Journal of Mathematics Research; Vol. 9, No. 6; December 2017
ISSN 1916-9795 E-ISSN 1916-9809
Published by Canadian Center of Science and Education

The Global Stability of 2-D Subsonic Circulatory Flows for
the Steady Isothermal Gas

Dacheng Cui!
!'School of Information Engineering, Nanjing Xiaozhuang University, Nanjing, P.R.China

Correspondence: Dacheng Cui, School of Information Engineering, Nanjing Xiaozhuang University, Nanjing 211171,
PR.China. E-mail: dchcui@163.com

Received: October 1,2017  Accepted: October 31, 2017  Online Published: November 17, 2017
doi:10.5539/jmr.vOn6p148 URL.: https://doi.org/10.5539/jmr.vOn6p148

The research is financed by Jiangsu Province University Natural Science Research Project (No.14KJB110018)
Abstract

This paper is a complement of our work in (Cui & Li, 2011) where we have established the global subsonic circulatory
solution for the polytropic gas. In this paper, we are concerned with the global stability of the 2-D subsonic circulatory
flow around a perturbed circular body for the isothermal gas. The flow is assumed to be isothermal, isentropic, irrotational
and described by a steady Euler equations, which can be reduced into a second order quasilinear elliptic equation in a
exterior domain with suitable physical conditions. The unique existence and the state of the flow at infinity are obtained
under nature physical assumption.
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1. Introduction

We are concerned with the global stability problem of a 2-D perturbed subsonic circulatory flow for the isothermal gas. In
(Courant & Friedrichs, 1948) the special subsonic circulatory flows are constructed when the obstacle is regular circular
body. If the obstacle is suitably perturbed, the global subsonic circulatory flow is stable? L.Bers (see Bers, 1945) uses the
pesudo-complex analysis method to obtain the global existence of the subsonic circulatory flow under the conditions that
the adiabatic exponent y = —1. In (Cui & Li, 2011), we have established the global existence of the subsonic circulatory
flows solutions for inviscid gases with adiabatic exponent 1 < y < 3. In the present paper, our goal is to establish the
global existence and stability of subsonic circulatory flows solution for the subsonic isothermal gas around a perturbed
circular body. The so-called isothermal gas means that the pressure P and the density p of gas are described by the state
equation P = Ap for some constant A > 0 (see Cui & Yin, 2007 and the references therein). In this case, the sound speed
is a constant independent of the density p.

We will use 2-D steady isentropic Euler system to describe the motion of gas

01(puy) + d2(puz) = 0,
01(P +pu%) + Or(puyuy) = 0, (1)
di(puruz) + (P + pu3) = 0,

where p > is the density, u = (u;, uy) is the velocity, and P = P(p) is the pressure of the flow. For the isothermal gas, the
state equation is P = Ap, A > 0 is a fixed constant. In this case, c(p) = VA is the local sound speed.

In addition, we assume the gas is irrotational, that is
Ox,u1 = Oy up. 2

As in (Courant & Friedrichs, 1948), the last two equations in (1) together (2) yield the Bernoulli’s law:

1

§|u|2 +Alnp = B,
here the term A In p is the specific enthalpy for the isothermal gas and B is the Bernoulli’ constant.
We now give a mathematical description on the subsonic circulatory flows for the isothermal gas around the circular body
{(x1,x) : r= Jx% + x% <1+6(x)}). Set Q ={r:r>1+6(x)} with 6(x) satisfies
3

supp(d(x)) C {x: 2 <r< 3

‘3 h I6(0)llc2e @) < &, 3)
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for some a € (0,1) and € € (0, 1).

The solid wall 0Q is assumed to be impermeable
(u1,u3)-v=0 on 09, )

where ¥ stands for the unit exterior normal to the boundary 9Q.

As in (Cui & Li, 2011), through application of Green formula on the first equation in (1), the mass-flux of the circulatory
flow should be invariant along each radial ray / which starts from the boundary 9Q, so the flow should satisfy the following
generalized mass-flux condition

l B
lim — f(pul,puz) -flds = e*, ®)
!

r—eo Inr
here 77 is the out normal of /.

Based on the first equation in (1) and the condition (4), we can introduced a stream function ¢ such that
Yy, = pi, Yy, = —pUi, with Yy =m on 0Q, (6)

here m is some fixed constant.

Thus the irrotationality can be written as div( I—I)V;b) = 0. Notice that from the Bernoulli’s law we can solve

dip (DWW + &), dap (D0 + D),

T p(2B-2AInp - A) T p(2B-2AInp - A)

with the term p(2B — 2AInp — A) = p(|%|2 — A) < 0 holds for the subsonic flow.

Therefore, if ¥ € C2(Q) N C°%(Q), the nonlinear problem (1)-(5) is equivalent to

(Boy)* = Ap)OF W = 2014007, + (019)* = ApP)dp =0, in Q,
VY + Ap*Inp = Bp?, in Q,
Yy=m, on 0Q, O

B

1My oo o = €4
We can get the circulatory subsonic solution (o(r), po(r)) of the system (7) in the domain Qy = {x : |x| > 1} by the
analogous methods as in (Cui & Li, 2011), with each streamline being a circle and the center being at the origin just as
illustrated in (Courant & Friedrichs, 1948). For the specific details, one can see the appendix in this paper.

L

1 4 1
1 )), gbo(r):jl‘po(s) ds+m. (8)

po(r) = exp( 52 3

Remark 1.1 From the subsonic property of (¥(r), po(r)) in the domain €, there exits a constant ry € (%, 1) and a small
constant ¢g > 0 such that

1
A>—2+C0, (9)

-
0

then the background solution (((r), po(r)) given by (8) can be extended into [ry, co) which also satisfy the system (7) in

the domain R2\B,O 0).

Our main result in this paper is

Theorem 1.1 There exists a small constant gy > 0 which is dependent on A and B, such that for any & < &, the problem
(7) has a unique circulatory subsonic solution (, p) € C>*(Q) x C*(Q). Moreover, |V(y(x) — yo(r))| and |p(x) — po(r)|
tend to zero as |x| — oo with decay rates |x|"* and |x|3 respectively.

Remark 1.2 From the physical point of view (see Bers, 1958; Finn & Gilbarg, 1957), the subsonic circulatory flow solution
in Theorem 1.1 is stable, since it satisfies limy—« #(x) = (0, 0).
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2. The Reformulation on Problem (7)

Asin (Cui & Li, 2011), it is convenient to use the coordinates transformation: z; = x;(1 + 6(x))™", 22 = x(1 + 8(x))"". In
this case, the exterior domain Q is changed into Qg and 9; = (1 + 011(2))9;, + 012(2)0,,, 02 = 021(2)0;, + (1 + 022(2))0,,.

0“( ) _ 5()6) o x‘,~0,~6(x) .
=TT o0 T L+ ()2
. 3 3 -
supp(0;(z)) C {x: 3 < lxl < 5}, loij(2)l, < Ce, 1,j=12. (10)
By a tedious computation, the first two equation in (7) can be written as respectively
((0,9)* = APV W = 20, Y0y, W + (0,4 = Ap*)To Y = Gi(2, Vb, p), (11)
and .
3IVul? + Ap Inp = Bp? = Go(z, V), (12)
where
2 2
Gi(z, Vo, p) = 0( (04 @) + V-0, DAV YL + VPVl + oIVl +p2|V§w|)), (13)
i=1 j=1

1
Gy(z, V) = 5(0%1(@ +2011(2) + 05,(2))(0,¥)* + ((1 + 011(2))012(2) + 021 2)(1 + 022(2)))D YO,
1
+3(01,@) +202() + 03, @)@’ (14)
Using the notations ® = ¢ — 9 and ¥ = p — py, then the nonlinear problem (7) can be changed into

J

L(®) = A® - (XL, T}, @050 + Ti, bil@)di®) = =3 Fi(z, VO,'¥),  in Q,
¥ = 5010001 + dap2®) + Fa(z, VO, W), in  Q,

(15)
D=0, on |7=1,
1ill]|z|_,o0 (I;lez)l = O,
where
_ (Oao)* %
a11(z) = Ap? =0
0100 2122
ap(@) = ————— = ——,
Ap} Art
(e = OO’ _ &
2 Ap% Art’
b](Z) _ 2(3“//03%21#0 - 621#06%21//0) _ 201¢0A(ﬂ0 _ 211
Ap? poll(z) r2(Arr = 1)
2(0000% o — O1hod? 2 2
bz(Z) _ ( 2‘7[’0 111110 . 1900 12'71’0) _ azllloAlﬁo = - 222 ’ (16)
Ap? poll(2) r}(Ar? - 1)
and
Fi(z,VO,¥) = Gi(z, V¥, p) + G4(z, VD, P),
Fa(z, VO, V) = Ga(z, V¢) + G3(z, VO, P)),
1
G3(z, VO, ¥) = E|Vc1>|2 — B¥? + A(p” Inp — p§ In pg — po(2In pg + 1)P),
24
Gu(z, VO, W) = AAY(Y? + 2p0F (2, VO, W) + F'O;)A(D(alzpoald) + 020, D)
Z
—0% W (0,@)? — 0201 D) + 207,00, DI, D + 20,0, DI, D
—201001 D2, D + 20241001 DI, ® — 202190, DI, D, (17)
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here TI(z) = po(2B — 2AInpy — A) = po(= — A) < 0.

We introduce some weighted Holder space and corresponding norms which have been used in (Gilbarg & Tudinger, 1998;
Chen, 2009; Cui & Li, 2011 and so on). For x, y € Qy, let us write r, = |x|, r, = |y| and ry, = min(ry, ). For k € Z* U {0},
0<a<1,leRandue C(Qy), we define

k

! i+l / l |D5M(x) - Dﬁu(y)l
|M|;{’)0 = Z sup r-{6+ |Dﬂu(x)|’ |M|](<’)a = |M|£)O + sup ];:;Ha—.

4=3 xeDo = T xyeDolpli=k lx =yl
and the corresponding function space is defined as

) ~ )
HY = {ue Ch*(Q) : lul), < +oo}.

Based on above, Theorem 1.1 follows the following conclusion:

Theorem 2.1 There exists some positive constants g, C depending on A, B, such that for any & < &, the problem (15)
has a unique global solution (®,¥) € C>¥(Qy) x C1*(Qy) with the following estimate

@)+ IVOIZ) + ¥ < Ce, (18)

2, s

where 0 < a < 1.
3. The Proof of the Theorem 2.1

In order to solve the nonlinear problem (15), a quasilinear elliptic boundary value problem on the unbounded domain
coupled with a algebraic equation, the key is to establish the uniform weighted Holder estimate. As in (Cui & Li, 2011;
Gilbarg & Tudinger, 1998), based on this estimate we can use the continuity method to solve the linearized problem of
(15). Furthermore, by this estimate together with the standard fixed-point argument in (Gilbarg & Tudinger, 1998), we
can arrive at the existence and uniqueness of the solution of the nonlinear problem (15). So we need study the following
problem for any o € [0, 1] :

i=1 ij
= 020, + 10,05 + 1020, + 0¢1(1) 18,0, + 02 (r) 52D,

— 1 ;
- _WFI(Z’ Vq)a lIJ)’ n QO’

Lo(®0) = AV, = o{ $2, T2, a0, + T2, b0, |

19)

Yo = 145010001y + D002 ;) + Fa(z, VO, W), in Qy,
O, =0, on |rl=1,
. D) _
hlel—WO lnl(zzl) =0.
: A5 _ 1
with C](r) = _A(Tiz)r_z < 0, cz(r) =37

From the subsonic property (9) together with (16), we have

2 2
0 <coA il < (1 - Airgnﬂz <KP -0 ) ) @@t < 6P, V2 € Q& e RA\(0), 0 € [0, 1],

i=1 j=1

and

2
i=1

2 2
2 3
Dlaglgy + > bl < .
j:l i=1

With respect to the source terms F(z, VO, V), F»(z, VO, V) in (19), we give the detailed estimates as following:
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Lemma 3.1 For (Vi p) € H(l) x H? | then we have

1@

G1(2 Vo)t < Co{plg)” + (V) )V
1Ga(z. Van)l) < Ca(Vaul!):
IF1(z, V0, W), < Co{(plg)” + (V) el + €1+ 19l (v al)2 + )

1,

IF2(z, VO, W), < C((VOIP) + (VIC)) + oVl

IFi(z V01 %) = Fa(z, Voo, ¥l < (e Z(up,ﬁ‘”) o+ (VD))

2 2
0 D+ IVl VO, + IRV = o)) + ¥ = i)
k=1 I=1

2
|[Fa(z, VO, ¥)) — F1 (2, VO, ¥y)[)) < C(Z(Wdz,-ﬁ?}, + 112+ el Vo) ))(IV(<D1 O)I) + ¥ - Pol).
Proof. The Lemma is only a direct computation which we omit, using (13), (14), (17) and (10).

Now we try to obtain the weighted Holder norm of the solution to (19), which is motivated by Lemma 6.20 in (Gilbarg
& Tudinger, 1998). In the following, by the separation variable method as in (Cui & Li, 2011; Li, Xu & Yin, 2015), the
estimate of the infinity state of the solution to (19) is established. This together with the weighted Holder estimate in
(Gilbarg & Tudinger, 1998), we can get the uniform weighted Holder estimate.

Lemma 3.2 (Weighted Holder estimate) For any given (®,¥) € C2%(Qy) x C1*(Qy), if @, € C2(Q) NC(Qy) is a solution
of the problem (19) for any o € [0, 1], then there exists a generic constant C > 0 independent of o and 6 such that

o5, + VAL, + ¥l < CUF (2, VO, P)I5) + |Fa(z, VO, ¥)D)). (20)

where the generic constant C > 0 is independent of o, 0.

Proof. We firstly establish the L™ bound by the separation variable method as in (Cui & Li, 2011). Set
Dy (r,0) = Ro(r) + Z(R;(r) cos(nf) + Ry(r) sin(nf)), (21)
n=1

then by (19) we can solve

Ry(r)

1
Ry(r)+ (1 + O’Cl(r));R{)(r) = fo(r), Ro(1)=0, rlgg - 0; (22)
N Lo n* i i i . Rﬁz(”)
R)"(n)+ =R, () — =R,(r) = f,(r), R,(1)=0, lim——=0, (23)
r r r—c Inr

where

21
folt) = = Ap = f Fi(z, VO, ¥)do,
. 1 [ 1 1 )
fi(n) == f ( ——Fi(zVO,¥) + o(c1(r)-0,0, + cz(r) 6 0-)) cos(n)do,
g ( ) r
) 1 27 1 2
S =— f ( ——F1(z, VO, V) + o-(el(r) -0,0, + cz(r) 6 g)) sin(nd)do.
n Ap(r)
Then Ry(r) and Ri (r)(n > 1;i = 1,2) have the expressions as

Ro(r) = - f o estos f el SO fiyatdy, (24)
1 y

. 1 +00 . 1 +00 . 1 r .
Ry(r)=>=r" f s fa(s)ds — 1" f s fa(o)ds — =1 f s fi(s)ds. (25)
2n 1 2n , 2n 1
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By the expressions of ¢;(r)(i = 1,2) and the subsonic property in (9), one has
1 .
o) = +oa)-, 0<D<cefavs S (26)
r r

here c4 and c5 are positive constants independent of o and §.

From (24)-(26), we have the following estimates

IRo(")| < CIfol) < CIF1 (2, VO, )5,
IRo(r) + f ¥ e et fr el s f (Dl < CIF (2, YO, ¥)E)r, 7
R < Sl < S(IF@ V0,90 + o Vo1 ),

Finally, combing (21) with (27) yields the following L™ estimates:

Dy (2)] < C(IFl(z, Vo, Y)I) + VO, |§13r-2),
(28)
[0 (2) + [} F s [ el e fyydlarn < C1F1 (2, V0,00, + oV Iy ),

As in (Cui & Li, 2011; Gilbarg & Tudinger, 1998), we set V(z) = e — o0’ ,Z € €, in which the constants d > 0 and
B < 0 will be determined later. A direct computation yields

AV - o-ZZa,](z)é‘”V o-Zb(z)éV

i=1 j=1
., 2a(,3d)r3 —4gdr?
A-2L
< —(Bd)2r¥ 2 (29)

= —(Bd)* 2™ (Bdr® + P) + AT Bd)rP et

Notice that | Fi(z,VO,¥)| < C1|F1(z, VO, ‘P)|(3) =3 where C; > 0 is dependent of A and B. we can choose § = —%

2( ) 0, o"
and set V,(z) = (IF(z, VO, ‘P)I(g) +1” 0'|V(Do—|(l))V(Z) for any / > 1. Then there exists a suitably large constant d > 0 which
is independent of 7, 9, € and / such that

Ly(Viz) - @) <0,  in Q,
Vi(z) - ®, > 0, on lz=1, Vi(z) - ®, > 0, as |zl — +oo.
here the L™ estimates (28) play the key poles.
Then it follows the maximum principle in (Gilbarg & Tudinger, 1998) that
@ol5y < (IF1 (2. VO, W) + [V, |1). (30)

From Lemma 6.20 in (Gilbarg & Tudinger, 1998) together with (30) and the estimate (28), we have

Dyl < CIDslgy + IFi(z, VO, B)IT)) < C(F1 (2, VO, )5, + 10 |VD,()). 31)
and

Vo, |2 < C(l(D(,+ [ e I estis [ el exsds g (dldr((}) + |Fi(z, VO, \11)|<3>)

< C(IFl(z, VO, WS + oV, ) *1). (32)

Connecting (31)-(32) with the second equation in (19) and setting / > 1 large enough, then we have

D13 + VD + ¥V < CF1 (2, VO, V) + [Fa(z, VO, P)[).

Thus we have completed the proof of Lemma 3.2.
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Lemma 3.3(Cui & Li, 2011) For each F(z) € H5(Qu), the following problem

Ay = F(2), in Qy,
p=0, on gzl =1, (33)
1iIIl|z|Hoo %IZZ)\ = 0,

has a unique solution ¢ € C2(Qy) satisfying

lLa

0 2 3
Il + Vel < CIFIG.

Proof of Theorem 2.1. Since the uniform weighted Holder estimate (20) for any o € [0, 1] is derived, the existence of the
solution to the linearized problem of (15) can be solved by the continuity method. Furthermore, using the standard fixed
point argument, one can derive the existence and uniqueness of the solution of nonlinear problem (15).

Firstly, by Lemma 3.3 together with the uniform weighted Holder estimate (20) and the continuity method in ( Gilbarg &
Tudinger, 1998), we know that for any (@,9), if |V(i)|(1231 + |‘i’|(13i is bounded, the linearized problem

Li(@) = A0 - (52, 53, @30 + 2 b<(z)6-d)) —HASFIEV Y, i

Y= ﬁal(ﬁoalq) + H(,)ag(ﬁoagq) + Fz(z, Vq) \P) in Qo, (34)
O =0, on |7l=1,
li1’1’1|z|_ﬂ,O %lzz)l = O,

has a unique solution (@, ¥) with the estimate

O + VoI, + 191, < C(1Fi(z VO, D), + IF2(2, Vo, D). (35)

We now construct a mapping as in (Cui & Li, 2011): 7(®,¥) = (®,¥). For any two @, ¥)i = 1,2) satisfying
|V<D,~|(2) + I‘P,»I(f()l < ¢ with ¢ > 0 to be determined, then the problem (34) have two corresponding solutions (®;, ¥;)(i = 1,2)

la
respectively. In addition, according to Lemma 3.1 and Lemma 3.2, we have

@) + VOIE + 97, < C(1Fi (@ Vo, TI), + IFate, Vi, B ) < Clo+ ),

where the generic constant C is independent of & and 6.

Letd = 1+3c and gy = 62, then for 0 < & < &), we get |®; I(O) + |V, |(2) + I‘P |(3) < ¢. This implies that T is a continuous

mapping from Z5 = {(D, V) : |VCI>|(2) + |‘P|(3) <0,D|y=1 =0, hmu_,oo lnI I = 0} into itself. By (35) together with Lemma
3.1, we also have the estimate

@1 = D) + V(D — D)) + W) W),

5 . 4
SC(8+6)(|V(CD1 ch)llQ+|\P1—\leﬁfl)s§(|V(q>1 O+, - 2|(13,31)~

This implies that 7T is contractible in Z5 and the nonlinear problem (15) has a unique solution (@, ) € Z5 which satisfies

@5 + VO + [P < Ce.

Thus Theorem 2.1 is proved. By the inverse of the coordinate z; = x;(1 + 6(x))™', 22 = x2(1 + 8(x))~" and the assumption
that 6(x) has compact support, then the proof of Theorem 1.1 is obvious.
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Appendix

In this appendix, we will construct the background solutions (8) for the nonlinear problem (7) in the exterior domain
Qy = {x : |x| > 1}. As illustrated in section 104 in (Courant & Friedrichs, 1948), we know the the streamlines of
the circulatory flow in the domain € are constituted with circles with the center at the origin. So we introduce the
polar coordinate transformation x; = rcos#é, x, = rsin6, and decompose (u;9, uzo) as ujg = Ujgcos 8 — Usg sinb, uyy =
Ujpsin 8 + Uyycos 6. As in (Cui & Li, 2011) the system (1)-(5) can be written as

8r(poU10) + 184(poUa0) = 0,
0,Un + Uy =0,

36
LUxl + Alnpo = B, (36)
Up=0,
and | .
lim — f (0oUn0)(s, )ds = ei . (37)
r—o Inr 1
It follows from (36) that
2
K K
Po = pO(V)s U20 = ]_/_3 ﬁ +A1np0(r) = Ba (38)
where k is some constant to be determined.
() = exp( (B "2) (39)
po(r) = exp 1 2]
Moreover, by the definition of stream function in (6), the corresponding stream function o (r) satisfies
" K
Yo(r) = f po(S);dS +m. (40)
1

Combining (37) with (40), we have

e

tim Y _ lim oo = of.

r—o0 nr r—o0 r

This together with (39) yields « = 1, (8) is arrived at.
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