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Abstract

Optimal control problems governed by primal and dual evolution macro-hybrid mixed variational state inclusions, in
reflexive Banach spaces, are studied. This is a spatially localized macro-hybrid variational version of our mixed optimal
control theory published in Appl. Math. Optim. 68, 2013, 445-473, where the solvability analysis of the state systems is
given in terms of duality principles, and the mixed optimality analysis is performed via a perturbation conjugate duality
method. Applications to nonlinear constrained problems from mechanics exemplify the theory.
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1. Introduction

The aim of this paper is to study optimal control problems governed by primal and dual evolution macro-hybrid mixed
variational state inclusions, in functional frameworks of reflexive Banach spaces. In a mechanical sense, primal and
dual evolution mixed variational inclusions are composed, generally, of primal-conservation and dual-constitutive interior
field equations, with boundary conditions and constraints incorporated variationally as primal and dual components,
respectively, via compositional dualizations.

Our interest is to determine optimal controls of macro-hybridized evolution mixed maximal monotone variational in-
clusions, applying our mixed optimal control theory established and proposed in (Alduncin, G., 2013), where the solv-
ability analysis of the governing state systems is given in terms of duality principles, and the mixed optimality analysis
is performed via a perturbation conjugate duality method. Macro-hibridization of variational inclusions corresponds to
variational spatial localizations of global systems into families of subsystems, via nonoverlapping multidomain decom-
positions, synchronized in terms of dual transmission subdifferential constraint equations (Alduncin, G., 2007; Alduncin,
G., 2011). In this manner we shall accomplish a macro-hybrid variational version of the previous mixed optimal control
theory (Alduncin, G., 2013).

It is important to stress that macro-hybrid local primal and dual evolution mixed variational reformulations are funda-
mental in the treatment of big spatial mechanical systems with multi-space-time-scale physical response, highly non-
homogeneous and anisotropic material distribution, multi-constitutivity, as well as for parallel computing and multi-
algorithmic resolution schemes. Moreover such macro-hybrid variational structures, significantly, permit numerical im-
plementations in terms of variational internal non-conforming mixed finite element discretizations, with natural internal
boundary parallel dual synchonizations.

Applications to nonlinear constrained problems from mechanics, of diffusion and quasistatic elastoviscoplastic deforma-
tion phenomena, illustrate the theory. These mechanical state systems correspond, precisely, to macro-hybrid versions of
those mixed state systems worked out in (Alduncin, G., 2013) as representative examples.

The paper is organized as follows. Section 2, following (Alduncin, G., 2007, Alduncin, G., 2011), presents the primal
and dual evolution macro-hybrid mixed functional frameworks for the theory, of reflexive Banach spaces, defining the
admissibility subspaces of internal boundary, interface continuity transmission constraints, and stating the fundamental
macro-hybrid composition duality result. The optimal control variational problem, as well as the primal and dual gov-
erning macro-hybrid mixed inclusion state systems, are given and analyzed in Section 3, where the state solvability is
determined in terms of variational duality principles. Next, in Section 4, the necessary and sufficient macro-hybrid mixed
optimality conditions of the present theory are established, applying the perturbation conjugate duality approach of the
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mixed optimal control theory proposed in (Alduncin, G., 2013). The applications of the macro-hybrid theory, to nonlinear
multi-valued mechanical systems, are finally worked out in Section 5.

2. Preliminaries

For the stationary state functional framework of the theory, let V(€2) and Y*(€) be primal and dual mixed Q-field reflexive
Banach spaces with topological duals V*(Q2) and Y(Q), related to a spatial bounded domain Q C R d e {1,2,3).
Also, let H(Q) and Z*(Q2) be the corresponding primal and dual Hilbert pivot spaces; i.e., V() c H(Q) c V*(Q) and
Y*(Q)) c Z*(Q) C Y(Q), continuously and densely embedded. On the other hand, related to the boundary of the domain,
0Q, assumed to be Lipschitz continuous, let B(0€Q2) be the corresponding reflexive Banach primal boundary space with
topological dual B*(0Q).

Following our studies (Alduncin, G., 2007; Alduncin, G., 2011) on evolution mixed variational inclusions, for the macro-
hybrid functional frameworks of the optimal control problems to be treated, the spatial bounded domain Q of the systems
is decomposed in terms of disjoint and connected subdomains {€2 LQ= U Q,, with internal boundaries I', = 0Q, N Q,
e=1,2,..,FE, and interfaces ',y =T, NI, 1 < e <k < E, both assumed L1psch1tz continuous. Accordingly, the primal
and dual Q-field stationary spaces V() and Y*(Q) are considered to be decomposable in the sense

V(Q) = {{ve} € Vig,y = T1L, V(Qo) : {7r,ve)} € Q). 0
V(@) =Y, = Tl V()

(

as well as the Hilbert pivot spaces to be such that H(Q)) = Hio,) = H | H (Q,), and similarly Z*(Q2) = Z{*ﬂ) =

[1Z, Z2*(Q,). Here Q c B,y = [1%, B(T,) is the primal admissibility subspace of internal boundary interface continuity
transmission, characterized by

0 ={{ng vel€ By, :

(oryed A, vel g, = 0, Yiyeh € Y:Qe}’ {ve} € Vi),

2

where [7r,] is the continuous linear internal boundary primal trace operator of the product space V(q,; with values in Byr,),
and [6y. ]is the continuous linear internal boundary dual trace operator of the product space Y* o) into B* = H  B*(Te).

Such local internal boundary trace operators are assumed to satisfy the compatibility COHdlthHS (Glrault V. & Rav1art
P-A., 1986).

(C[ﬂre]) [71'1"5] € L(V[Qe}, B(re)) is surjective,

(Crs; ) [or1e L

) is surjective,
Q) [F }

which are fundamental for compositional dualization in a macro-hybrid variational sense.

Notice that the primal admissibility subspace @ is in fact the polar subspace (orthogonal under duality) to the dual admis-
sibility subspace Q* C B;‘r , of internal boundary interface continuity transmission, given by

0" = (l67,y:) € By

(G ERERTOIED o

3)
{vel € Vigy)-
Moreover the following [nr, ]-compositional dualization result is valid (Alduncin, G., 2007).
Lemma 1 Under primal compatibility condition (Ciay, 1), macro-hybrid compositional dualization, for {u.} € Vi, and

e B,y

{r,uc) € lg-(14;) &= {xf, ;) € dUg o [ar,D({ue)) “4)

holds true, where 1y and Iy are indicator Q- and Q*-subspace functionals, conjugate to each other.

Proof. From the fact that the conjugate indicator functional (Ip)* = Ip-, by convex dualization {rr,u.} € dlp-({1;}) &
{47} € I yp({nr,u}). Thus, under condition (Cix, 1), equivalence (4) follows as the equivalence of the variational inequali-
ties of primal inclusions {A}} € dIg({7r,u.}) and {”1? A;} € 0 o [mr,D{ue)). O
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Regarding the primal evolution state system of the theory, related to a given time interval (0,7) with T > 0O arbitrary
and fixed, the general evolution macro-hybrid mixed variational framework is defined by the primal and dual evolution

reflexive Banach spaces Viyg = LP(0,T;Viq,) = {{ve} : [0,T] — Vigyl velllv,,, = [fo [{ve (t)||vlQ di'’r < oo},

2<p<coandd, = LOOT Y, =100 10.71 = ¥ig 100y, = 1 WO, ' <col.g” = p/(p=1.

with topological duals (V* = LT0,T; V* ) and Yygy = LP(0,T;Yq,)). The prlmal state solution space is defined
by Wyn = {{v.} : {ve} € ‘VMH, {dve/dt} € ‘V* ) With the operator norm [[{velllw,, = [{velllv,, + I{dve/dtilly;,, .

continuous and densely embedded in the space C([0,T]; Hq,)) of Hig,-continuos functions, and with initial values
set {{ve}(0) : {ve) € Wyn} = Hiq, (cf. (Lions, J. L., 1969)). Further the corresponding primal evolution boundary
space is defined by the reflexive Banach space Byy = LP(0, T'; Bisg,y) with dual B* =L7(0,T; B;‘ e’) On the other
hand, for the dual evolution macro-hybrid governing state system, the solution dual space is given by X *MH {{g:) : {q.) €
Yo (daz/dty € Yy} with the norm [l{gg)llx;,,, = gellly,,, +Ilidg;/dilly,, similarly continuous and densely embedded

in the space C([0, T1; Z{Q )) of Z {Qe)-contmuos functions, and with initial values set {{g;}(0) : {g}} € X MH } { oy

3. Optimal Control of Evolution Variational Problems

In this section, we begin with the optimal control problem of the theory, governed by primal and dual evolution macro-
hybrid mixed variational state inclusions. This will be a macro-hybrid version of our recent mixed optimal control study
(Alduncin, G., 2013), whose optimality analysis will be treated in the subsequent section.

Taking into account the macro-hybrid functional frameworks stated in the Preliminaries, for the optimal control minimiza-
tion problem, let Cpqqy = L%(0,T; Uiq,;) denote the evolution space of Uyq,; = Hf:l U(Q,)-controls, a reflexive Banach
space, and Cgq,,, be a closed convex subset of admissible controls. Then the optimization problem of the theory reads as
follows,

dyn

Find {«x,} € CadMu C CmH :
Omn) Iun(ue AP ) A4 D, {keh)
< Ina((ue AP HA D e, Yine} € Cma,

where ({u, }, {pg, } A4 ) € Wyn X y;m XB*MH or ({u,}, {pe A )) € Vun x(\”}‘”H XB;‘MH are corresponding k-optimal
macro-hybrid mixed states of the primal or dual governing evolution macro-hybrid mixed systems, to be denoted by
(MH,) and (MH), respectively. A general cost or objective functional Jyy : ((VMHXy;IHxB;lH)XCM'}-( — RU{+o0}
will be of the macro-hybrid mixed form

Inu (v} Vi s i Ds {ne)

T ®)
= fo (g1({vi. ) + 2y D + g3({vi, D) + j{me ) dt,

whose integrand functional components must satisfy appropriate variational properties.
3.1 Primal Evolution Macro-Hybrid Mixed State System

Following our previous study on evolution mixed inclusions with optimal control, (Alduncin, G., 2012), we consider the
abstract primal evolution macro-hybrid mixed governing state system of optimal control problem (Oyg) (cf. (Alduncin,
G., 2007; Alduncin, G., 2011)).
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Given {f;} € V¥ .18} € {LP(0, T; R}, {ite,} € Hig,),
find {u,} € Wypg and {p}} € y;m :

(~ATp) — (a5} € {dd”t} +1OF. () + (00F,, 0 10 )))
(MH,) HBK) — () I
(At} € OG2(p2)) + (g0). in Yy,

{1e(0)} = {utey };

and {1}} € B*MH satisfying the dual synchronizing condition

{mr,uc} € 81p-({43}), in Bym,

with [B}] € L(Cmu, q/;m) the macro-hybrid coupling optimal control linear continuous operator.

In this macro-hybrid mixed model [A.] € L(Vyn, Yug) is the linear continuous coupling operator of the system, with
range subspace {R(A.)}, and the primal subdifferential and right hand side term are given by

[0F,] = [OF.]1 + (I, o [7.,]) : Vi — 2V,

I . 6)
—FY =T B - e Vi

where [0F,] : Vya — 2V stands for the macro-hybrid primal evolution operator, and [0G}] : y;m — 2Yu1 models
the dualized macro-hybrid evolution distributed primal constraint of the problem, both being maximal monotone subd-
ifferentials. Also, considering a disjoint boundary decomposition 0Q2 = Q¢ U dQp U 0Qp, [0¥,.] : Buu, — 2Bunc
is a maximal monotone subdifferential that models the primal boundary constraints imposed to the system on the local
external sub-boundary {0Q, .} € 0Qc¢. Further {u,} € Byp, and {p}} € B*MHD correspond to the primal and dual boundary
values prescribed on the disjoint external sub-boundaries {0€,,} € 0Q\0Q¢ and {0Q,,} € IQ\IQc\0Qp, respectively.
Hence, in a mechanical sense, the (V;l -primal variational equation of problem (M%) may correspond to the localized
constitutive or balance equation of the system, with localized boundary conditions incorporated variationally (after the
application of its macro-hybrid divergence formula), and the Yy,g-dual subdifferential equation to a localized variational
model of the imposed interior or distributed constraints, dualized for computational purposes.

On the other hand, dual Bsg-subdifferential equation of transmission imposes the internal boundary interface continuity
constraint {17} € Q*, of the spatial decomposition, via the indicator functional /- in accordance with Lemma 1. Notice
that by convex dualization the primal transmission equation is {4}} € dIo({nr,u.}), in BLH, for {nr,u.} € Byn.

Then, proceeding as in (Alduncin, G., 2012) (cf. (Alduncin, G., 2007)), we introduce the classical primal evolution
macro-hybrid compatibility condition

(CGa)) MDUGH NRAA.D # 0,

under which the composition duality relation

[AL0G, o Al = [0(G, o A,)] (7)

holds true (Ekeland, I. & Temam, R., 1974). Thereby, the primal evolution macro-hybrid mixed duality principle for the
state system can be concluded, whose necessity is readily implied by compositional dualization (7) and Lemma 1.

Theorem 2 Under compatibility conditions (Cig,)a,1) and (Cixy,1), primal evolution macro-hybrid mixed state problem
(MH,) is solvable if, and only if, the primal evolution macro-hybridized state problem
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Find {u,} € Wy

du, _
(0.} { - } +OF ()} +10(Ge 0 A)(ute — vy))

Pun,) HAW, © T )te)) + 8 o [, D({ue}) + (Bike)
1 in V.
{1e(0)) = {utg, ),

is solvable, where {v,,} € Vypy is a fixed [\ ]-preimage of function {g.}.

Proof.  For the sufficiency, upon the application of Lemma 1, let ({«e.}, {p;}) € Wyn X y;m be a solution of the
corresponding macro-hybridized state problem

Find {u,} € Wyp and {p}} € y;”l :

(—ATpi) e {%} FAOF (1)) + (0(Fe, 0 oo )(ue))

M) +3(Ig o e, D({ue)) + 1Bike) — (), inV?

{Acue} € {aGZ(p:)} + {ge}’ in yMH,
{ue(o)} = {ueg}-

Then there is a functional {w}} € {6fe(ue)}+{6(‘f’ec ome. )uUe)} C (V;m such that —{w:}—{Aeij}—{due/dt}—{BjKe}+{fe*} €
0(Ig o [rr,1){u.}). From the variational inequality of this primal inclusion, taking variations {v.} = £{v,,} + {1}, with {v,,}
in the kernel N([nr,]) € Vyp, it follows that —{w}} — {AeTpZ} — {du./dt} — {B«.} + {f,} belongs to the polar subspace
N([nr,])° C (V;m' Hence, by condition (Cl, 1), the Closed Range Theorem states that N([nr,])° = R([ﬂrE]T) and

consequently there is a [rr,]” -preimage {1}} € B, such that {w}} = —{ATp:} - {nlfﬂ/l*} —{du,/dt} - {Bix,} + {f}. That
is, applying Lemma 1, ({«.}, {p;}, {1.}) conforms to a solution of state problem (M%H ). O

Furthermore, we may express primal state problem (#yp,) in a classical maximal monotone macro-hybridized sense,
introducing the local primal composition superpotentials, fore = 1, ..., E,

Ge,(v) = Go o Au(v =), v € V(Q,), (8)

with effective domains and subdifferentials Z)((~}gg) = D(G, o Ae) +v,, and 6§gg = 0(G, o A,)(- — ve,). That is, assuming
the localized qualifying Moreau-Rockafellar-Robinson conditions (Ernst, E. & Théra, M., 2009),

intD(F,) N D(G,,) # 0,

Cr.G o, ) -~
FelGeaVecie™ | intD(F, + Go,) 1 D(Weq 0 1) # 0,

for the validity of the primal subdifferential sums

0@, = O(F + Gy, + Wor 0 1e) = OF  + 3Gy, + 0(Pe, 0 7o), )

macro-hybridized primal state problem (P g, ) is given by
Find {u,} € Wypy :

dus) )
(0.} {d—”t} {0} + Bl o [y D(fuee}) + {Bix,)

() inv:
{ue(o)} = {ueg}-

(ﬁMHK )

Consequently, in accordance with Akagi and Otani existence result (Akagi, G. & Otani, M., 2004) (cf. (Alduncin, G.,
2011)), we can conclude the following.
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Theorem 3 Let the local coercivity and boundedness conditions, fore = 1, ..., E,

(Clgag) ”Ve”[‘)/(gﬂ) - C1||v€||%1(ﬂf) - CEg < Ce3¢e(ve)’

Yve € D(g,),2 < p < 0,

(€2,,) IIVZII“’;*(QE) < Le(lvellm@)@e(ve) + 1},

Y, € 3g.(ve),q* = p/(p = 1),

), equivalent primal evolution

{, a non-decreasing real function, be satisfied. Then, under conditions (C FoGey. Yecomec

macro-hybridized state problems (ﬁMHK) and (P mu,) attain a unique solution.

Remark 4 As usual, the uniqueness of Theorem 3 follows from the monotonicity of the primal subdifferentials de,,
e =1,2,.., E, utilizing the time integration by parts formula for 0 < s < 7 < T, {u.}, {ve} € Wyn,

T d .
fs <{ = }(t), {Ve}(’)>mdt = ()@, v ) D

(10)

()5 e N (D, — f ' <{d” }(r>, {ue (r)} dt.

dt Vi)

The existence result follows via Hilbert approximations defined by the classical, uniquely solvable, Cauchy problems
(Brézis, H., 1973),

Find {uen} [S (LIMH .

du, _ "
P {oe}e{ t}+{awmgg)(ue)}+a<1Qo[nsre])({ue}mBeKe}

—{foh in Hyp,
{ue, (0)} = {ue,,},

where Uy = {{ve} : (ve} € Vun, {dv./dt} € Hyn = Lz(O, T;H[Qe})} Cc Wun, P(,EH(QE) tH(Q,) — R U {+00} is such that
QH@,) = @ in V(Q,) and +o00 in H(Q,)\V(L,), a proper lower semicontinuous functional whose dgp,) C d¢.. Further,
fe;; — E‘ in Vyn, and u,, — u,,, in H(Q,), are strongly convergent sequences as n — +oco. Then, under conditions (C1,,)
and (C2,,), the sequence of problems {(ﬁHx)n} converge weakly to problem (5MHK), classical subdifferential version of
primal evolution problem Py g, (cf. (Akagi, G. & Otani, M., 2004), Theorem 3.2).

Therefore, the macro-hybrid mixed solvability result of the present primal theory is concluded from Theorems 2 and 3.

Theorem S Let compatibility conditions (Cg,ya,1) and (Ciay,) be fulfilled. Then, under local conditions (Cg, g

egsec e ),
(C1,,) and (C2 ), e = 1,..., E, primal evolution macro-hybrid mixed state problem (MH) is solvable with a unique
primal ‘W yg-component.

3.2 Dual Evolution Macro-Hybrid Mixed State System

We next proceed with the dual version of the theory, considering as an abstract general dual evolution macro-hybrid mixed
state system, governing optimal control problem (O g ), the following (Alduncin, G., 2012),
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Given {f; € LP(0, s RC=AD)} (8e) € Ymm, (P} € Z3,
find {u.} € Vg and {p} € X%
(=AL P2} = {af, A2} € (OFeue)} +10(¥e © e )(ue))
£,
PN 06D + (Bekc) +1ge), 0 Yo,
(PO} = (P,

and {17} € B;”H satisfying the dual synchronizing condition

!

y

inV* |
(MH?) MH
(Aot} €

—_—~—

{mr,uc} € 0lp-({42)), in By,

where, in a dual sense, [B.] € L(Cyu, Yun) is the macro-hybrid coupling optimal control linear continuous operator.

Here {R(—AeT)} denotes the range subspace of the linear continuous coupling transpose operator [AeT] € LM v, Vun)
of the system, and primal definitions (6) are considered in force too. A mechanical interpretation of this dual case is that
now (V;lH-primal equation may correspond to localized variational models of imposed interior or distributed constraints,
with incorporated local boundary conditions and constraints, and Yjyg-dual subdifferential equation to the localized
constitutive or balance equation of the system. Further, dual $g-subdifferential equation is the transmission equation
of the macro-hybrid spatial nonoverlapping decomposition, which enforces the internal boundary interface continuity
constraint {4} € Q* via the indicator functional Iy-, in accordance with Lemma 1. Recall that the primal transmission
equation, {A}} € dlg({nr,u.}) in BLH, is deduced by convex dualization, for {nr,u.} € Byu.

For the analysis of the state problem, we introduce the dual evolution macro-hybrid compatibility condition

(C((fw(ﬂe)+(‘I’c°7rc)|v<9e)})*9[—/\f])

intD(({Fiva,) + (e © mc)wan D)) NRA - A1) # 0,

under which the composition duality relation

(A (Fiyq,) + (Pc o o))t o (=AD))

- (11)
= {0((Flvq,) + (Pc o mo)via,)* © (=AI)}

is valid (Ekeland, I. & Temam, R., 1974). Then the dual evolution macro-hybrid mixed duality principle of state system
(MH,) is similarly concluded as for the primal case, whose necessity follows by compositional dualization (11) and
Lemma 1. The sufficiency of the principle is established via the same arguments as for Theorem 2.

Theorem 6 Under compatibility conditions (Ciz,,1) and (C(“;Mn R S | o
state problem (M) is solvable if, and only if, the dual evolution macro-hybridized state problem

ATy dual evolution macro-hybrid mixed

Find {p}} € XTWH :

dp* —
{0.} € {%} +{0G,(p)} + {0((Fv,) + Pc o o))’

o(=ADNP; + G ) + (Bekeh + {gehs in Yy,

{pe(O)} = {p;, )

Dumn,)

is solvable, where {q;;*} € y;lH is a fixed [-Al'l-preimage of function {f}.

Next, in order to apply Akagi and Otani existence Theorem (Akagi, G. & Otani, M., 2004), we express the dual problem
as a classical subdifferential one. Thus, we introduce the local dual composition superpotentials, fore = 1, ..., E,

Hz:(q") = (Fivay + (Pe o mlway)” © (FAD(G; +q75). 4 € Y'(Q0), (12)
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whose effective domains and subdifferentials are 1)(17 }?) = Z)(EV(QG) + (Wc o o), )* o (-AD)) - q} and 0H 7 g =

6((17““/(96) +(Pcome)v,))’ (—AZ))(q* + q%), and assume the localized Moreau-Rockafellar-Robinson conditions (Ernst,
E. & Théra, M., 2009). ’

(CG;,;,_F:) intD(G?) N D(H) # 0

that guarantee the dual subdifferential sum rules

g Ea(Gj+ﬁeP)=6G:+6ﬁﬁ*, e=1,..,E. (13)

Then problem (D) has the subdifferential form

Find {p}} € X}y :

~ d
(Dun,) KUe{;ﬁ+m@@DHw&m+m¢ in Yo,

{Pe(0)} = {pe,}»

and the following dual existence result can be concluded (cf. Remark 4).

Theorem 7 Let the local coercivity and boundedness dual conditions, fore =1, ..., E,

(1) 1Y 0, ~ Collgt I, — Co < C3 B2,

Vg, € D(@p),2 < q" < oo,

(C24) Ig;lly g, < GGz ) (@0 (g2 + 1},
Va; € 9gy(qp).p =47 /(q" = 1),
€ a non-decreasing real function, be fulfilled. Then, under condition (CG:’EI; ), dual evolution equivalent state problems
(Duyn,) and (Duyu,) are uniquely solvable.
Therefore, the macro-hybrid mixed existence result of the dual theory is achieved from Theorems 6 and 7.

Theorem 8 Let compatibility conditions (Cizy,1) and (C(“;Mge) + (Feomeyian ) - Afl) be satisfied. Then under local condi-

tions (CG*;;,f_‘ ), (C 14,:) and (C2¢;), dual evolution macro-hybrid mixed state problem (M) is solvable with a unique
dual ¥ (o, "Component.
3.3 Evolution Macro-hybrid Mixed Optimal Control Problem

Now, we can state the solvability of the optimization problem (O yg), governed by primal and dual evolution macro-hybrid
mixed state systems (M%) and (M), and conclude the corresponding optimal control solvability.

In accordance with Migorski’s analysis (Migérski, S., 2001), we assume that the cost or objective functional of optimiza-
tion problem (Oysg), with general macro-hybrid mixed form (5), satisfies the condition

Jur : (Vynu X y;m X B;/IH) X Cyng — RU {+00} is lower
(CJMH

semicontinuous, bounded below, and Cy g — convex.

Then the optimization solvability of the control problem is concluded.
Theorem 9 Under qualifying condition (Cy,,,), macro-hybrid optimization problem (Oyp) attains a solution.

Thereby, in accordance with Theorems 2 and 3, as well as Theorems 6 and 7, the variational optimal control existence
results of the macro-hybrid mixed theory are achieved.

Corollary 10 Let conditions (Cy,,,), (C[,rre]) and (C(G,)(a,)) be fulfilled. Then under local conditions (Cy g on C),

ey eg’ e, e,
(C1,,) and (C2y,), e = 1, ..., E, there exists an optimal control pair ({uc}, {pe}. A22)), {ke}) € (Wynx Y X BT IXCup
to problem (O yp)-(MH,),
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and

Corollary 11 Let conditions (Cy,,,), (Cxp,1), (C((;W(ne) +(¥eome) |vme;))",[—AeT])’ (CG*’;,f_* ), (Cly) and (C24+) be satisfied.
Then there exists an optimal control pair (({ue}, {p:}, {A}}), {k.}) € (Vum X X;"WH X B;‘”H) X Cypy to problem (Oyp)-
M),

4. Optimality Condition Analysis

In this section, we elaborate on the primal and dual optimality conditions for the constrained evolution macro-hybrid
mixed optimal control problem (Oyp), based on our previous study (Alduncin, G., 2013), via perturbation conjugate
duality. In this manner, we extend the mixed optimal control theory to a macro-hybrid version, theory that was motivated
by the analysis of Az¢ and Bolintinéanu on constrained convex parabolic control problems (Azé, D. & Bolintinéanu, S.,
2000). We refer to (Alduncin, G., 2013, Section 5), where proximation penalty-duality algorithms for variational mixed
optimality conditions are derived and analyzed, issue that will not be pursued here.

4.1 Primal Optimality Conditions

Let us first treat optimal control problem (Opyp) governed by the primal macro-hybrid mixed state problem (M%),
with associated state primal problem (P yp,) (cf. (Alduncin, G., 2013), Section 4.1). From here on, we assume that the
conditions of Theorems 2 and 3 hold true. Hence, as the macro-hybrid mixed state-control operator, T yg : (Wyg X
M;m X B;‘WH) X Cya — (V;m’ we have

Tua(({vehs el e, (neh)

dve * * * *
= { S} )+ ATy + el i)+ (B (14)
;) € 1OFe + Wee 0 e )(ve)),
and as the closed convex constraint domain of the primal problem
My = (el yeh VoD, (ned) € (Wyn x Y X B ) X Cun

15)
(ve) € T2y D@o), i) € [T DG, VL) € Q7 {116} € Cadyyy)-

Further, for the constraint qualification condition, it is assumed that there is a closed subspace Q;‘W u C q/;lH such that

Cri) @,y € Ro(Trn(Mun) £ D

and the proper convex and lower semicontinuous perturbation functional, Syy : (‘W) Mny;mxB;m)xCMH)xQ;‘”H -
R U {+00}, is then defined by

Suu((({veh, yed e {nebh) . {aeh

(16)

= Iua((veh, 21 oDy (meD) + Ioc,,,, (el (2} 2D, ineDs Aal D,

with Kyg € (Wyn X M;m X B;m) X Cyy) X Q;”H, the closed convex subset
Kun = {({vel yeh VoD e Ageh) € Mun x Q- an
(s} € Tun(Murm) — {2},
Also, we introduce the marginal or infimal value convex functional ), : Q;‘u g R U {+o0},
* N = inf

Huur (1)) (O DAIDEW XY 3y X By DX Cortt (18)

SMH((({VE}’ {y:}, {VZ})’ {T]e})’ {q:})

Therefore, in accordance with the perturbation duality theory (Ekeland, I. & Temam, R., 1974; Rockafellar, R. T., 1974),
we can now proceed to state the primal, dual and mixed optimization problems of the optimal control theory, in a macro-
hybrid perturbation sense. Indeed, the macro-hybrid optimal control functional, Jy gy : (Wyg X M;/I e B*M H) X Cyyg —
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RU{+eo}, is recovered through a zero perturbation; i.e., Jyu(({ve), (i}, (Vi) (7)) = Sua((({ve), (i), Vi, (7). (0c)a,, )
and then the primal evolution macro-hybrid mixed optimal control problem in a perturbation sense is given by

Find (e}, {2} (D), {ke}) € Min ¢
Sun((({ue} P2 LD, ke (0clay,)

< Sun((vel (21 2D, 11D 102y, ).
V((vel. (21 V2D, 1)) € (Waan X %, < 87, ) X Cun.

(OCun)

Moreover, denoting the dual subspace of the constraint qualification condition closed subspace Q},y by Quu € Vuu,
and the conjugate of perturbation functional Sy by Sy : (Wi X Y uu X Bun) X Chyy) X Qua — R U {+00}, the
perturbed dual convex functional 7y : Qyy — R U {+o0} is defined by

(e = Sy (0, 10chyia - (Ocksy, ). (O2hcy, ). g, (19)

which, in fact, corresponds to the conjugate of the marginal functional . Then, in a dual perturbation sense, the primal
evolution macro-hybrid mixed optimal control problem is the following

Find {p.) € D(myp) :
~Suun(07}v;, -+ 0chyi, 106y, ) 10 s, ) (Pe)

Z _SLH((({O: }(V?Qe)’ {OE }y(ggp {06}.(3(1"?))5 {O: }C?QH)’ {Qe}),
Vige} € Qun.

OC},p)

Further, the corresponding convex-concave Lagrangian, £ : ("W yy X y;m XB;WH) X Cpma) XQuu — R U {+00}, is
defined by

Lun (s 02 VoD DG = =Sigp o (06D
(vl 2 V2D, 1) = (T (o). ) 2D ()

TGN, g 1 (el 022D, D) € Dya, (20)
+oo, if (). 2 0D, ) # Do

Dy = (el 2 VD, (1)) € Mutwr = Taaa(Mur) = 151,

s

Notice that D is the projection of set Kyg on (Wyg X Y* X B* X Cyn. Here, S : N
MH proj MH (Wun yMH MH) MH MH (113210, tne ) Qun

R U {+oo} is the conjugate of Sy, ey e ey = Shrr (el 02 VED, (D), ) = @ = R U oo}, for (e, (yih (i),
{n.}) € (Wyn X JI;lH X B:‘”H) X Cyg- Thereby, in a mixed perturbation sense, the primal evolution macro-hybrid mixed
optimal control problem turns out to be

Find ((({ue} AP} A4eD, {keD) Ape)) € D(Lyn) -
Lur({ue}, ApedALD, {keD), {ped)
< Lun(((uel, Apeh A4D, (KD, {ge))
< Lua (el (el (ve)), (11D, e,
Y ({ved, ed ve D, ne)). {geh)

€ ((WMH X y;m X B;/IH) X CMH) X QMH-

(MOCun)

Lastly, we shall require the classical duality principle of the perturbation duality theory (Rockafellar, R. T., 1974; Ekeland,
I. & Temam, R., 1974),

Lemma 12 In a macro-hybrid sense, the following propositions are equivalent to each other:
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P ((u b AP A, (ko)) € D(Iym) and {p.} € D(nypu) are respective solutions to primal and dual problems (OC )
and (OC, ), such that inf(OCun) = sup(OC},,.);

P2) ({ue} AL ALD AN APe)) € D(Lyn) is a solution to mixed problem (MOC yp).

Moreover, considering that the marginal domain 9(u),,,) is the projection of the perturbation domain D(Syy) on Q;‘WH,
we shall require the result (Jeyakumar, V., 1990).

Lemma 13 In a macro-hybrid sense, let the marginal domain D(uy,,,) be such that R, D(u;,,,) is a closed subspace,
and let #LH(OB;{H) be finite. Then

inf
(VD NEW i XY 3y X By )XCottt

Sur((ves D21 02D, ), 100 )ay,,) @1
= max (=Sjy0}}v,,,- Oy Odsy ) 100 ey, ). laeh).

{ge}eQun

Therefore, we can now establish the macro-hybrid mixed optimality condition for optimal control problem (Oyn), gov-
erned by primal evolution macro-hybrid mixed state problem (M%) following (Alduncin, G.,2013, Theorem 4.3).

Theorem 14 A primal macro-hybrid mixed state-control (({u.}, {p;}, {A;}), {k.}) € My is an optimal solution of
constrained evolution primal macro-hybrid mixed problem (O yg-MH,) if, and only if, there exists a primal qualifying
perturbation function {p,} € Quu such that (({u.}, {ps} A2}, {ke))s {pe}) solves the primal macro-hybrid mixed perturbed
control variational problem

Find ({uch, Ap; ) A0, (ko)) € My and {p.} € Qun :
T;H{pe} € 0J mua(({ue} Aps 1 A4, {ke))
(M/(B\é;m) in (W3 . XYun X Bun) XC; .
~Taar (e, (P2} (2D, (KD € B0 pe)) — 1),
inQ
MH

that determines the optimality conditions of perturbed problem (MOC yg).

Proof. Let {q}} € QLH and {4,} > {0.}. From constraint qualification condition (Cy,,,), there is an admissible macro-
hybrid mixed state-control (({v.}, {y,}. {(vi}), {1.}) € Mum such that

(7'} € Taan (el 2L 2D, D) — £}

Thus, ({ve}, 31 Vi, 1D A 40D € Kum, Sun((ved, i ViD, ). (4.1 = Ina((vel Ay} Ve, {ne)) < oo,
and by marginal functional definition (18), {/le‘lq’;} € D(uy,y) and Dy, = Tur(Kun) — {f, ). Thereby, Q;m =
‘RJ)(/J;‘WH), and conjugate duality result (21) holds true. On the other hand, if (({u.}, {p;}. {4}, {k.}) € Myn is a
solution of primal problem (OC ), then there is a solution of dual problem (OC’;WH), {p.} € Qupy. Therefore, by Lemma
12, ({ue b APELALD, (keDs {pe) € (Whyn X y;lH) X Quy is a solution of macro-hybrid primal-dual problem (OCyg)-
(OCLH) if, and only if, (({u}, {pih AL, (ke ). APe}) € Dumm X Quu is a solution of minimax problem (MOC yg), for

—_~—

which primal macro-hybrid mixed state-control-perturbation problem (MOC);g) states its optimality conditions. O
4. 2 Dual Optimality Conditions

We next proceed with the dual optimality part of the theory, for the optimal control problem (O,;g) governed by the dual
macro-hybrid mixed state problem (M%), with associated state dual problem (D g, ) (cf. Alduncin, G., 2013, Section
4.2). In this subsection, the solvability conditions of Theorems 6 and 7 will be in force. Now, as the macro-hybrid mixed
state-control operator ‘7';4 -~ (Vua X X*MH) X Cyr — Yuu, we have

(AR VARVHRUR)

_ {dyZ
dt

(22)

} ) — (Aevel + {Betel, D € 1GEODN,
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and the closed convex constraint domain of the dual problem is

M g = Qe D), 1ne)) € (Vium X X3, X Cun
o) € [1E, D(F, + P, 0 ), i) € T1E, D), (23)
{Tle} € CchH}-

For the constraint qualification dual condition, we assumed that there is a closed subspace Qy g C Yy such that

(Cr;,) Qun © Ro(T7, (M) + (g,

and introduce the closed convex subset 7(;”1 C (Vuu X (\’LH) X Cuu) X QuH,

K= ((Aved D (D) Age)) € M, X Quar

(24)
(ge} € T3,y (Avel (2D, 1) + (8.

Then, we define the proper convex and lower semicontinuous perturbation functional, S}, : (Vyg x X ;‘WH) X CyH) X
Qupu — R U {+0o0},

Sy (el eh): {neDs {geh)

(25)
= (el e, (neD) + Ix;,, (Ve AveDs 17D {ge ).
Moreover, we introduce the marginal or infimal value convex functional uyy : Qg — R U {+o0},
o)) = inf
MMH({q b (e e D Ane DEVunX Xy, )XCrn (26)

Sy (vl D 17D, (e,

Thereby, following the perturbation duality theory (Ekeland, I. & Temam, R., 1974; Rockafellar, R. T., 1974), we can
state the primal, dual and mixed optimization problems of the present dual theory, in a macro-hybrid perturbation sense.
That is, the macro-hybrid optimal control functional, Jyy : (Vyg X X* )X Cyg — R U {+o0}, is given in terms of a
zero perturbation; i.e., Jyu(({ve), (VD). {17.)) = Suu((({vel, Vi), (7)), {0}, ), and then the dual evolution macro-hybrid
mixed optimal control problem in a perturbation sense is expressed by

Find (({u.). (P2, k) € M,
S;F\/[H((({ue}s {P: })s {Ke})’ {Oe}QMH)

< Sy (([@veh, e D), (1), 103 @)
V({veh VeDs (me)) € (Vun x X3,,) X Cun.

(OCun)

Also, the perturbed dual convex functional 7}, : Q;‘WH — R U {+0c0} is

Tun({aed) = Suu((({Oc} v, - {0chy, ) {0e)cia,): (e @7

where Q:‘”H c y;m is the dual subspace of the perturbation Qpg, and Sy @ (Vym X (\’}"”H) X Cyn) X Quy —
‘R U {+oo} is the dual perturbation conjugate. Then the dual evolution macro-hybrid mixed optimal control problem in a
dual perturbation sense is
Find {s}} € D(7},,,) :
~Sur((({0c}vig, - {0}y, )- {0l )- {5e)
> _SMH((({OE }(V(Q‘,)’ {OZ }y{*ﬂp)), {Oe }C(QE))s {q:}),
Vig:} € Q-

(OC}p)
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Further, the convex-concave dual perturbed Lagrangian, £}, : (Vi X (\’;‘”H) XCmHu) X Q;‘WH — R U {+c0}, is given by

Ly (@b 2D 7D AGD = =Suttt o 12D
T (el oD, {neh) — ({aeh, T, (el AveD, {neh)
= HeeDy:, e I (el 2D, i) € D (28)
+oo, if ({vel e (neh) € D
D3y = (e GeD, 1)) € Mgy = T (MG, ) + (80} € Quin),

the set D7 . being the projection of set K = on (Vyu X X3 ) X Cun- Here Sun,, vininy : @y = R U {00}
is the conjugate of functional S = Sua(((eh, o), e), ) : Qua — R U {+eoh, (({veh, V2D, () € (Vun

MH (vertyz.tneh

xX* )xCypu. Consequently, in a macro-hybrid mixed perturbation sense, the dual evolution macro-hybrid mixed optimal
control problem becomes

Find ((({ue} {pe D). {&e D, {seh) € D(Lyy) -
Ly ((Quel. {peh). kD, seh)
< Ly (e}, APeDs (ked) g h)
< Ly (el (ve), (), {ge D,
Y ((vel, e, (meD). {geh)

€ (‘Vun X X’I‘WH) X Cuu) X Q;m'

(MOC’,,))

For this dual case, we shall also require the corresponding classical duality principle of the perturbation duality theory
(Rockafellar, R. T., 1974; Ekeland, I. & Temam, R., 1974),

Lemma 15 In a macro-hybrid sense, the following propositions are equivalent to each other:

P3) (({ue} APiD), kD) € D(Umm) and (s} € D(myn) are solutions to primal and dual perturbed problems ((55;4/;1) and

(OC;”H), respectively, such that sup((sa‘;;i) = inf(OCun);
(P4) (({ue}, {p2)), ke, {s2) € D(Ly, ) is a solution to mixed perturbed problem (MOC}, ).

Moreover, taking into account that the marginal domain D(uy) is the projection of the dual perturbation domain (S, ;)
on Q. we shall also require the result (Jeyakumar, V., 1990).

Lemma 16 In a macro-hybrid sense, let the marginal domain D(uyy) be such that R, D(uyy) is a closed subspace,
and let uyp(0g,,,) be finite. Then

inf S v, 51, {ve D), {0
(e by e EVixX ) xCo M1 (@l b}, veD): Ocl )

= max (=Sun((({0}v;,,+ {0}y, (0c)c,, ) gD

{ge)e@y,y

(29)

Therefore, the macro-hybrid mixed optimality condition for optimal control problem (OQy;g), governed by dual evolution
macro-hybrid mixed problem (M%), is stated as follows (cf. Theorem 14).

Theorem 17 A dual macro-hybrid mixed state-control (({u.}, {p3}), {k.}) € M;‘WH is an optimal solution of constrained

evolution dual macro-hybrid mixed problem (Oyu-MH) if, and only if, there exists a dual qualifying perturbation
function {s}} € Q;"WH such that ((({u.}, {p;}), {ke}), {s3}) solves the dual macro-hybrid mixed control variational problem

Find ((uc}, {p)). {kc}) € M and {s;} e Q] -
— Tt st} € 0un(((ue), {piD), (e}
(Mmoc,,,) in (V3 X Xun) X C}, 0
=Ty (Queb APeD. ke}) € 80" ({7 ) + {ge},
in QMH~

that gives the optimality conditions of perturbed control problem (MOCL )
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5. Primal and Dual Macro-Hybrid Variational Applications

In this final section, we proceed to apply the evolution macro-hybrid mixed optimal control theory developed in the
previous sections. Here, we shall show how macro-hybridization works out, in particular, for the constrained mechanical
evolution state systems treated in (Alduncin, G., 2013), of a primal nonlinear diffusion process and a dual quasistatic
elastoviscoplastic deformation phenomena, which exemplified therein the variational optimal control theory in the mixed
sense.

We refer to (Alduncin, G., 2015) for a recent application of the mixed theory, (Alduncin, G., 2013), to a constrained
transport-flow mechanical state system in a Hilbert functional framework.

5.1 Mixed Distributed Control Nonlinear Diffusion State System

Considering the spatial bounded domain Q stated in the preliminaries, decomposed into disjoint and connected subdo-
mains {Q,} with Lipschitz continuous internal boundaries I, = dQ, N Q, e = 1,2, ..., E, and interfaces ',y = I, N [y,
1 < e < k < E, we illustrate the primal macro-hybrid mixed optimal control theory considering a mixed distributed intrin-
sic control nonlinear diffusion problem, modeled by a variational primal evolution state system, with primal conservation,
and dual constitutivity, distributed constraint and transmission equations (cf. Alduncin, G., 2013, Section 6.1)

Find {u.} € Wyn, and ((w;}, {0} {pch) € ¥
~((—grad"wi} + IT (b} + IT {pih+ixl 25 D)

€ {%} + 0l g,y o [7t4,, 1({ue)) + ) Wi, } + (B ka, ),
n Vi,
(MH,) ({-grad u.}, I, (u}, Ty, {u)
€ (fw}, {0p; (b))}, {00 (. ))), in Yyu,,
{ue(0)} = {ue,};

and {1} } € Bl”: satisfying the dual synchronizing condition
e d

{mr, ue} € 01, ({4 1), in Br,.

Here, the physical dependent fields are: the diffusive field of a transport process {u.} (e.g. of mass concentration or

temperature), the linear flux vector field {w}}, the divergence of the nonlinear flux vector field {b;} = {div w}}, and

the distributed intrinsic control source field {p;} implemented by a maximal monotone mechanism {d¢;} (Duvaut, G.

& Lions, J.-L., 1972). The variational operators are the gradient grad € L(Vyn,, Yyn,) with transpose grad! €

L,V ), and the identity operator Loy, : Vym, — Vuu, with transpose 1 r : ‘1/* — V* . Also, the
MH,;’ = MH, 4 MH,;

MH d
nonlinear diffusion constitutive primal equation of the decomposed system, {5} € {&pe(ue)} (= {u.} € {0p; (b))}, b

convex dualization) is determined by the local potentials and differentials, e = 1,2, ...,

1 1
euw) =5 [ Negraduifag. +— | ligrad wivac. (30)
2 Jo, P Ja,
Ope(ue) = grad” (1 + ||grad u.|"*)grad u., (31)
with nonlinear flux vector fields ;VE = —||grad u.||’>grad u.. Thus, the local diffusion total flux vector fields turn out to

be the sum w, + w,.

On the other hand, the diffusion macro-hybrid field {1} } € B* corresponds to the variational internal boundary normal
linear flux trace {5* we e Q*, v which satisfies the dual transmlsglon admissibility of interface continuity of (3). Moreover,
from Lemma 1, {nr . Ue} € Br, is then the variational internal boundary diffusive trace, belonging to the primal transmis-
sion admissibility subspace of interface continuity Q4 of (2). Hence, the mechanical communication of the sub-systems
is guaranteed; i.e., the transmission conditions across their interfaces

ue uk:
across I'px X (0,7), (32)
wyn, = —w;-nk,
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of primal-diffusive and dual-linear flux trace continuity are variationally satisfied.
5. 1. 1 Primal Evolution Duality Principle

For an existence analysis of primal evolution macro-hybrid mixed nonlinear diffusion state problem (M%H,,), we first
introduce, as an appropriate stationary mixed functional framework of primal {u,.}-diffusive fields, and dual {w,}-linear
fluxes, {;}-nonlinear fluxes divergence and {p}}-source control fields, the Sobolev reflexive Banach spaces (Adams, R.
A. & Fournier, J. J. E., 2003).

V(ge}d = nle W]’p(Qe), 2< p < +o9,

Y:Qe}d = I_IeEzl Lq*(Qe) « (Wl,p(Qe))* % (W],p(Qe))*’ q* — p/(p _ 1)

(33)

Here, Y{*Q , corresponds to the topological dual of the space Yq,, = Hf:] L?(Q,) xW'r(Q,) x WhP(Q,). Then, as
eld

boundary spaces we have Bag,), = [15=; W7 (6Q,) and its dual B:ag L= [1Z, w144 (6Q,), for which the macro-
eJd
hybrid primal and dual boundary compatibility conditions of the theory, C, 7 and C[(;; 1> are satisfied.

Now, we can apply the primal composition duality principle of Theorem 2, assuming the proper condition for local control
mechanisms (Duvaut, G. & Lions, J.-L., 1972)

(CGoros) D@ € WP(Q)) #0, e=1,2,.., E.

Indeed, the evolution macro-hybrid compatibility condition (Cg,}1,])) of the primal theory reduces in this case to above
conditions, and then nonlinear diffusion state problem (M%) is solvable if, and only if, the primal evolution macro-
hybridized state problem

Find {u.} € (WMHd :

0 € {%e) + tgrad” grad(u) + (Oge(uo) + 96.(u0)

P\ +8Ug, o [ra, Dltu)) + (7], Wi} + 8, © Irr, D({ue))
+{BZ{K[1‘,}, in VMHd,

{Me(O)} = {ueo},

is solvable.

Hence, assuming that corresponding primal existence conditions (C1,,) and (C2,,), e = 1,2,.., E, are fulfilled, the
variational solvability results of Theorems 2 and 3 apply to nonlinear diffusion state problems (#,) and (M,). Notice
that in this case primal subdifferential sum (9) is valid under the proper conditions D({¢.}) # 0, for admissible control
mechanisms, and that, in the classical sense, the nonlinear diffusion variational operators dep, : Wé’p Q) —» W (Q,)
are Lipschitz continuous, bounded, strongly monotone and coercive (Lions, J. L., 1969).

5. 1. 2 Primal Optimality Condition

With respect to primal evolution nonlinear diffusion state system (M%H,,), the cost functional of the macro-hybrid mixed
theory, (5), corresponds to Jam, : (Vmm, X MLH X B; ) X Cun, — R U {+o0}, with the specific form
d d

Jun,(vel, (V1 Ade ) Age) v D, (na. )

r (34)
=fo (8a,({veh) + ga, W Ad ) Age ), vy, D) + Ja(ima, D) dt,

whose arguments are the primal {v, }-diffusive field, the dual ({v}}, {d;}, {¢;})-linear flux-nonlinear flux divergence-intrinsic
source control field, and the dual transmission normal linear flux field {v}; } of the governing state system, as well as the
own optimal control field {r,4,}.

Assuming as an optimal control purpose, for the nonlinear diffusion state system, to resemble desired target profiles like

given primal diffusive field {v.} € Vyu, = LP(0,T; Viq,),), dual linear flux, nonlinear flux divergence and intrinsic source
T [ * . .y o) * * _ 14" . p*

control fields (W:'}’ {d:}Aq:)) € yMHd =L11(0,T; Y{Qe}d) and dual transmission field {Vde} € Br,, = L7 (0, T,B{md), the

natural cost functions would be
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gdla;{ve(t)}):wgdl(t) e} = T,

8a, (1 ({VZ(I)} {d; (O}, {q. (D)), v, (D)

(35)
ngz(t) IV O} Ad; (O}, (g2 (O) = (T {d: () {qe(t)})llq
1
+Wg,, (t) [{ve®} = {vy, (0} ||q
Similarly, considering the optimal control Hilbert space Cym, = Hym, = L*(0,T); L {Q })
1
Ja(t; {nq, (D) = V\’];,(l)z||{77are(f)}||i(zQ » A1a.} € Cady, © Cuar,- (36)

Here, Wey > Weyys Weys s W), ar€ given bounded and strictly positive weight coefficients belonging to L= (0, 7). Furthermore,
the admissible controls set CadMHd could be defined according to technological constraints as obstacle models (Duvaut, G.
& Lions, J.-L., 1972).

Therefore, cost functional (34) turns out to be

-~ . . 1
Ja(va ) (01142 2D 0D ma)) = Zlbwg, (el = TeDIly,,,,
1 ~ = .
+ e, (O 6D = (WA AEDNy,, (37)
1 1
+ e, () = 07,) )||" + 3 Iwiidna Wy,

that clearly satisfies the qualifying condition (Cy,,,) of Theorem 9, and the optimization problem (Oyg) governed by the
nonlinear diffusion process attains a solution.

Notice that in this case the macro-hybrid mixed state-control-perturbation variational problem (MOCyg) of Theorem
14, determines the optimality condition of primal optimal control problem (Oym)-(MH,,), governed by the nonlinear
diffusion state system. Also the macro-hybrid mixed state-control operator 7 yp : (Wyy X y;m X B;) X Cyuu — (VLH
(14), is given by

Tmn, ((vel, (g Ade ) g ) vy D, na. D)

d e * * * *
_ { ;t } vl )+ {—grad”v?) +{d2) + 1)) (38)

Hal vi )+ (B, V) € 10l 0 1) (o)),

with respect to the identifications {ATy%} ~ {—grad’u® + s} + x}}, {O(F, + Y¢, one,)({ve}) ~ {0Liizy © 7., )({ve}), and the

right hand side term —{£, } ~ {n! 57}

epel-

5.2 Boundary Constrained Quasistatic Elastoviscoplastic State System

We next apply the dual macro-hybrid mixed optimal control theory to a boundary constrained quasistatic elastoviscoplastic
problem in the domain Q c R”, n € {1,2,3}, decomposed into disjoint and connected subdomains {Q,} with Lipschitz
continuous internal boundariesI', = 0Q, N Q, e = 1,2, ..., E, and interfaces ', =, NI}, 1 <e<k < E.

Let us consider a solid body occupying Q, with boundary Q2 and unit outward normal vector v, undergoing small strains
and displacements along the time interval (0, T'), with an elastoviscoplastic constitutive material (Le Tallec, P., 1990), and
a bilateral boundary contact constraint modeled by Tresca’s law of dry friction. The dual macro-hybrid mixed variational
quasistatic contact problem is given by the variational dual evolution state problem, with local primal quasistatic equi-
librium {w,}-velocity equation, and local dual evolution elastoviscoplastic constitutivity {S’}-stress and internal boundary
{A;}-transmission equations (cf. (Alduncin, G., 2013), Section 6.2)
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Find {w.} € Vg, and {S}} € X*MH :

~{H!S,} — ] X;,} € (9F({w.)) - (b7}, in Ve

*

ds
{Hewe}e{Ae ;}+{a<1>:(s:>}+{Bc(,KQ}, in Yyrm.,
(S2000) = (8%,

and {4; } € B; satisfying the dual synchronizing condition

(M)

{mr,we} € 0lp- ({27, ), in Br,.

Here, for a.e. t € (0, T), the local primal subdifferential dF, : V(Q,) — 2" is such that (Ernst, E., Théra, M., 2009)
dF, = w70y © 7p,,) + 0y, o mc,,) + 0(¥c,, 10 © 7c,,)s
Fo = Iy 0 70, + Lo 0 7c,, + Yo, g0 0 7c, s

D(F,) = Ki.i0 = {ve € V(Q) : e, Ve = Wol-, 1) in B(OQp,),
7c,, ve = 01in B(0Qc,)}.

(39)

Also, as dual variational operators we have the elastic compliance operator [A.] € L(Y0,}, Y(q,}) (symmetric and positive
definite), and the dual dissipation subdifferential [0®]] : Y{*Q 7 2" of the conjugate superpotentials ®F : Y*(Q,) —

R U {+o0}, e =1,2,..., E, the yield functionals.
On the other hand, the local right-hand side term is

E
(B2) = —(x}Se) + (b2} € [ [ L2, T3 R(-HY)), (40)

where {b}} corresponds to the local body force field, and R(—HeT) is the range of the variational symmetric total small
strain rate transpose —HeT = —1/2(Vwe + Yw,[) € L(Y*(Q.), V*(Q,)). Further {5,} and {w,} are the local Neumann and
Dirichlet conditions of negative tractions and velocities prescribed on disjoint sub-boundaries (0Qy, N 0€2) x (0,T) and
(0Qp, N Q) x (0, T), respectively. Notice that the Tresca’s law constraint of the problem on the complementary disjoint
contact sub-boundaries dQ¢, N 0€2, with prescribed shear bound functions f; > 0, e = 1,2, ..., E, locally defined by

Wy, € 6‘1”&”0‘@%) = {0.},

{08}3 ||s‘re|| < f;g ('9 t)’ (41)
wr, € 0¥, r:(0(8c,) =1 {€eSz, 1 & <O} Ise Il = f7C,0)
0, otherwise,

is variationally incorporated by convex compositional dualization, of the primal subdifferentials 8(/j,) o 7c, ) of normal
impenetrability, and tangential friction dual subdifferentials d(Wc,, s © 7c, ), (39)1. Here w,, = wev, and w,, =
(I - ve ® ve)w, are the normal and tangential velocity components, and s,, = —=S,Ve*v, and s;, = —(I — v, ® ¥,)S,V, the
contact pressure and tangential negative tractions.

Furthermore, in this deformatlon case the macro-hybrid field {47 } € B* results to be the variational internal boundary
traction trace 6* } € Q7, satisfying the dual transmission admlss1b111ty of interface continuity (3). In addition, from
Lemma 1, {rr, we} € Buyn, is the variational internal boundary velocity trace, belonging to the primal transmission

admissibility subspace of interface continuity Q. of (2). In this manner the mechanical communication of the sub-systems
is guaranteed; i.e. the transmission conditions across their interfaces, of primal-velocity and dual-traction trace continuity,

we wk,
across I'p, X (0,7), (42)

—SiVeve = S;vk-vk,
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are variationally fulfilled.
5. 2. 1 Dual Evolution Duality Principle

For a duality principle of problem (M;C), we apply Theorem 6 assuming the deformation macro-hybrid classical compat-
ibility conditions

(€ opry) IMDF)NRH) %0, e=1,2,...E

under which the corresponding compositional operator equalities —Aa(F +¥c omc, ) o(-Al) = é)((F +¥c,omc, ) o(-AD))
hold true. Then the solvability of dual macro-hybrid mixed state problem (M:C) is equivalent to the solvability of its
evolution dual macro-hybridized state problem

Find (S3} € X*

*

e * Q¥ T o(— T % .
Doy | 100 € {40 OIS+ OF o CHDNS; + K]
+{BC(,KCF}’ in yMHC’

{Se(0)} = {Se, }-

Furthermore, assuming the local Moreau-Rockafellar-Robinson condition
(Cor i) IND@))N DH;) #0, e=1,2,...E

where ﬁ~ ()= (Ffo(- HD)(- + R*; ), with R*;. a fixed —H -preimage of 3* the dual subdifferential sum rule d¢* =

(D] + H 2) = 0] + 6H~ holds true, and we can apply dual existence Theorems 6 and 7 to dual state problem (Dy )
once it is expressed as the classical evolution subdifferential inclusion

Find {S3} € X* -

Di) 4 {0,) € {Ae%} +{092 (S} + {Beke ), in Yy,
{83(0)} = {S"¢, }.

Therefore, under the corresponding coercivity and boundedness dual conditions, dual evolution macro-hybrid mixed state

control problem (M* ) has a solution if, and only if, dual evolution state problem (Z) _) has a solution. We refer to (Le
Tallec, P., 1990; Temam R., 1986; Perzyna, P., 1966; Sofonea, M., Renon, N., Shillor, M., 2004; Alduncin, G., 2011) for
some representative elastov1sc0plastic constitutive models.

5. 2. 2 Dual Optimality Condition

Regarding the optimal control problem of the theory, governed by the variational dual evolution macro-hybrid mixed
deformation contact process (M,‘:c), the general cost functional (5) corresponds to Jyu, @ (Vumu, X y;m ) X Cyuu, —
R U {+00}, of the specific form

T
Innc((el AT, D, {ne, ) =f (81({ved) + &2(T7) + j(ine, D) dt, (43)
0

for the primal {v.}-velocity and dual {T7}-stress fields. Further, in order to exemplify the cost functions, we assume that
the control purpose is now to drive the state of the system as close as possible to some desired target profiles. For example,
to a given primal velocity target field {v,} € Vg, = LP(0,T; Viq,),) and a dual stress target field {T}} € M;/IH =L9(0,T;

(Q ), introducing the natural common cost functions, for {v.} € Vyp, and {T } € M *

glu;{ve(r)}):wgl(t) e} = eIy, , -

] ) 44)
ST = we )N} = T O,
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and for the Hilbert control space Cayer, = Hun, = L*0,T; Lfﬂ }) the function

1
KMW®D=wﬁEMm®W%VMJEQmmCCMm. (45)

Here, wg,,w,,,w; € L(0,T) are given bounded and strictly positive weight coefficients. Also, as mentioned in the
previous example, the set of admissible controls, Cqg,,,.. could respond to technological constraints via obstacle models
(Duvaut, G. & Lions, J.-L., 1972). Thereby, cost functional (43) turns out to be

= 1
Tun (e ATID, 1) = —lwe, (e} = B,
| ’ . (46)
+ ol (T = DI, |+ sty

which satisfies qualifying condition (Cy,,,,), and then optimization problem (Ouyp) governed by this elastoviscoplastic
deformation contact process has a solution in accordance with Theorem 9.

Lastly, with respect to the optimality condition of this deformation governing process, as established by Theorem 7, the
dual optimal control problem (O MH)‘(MZC) has the optimality condition (MOCI’"W > stated by the macro-hybrid mixed

state-control-perturbation problem (MOC*MH). For this example, the dual macro-hybrid mixed state-control operator
T/:/I(HC 2 (Vun, X X;IHC) X Cuu, = Yuu,. (22), is such that

T 0 (AT, 1)
(47

dT*
= (At b ) = (Hova) + (Bane), B7,,) € 00XT),

according to the theoretical relations {—A.u.} ~ {-H,v.} and {0G,(p})} ~ {Bd):(T :)}, and with the right hand side term
identification {g.} ~ {0,}.

References

Adams, R. A., & Fournier, J. J. F. (2003). Sobolev Spaces, Academic Press, Amsterdam.

Akagi, G., Otani, M. (2004). Evolution inclusions governed by subdifferentials in reflexive Banach spaces. J. Evol. Equ.,
4,519-541. https://doi.org/10.1007/s00028-004-0162-y

Alduncin, G. (2007). Composition duality methods for evolution mixed variational inclusions. Nonlinear Anal. Hybrid
Syst., 1, 336-363. https://doi.org/10.1016/j.nahs.2006.07.004

Alduncin, G. (2011). Composition duality methods for quasistatic evolution elastoviscoplastic variational problems.
Nonlinear Anal. Hybrid Syst., 5, 113-122. http://doi.org/10.1016/j.nahs.2010.10.003

Alduncin, G. (2011). Primal and dual evolution macro-hybrid mixed variational inclusions. Int. J. Math. Anal, 5,
1631-1664.

Alduncin, G. (2012). Evolution mixed variational inclusions with optimal control. Math, Res, 4, 64-79.
https://doi.org/10.5539/jmr.v4n2p64

Alduncin, G. (2013). Optimal control of evolution mixed variational inclusions. Appl. Math. Optim., 68, 445-473.
https://doi.org/10.1007/s00245-013-9214-4

Alduncin, G. (2015). Optimal control of nonlinear transport-flow mixed variational problems. Numer. Funct. Anal.
Optimiz., 36, 305-328. https://doi.org/10.1080/01630563.2014.976797

Az¢, D., & Bolintinéanu, S. (2000). Optimality conditions for constrained convex parabolic control problems via duality.
J. Convex Anal., 7, 1-17.

Brézis, H. (1973). Opérateurs Maximaux Monotones et Semi-Groupes de Contractions dans les Espaces de Hilbert, Math.
Studies, vol. 5, North-Holland, Amsterdam / New York.

Duvaut, G., & Lions, J.-L. (1972). Les Inéquations en Méchanique et en Physique, Dunod, Paris.
Ekeland, I., & Temam, R. (1974). Analyse Convexe et Problemes Variationnels, Dunod / Gauthier-Villars, Paris.

142



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 9, No. 6; 2017

Ernst, E., & Théra, M. (2009). On the necessity of the Moreau-Rockafellar-Robinson qualification condition in Banach
spaces. Math. Program., Ser. B, 117, 149-161. https://doi.org/ 10.1007/s10107-007-0162-0

Girault, V., & Raviart, P.-A. (1986). Finite Element Methods for Navier-Stokes Equations, Springer-Verlag, Berlin.

Jeyakumar, V. (1990). Duality and infinite dimensional optimization. Nonlinear Anal., 15, 1111-1122.
https://doi.org/10.1016/0362-546X(90)90047-K

Le Tallec, P. (1990). Numerical Analysis of Viscoelastic Problems, Masson, Paris.
Lions, J. L. (1969). Quelques Méthodes de Résolution des Problémes aux Limites Non Linéaires, Dunod, Paris.

Migérski, S. (2001). Evolution hemivariational inequalities in infinite dimension and their control, Nonlinear Anal., 47,
101-112. https://doi.org/10.1016/S0362-546X(01)00160-2

Perzyna, P. (1966). Fundamental problems in viscoplasticity. Rec. Adv. Appl. Mech., 9, 243-377.
https://doi.org/10.1016/S0065-2156(08)70009-7

Rockafellar, R. T. (1974). Conjugate Duality and Optimization, SIAM, Philadelphia.

Sofonea, M., Renon, N., & Shillor, M. (2004). Stress formulation for frictionless contact of an elastic-perfectly-plastic
body. Appl. Anal., 83, 1157-1170. http://dx.doi.org/10.1080/00036810412331297235

Temam, R. (1986). A generalized Norton-Hoff model and the Prandt-Reuss law of plasticity. Arch. Ration. Mech. Anal,
95, 137-183.

Copyrights
Copyright for this article is retained by the author(s), with first publication rights granted to the journal.

This is an open-access article distributed under the terms and conditions of the Creative Commons Attribution license
(http://creativecommons.org/licenses/by/4.0/).

143



