate the following section to investigate it.

It is important to highlight that an exception to Beal Conjecture may only occur in case each power kz,Nj behave as one of

the situations described in Table 6 cell (7;2), cell (8;1) or line 9, what seems to be very rare, but not impossible. This also
imply in Z having no primes P; different from Py, -, Py,, because if this doesnt happen, the primes P; would be ruled

by Situation 1-111, in which Beal Conjecture was already proved to be valid.

As in Situation 3-111 B2 is a non-integer rational number, it can be written in the form of Equation (65). In fact, in the case
of an exception for Beal Conjecture, the primes of Z must be exactly Py,, -, Py,, because if one of them (supposedly Py,)
is absent from Z, then Y will never be integer, once the resultant power of Py inside the radical symbol RVANT
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(0 — (=kgzy,)) < 0, leading to a non-integer radicand, as shown in Equation (66).

Ko K_,
B4,1 0 0 B<,00
g2 = f1 PN -PNpPo (65)
P_kBZlNl P_kBZ,Nf
N, -y,
ko2 kg2
nz |p B%1 p0  pQ _pY . p BO _ -
nz 1 N N N 00 (n3—-2)kz N (n3—2)kz N
— 27n3—-2 — 1 0 f N1 0 f
Y VB?4Z orn: Fa2ng Feing (Mi PNe PNf (66)
PN1 "'PNe '"PNf
This way, C=Z can be written as
— 7 _ pXZN; kz,Ng
C=7= PN1 ...PNf (67)

From Equation (66) one can note that, in an exception for Beal Conjecture in Situation 3-111, it is also necessary that the
non-negative powers of primes P, in B? are multiple of n, (kgz; = agz;n,; where agz; is a non-negative coefficient),
in order that they can go out of Y s radical. A similar behavior happens with the non-negative powers of primes P, in A2 ,
that must be multiple of n; (k,2; = a,z;n; ; where a,z2; is a non-negative coefficient), in order that they can go out of
X5 radical.

3.3.3.1 Analysis for the Exceptions (Table 6 lines 7, 8 and 9)
Taking Equations (64) and (63) and making kY,Nj =0 and kx_Nj = 0, one can obtain Ry_Nj and RX,NJ., respectively
(Equations (68) and (69)).

_kBZ,Nj

RY,N]- = ma-2) (68)
_kAZ,Nj

RX,N]- = (-2 (69)

Isolating the term kZ,N]. in Equations (63) and (64) one can also obtain Equation (70), which can be graphically
represented in Figure 6.

nlkX,Nj - nZkY,Nj = kAZ,Nj - kBZ,N]- (70)

b
keon| = [kaon|

k",w_

Figure 6. Graphic arbitrary representation ot equation (/0) according to the possibilities ot the negative powers of
primes Py, in BZand A2
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In Figure 6 we selected three points (F;- correspondent to cell (8;1), F,- correspondent to cell (7;2) and F;-

correspondent to line 9, in Table 6), which represent the exceptions to Beal Conjecture that are being investigated. At
these points, primes PN].With positive powers exist in Z and, do not exist in Y and/or do not exist in X. Table 7 can

enlighten these situations.

It is important to highlight that, for each prime Pyj» only one of the situations F;, F, or F; can happen, but each Py

must necessarily fit one of this three options to compose an exception to Beal Conjecture.

In order to distinguish them let’s adopt the following convention for the primes Py;:

e primes in situation correspondent to point F, will be referred as Ple;
e primes in situation correspondent to point F, will be referred as Psz;
e primes in situation correspondent to point F; will be referred as Py,

Table 7. Points of exceptions to Beal Conjecture for Situation 3-111.

POINT kyn; kxn; kzn; CONDITION
k -k -k
Fy 0 a2 B2 Ryy = 2| Tkezn, > T,
nq ) (n3—-2)
F, kg2, "Kazn g, 0 R _ “Kazn, |sz’leZ| < |kA2,leZ|
ny XNj2 (n3—2)
F; 0 0 Ryn;s = Ry, kpzy,, = kazn,
From Table 7 one can write X, Y and Z as the following generic expressions:
_kBZ,N]-'l _kAZ,N]-'z R R
- 0 (n3-2) (n3-2) YNj3 = XNj 3
Z=T1IPR’II PNj,f 1 PN]-’23 I1 pNL3 (71)
kp2; kBZ,Nj‘z_kAz,N]-IZ
Y=IIR"™ TPy, TPy, ™ TIPN, (72)
kp2; kAZ,lel_sz,lel
X=TIP"™ TRy ™  TIPN, TIRY, (73)
Applying Equations (71) and (72) in Equation (3), there comes that:
7" —Y"2
_kBZ,N]- .3 _kAZ,Nj -n3
_ 0 (n3—'2) (ns—lz) RY.Nj 313 =Rx N 3 13
(el Tr™ T T e
kg2 ; 0o | kBZ,Nj,Z_kAZ,Nj_2 0
(T T T T,
[ _kBZ,N- M3 _kAz'Nj,z'n3
3 1—[ PkBZ'Nj.z_kAZ'Nj,Z 1—[ po 1—[ P(Il_v,i—]z) 1—[ Pi(n?,_z) _sz'Ni.Z +kA2,Nj,2 1—[ PRY'Nj,3'n3:RX'Nj,3'n3
- Nj2 i Nj 1 Nj2 Nj3
kg2 0 0 0
B (ﬂ g 1_[ BNj —[ BN 1_[ PN,,3)
(74)
. . kg2 N, 2 “kpz N, 2
As one can note, as the powers of PN]_2 in Z™ and Y™z are different from O, then the term []P » 2 can be
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put at evidence. As for point F,, |sz‘Nj2| < |kAz‘N],2| , then sz,sz - kAz‘N],2 > 0 (it is important to remind that
kAz’N]_2 and sz’NjZare negative), and the term inside the bracket in Equation (74) is necessarily an integer humber

-k 2 n3 —kAz n .
(372) > —Kp2 N2 and kAzle_,2 > sz_N]_'2 - kAZ,Nj_Zl then ﬁ > sz kAz,Nj_z)- This

implies that primes PN].2 must be necessarily present in the result of Z"s — Y™2. However, from Equatlon (73) one can

(because once

note that primes Py, are absent from X"1, leading to Z"s — Y™z % X™. The conclusion is that an exception for Beal
Conjecture in the situation correspondent to point F, is impossible to happen, in order that the conjecture remains

valid.
Now let’s apply Equations (71) and (73) in Equation (3).
" — XM

2 —-k,2
BN1 AZN; ,

1_[ PO 1_[ (n3—-2) 1_[ PN. (n3—’2) l_[ Pl\l:'Y'Nj'S.nngX'NjS‘m
1,2 1,3
-k
A2 kp2 Nj1 BZ,NJ-_1 0 0
(HP [ » By [ oo

B2 N _kAZ’N.Z-nCi

2 2 ———ov—Kk,2 . tkg2 —_— =
ky N, kg N1 PO (nz— 2) ky Nj1TUBZNj p (n3-2) PRY,Nj_B-ns RXNj 33
N]1 N]1 Nj,2 Nj,3
K,z
_ A< 0 0
(l |p1 | |pNj.1 1PN12| | NJ3

.nz

(75)

2N, -k

2 N.
As one can note, as the powers of Pn; in Z" and X"t are different from 0, then the term HP CARNy TN

can be
put at evidence. As for point F, |kA2‘N]_’1| < |sz‘Nj,1| , then kAz_NL1 - sz‘N]_,1 >0 (itis |mportant to remind that
kAzN],1 and sz,leare negative), and the term inside the bracket in Equation (75) is necessarily an integer number

-k 2 n3 -k 2 1’1

(3—2) > kBZ N, and kBZ,NjJ > kAZ,Nj’1 - kBZ,NjJ’ then (3—2)

implies that primes Ple must be necessarily present in the result of Z"s — X"t However, from Equation (72) one can
note that primes Ple are absent from Y2, what results in Z"s — X™ = Y"2. The conclusion is that an exception for

(because once > Kz, szrNj,l)' This

Beal Conjecture in the situation correspondent to point F; is impossible to happen, in order that the conjecture

remains valid.

Applying now Equations (72) and (73) in Equation (3), there comes that

-k
M1eg, TR, ) + (TR 1184, IR

ka2, kg2 Nj, kAZ,N]-'2

XM 4 Yn2 —(HP MR

2
BNy

feg,) e

min{k

. . . skgz .}
As one can note, if the powers of P, in X"t and Y"2 are different from O, then the term [P, AZITBE

can be put

at evidence, resulting in Equation (77).
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_ min{k,2 ;;Kp2 ;} k2 ;—min{k,2 ;;Kga ;} kAz'Ni.l_kBZ'Nj.l 0 0
v T [ [T [ [T,
K.z —min{k,2 k.2 .} kg2 . ~Ka2 n,
B4,i A%’ B4 0 j2 2 0
+([Tx [ 7] [ne: [T
(77)

In this case, X"t + Y"2 would have prime(s) P, in its result, but from Equation (71) one can note that primes P, are
absent from Z™:. This way, to keep the integrity of Equation 3, it is necessary that primes P, do not exist
simultaneously in Y and X. Referring the primes P, in Y as P,y and the primes P, in X as Pk, it comes that an
exception at point F; will have the form of Equations (78), (79) and (80).

Z =TIy TP IIPN,, ITPY;, I P;\]:ijj'S:RXINj'g (78)
K2y
Y=T11P,™ TIPXITPY, TTRS, TPY, (79)
ka2 ix
X =[P TIR,™ TIBS, TIPS, TIPS, (80)

3.3.3.2 Resume about the Analysis of Beal Conjecture for Situation 3-111

Situation 3-111 is divided in the situations described in Table 6. The Beal Conjecture was confirmed or not contradicted
for all situations of Table 6, except for the ones described in lines 7, 8 and 9.

After a more detailed investigation on the exceptions at points F;, F, and F; (see Figure 6 and Table 7), it was clear
that these exceptions are impossible to happen at points F;and F,, but not impossible to happen in situations described

by point F;.
3.3.4 Resume about the Analysis of Beal Conjecture for Situations 1-111, 2-111 and 3-111

As demonstrated in the previous sections, the Beal Conjecture was confirmed / not contradicted in all situations related
to Situations 1-111, 2-111 and 3-111, except for the situations described by point F, in Situation 3-II1.

In this peculiar type of exception, it was proved by Equations (78), (79) and (80) that X, Y and Z must be pairwise
coprime, that is, a prime that is present in one of them is necessarily absent from the others.

4. Conclusion

As explored in the previous sections, it was proved that covering almost all possibilities for Situations 1, 2 and 3 applied
to solutions type I, 1l and I, if there are integer solutions for Equation (3), then necessarily X, Y, Z have at least one
prime factor in common. From Table 4 it is possible to note that in these situations there can be prime factors in
common to X, Y, Z since:

e Insolutiontypel, n, > 2, evenif n, =2 and/or n; = 2;
e Insolution type Il, n, > 2,evenif n, = 2 and/or n; = 2;
e Insolution type Ill, ny > 2, evenif n; = 2 and/or n, = 2.

However, we discovered the general analytical form of counterexamples for these statements in the situations described
by Situation 3 in which the equations that rule the negative powers Py in B2and C? (solution type 1), A%and
CZ%(solution type I1) or AZand B? (solution type Ill), respectively, are concurrent to points located in the powers
graphic horizontal axis (here called “Exception Points™).

Thus, the exceptions to the conjecture may occur only when the reference basis X (in solution type 1), Y (in solution
type Il) or Z (in solution type 1), respectively, are composed only by primes PN]_ with powers correspondent to the
exception points. Besides that, it is necessary that X, Y and Z are pairwise coprime in all cases and there are other
conditions that must be obeyed. This peculiar configuration seems to be quite rare, but not impossible to happen. In
Table 8 we resumed the general conditions that must be simultaneously fulfilled (in solutions type I, 1l or 111) to allow
exceptions to Beal Conjecture.
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Table 8. Conditions that must be simultaneously fulfilled to allow exceptions to Beal Conjecture.

CRITERIA Solution type | Solution type 11 Solution type 111
Reference basis X=A Y=B Z=C
Expression for the other Y = "3/B2Am1-2 X = "NAZB"2-2 X = "VAZCna2
elements

z = "Yczam=? z ="c?Bra2 y = "/B2cns-z
Rational terms B? and C? A? and C? A? and B?
Form of the powers of o = BNy _ o = Kazns o = BNy _
the primes szj at the X.Nj (n1-2) Y.Nj (n-2) ZNj (n3-2)
reference basis ke, “kean,, “Kpz
(n1-2) (n2-2) (n3-2)
Form of the powers of kpz;y k2 x kpz;y

i kyiy = kxix = kyiy =
the primes P; at the b n, b ny “ n,
other elements

kcz.',z kcz,',z ka2 ; x
kziz = n; kziz = n3l kxix = n’:'
Conditions abOl_Jt the —sz‘Nj‘3 = —kcz_NjBare —kAz_,\,j’3 = —kcz,stafe ~kpzn,, =
powers of the primes in multiple of (n; — 2) multiple of (n, —2) —kg2 y, ,are multiple of
A%, B? and C? ”'
(n; —2)
kg2, are multiple of | k,2;, are multiple of n,
L) kg2 ;y are multiple of
kcz; , are multiple of nj n,
k¢2, are multiple of kyz; x are multiple of
Conditions about the A? + B2 = (*?
relation  between the
main variables XM 4 Y™ =7"s
X, Y and Z are pairwise coprime.
Consequences of the X, Y or Z is even and the others are odd.
previous requirements
The product W = X™1y™2Z"3 has primes P,with powers
ky, < Greater{nlkx_v;nzkyj,,; ngkzj,,}, V.

The Beal Conjecture states, in a more conservative way that, for n;, n,, ns;> 2, the integer solutions for X"! + y"? =
Z"3 have a common prime factor, meeting all the conditions presented above, for situations different than the one
described by the Exception Points previously demonstrated. Therefore, the Beal Conjecture is proved to be correct for
situations different than the ones described in Table 8, which rule the exceptions of the conjecture. []
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