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Abstract

In this paper, the notion of S-metric spaces will be introduced. We present a some tripled coincidence point results for
a mixed g-monotone mappings F : X> — X satisfying (i, ¢)-contractions in partially ordered complete S -metric spaces.
Also an application and some example are given to support our results.
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1. Introduction

The Banach contraction principle is the most celebrated fixed point theorem and has been generalized in various directions.
Fixed point problems for contractive mappings in metric spaces with a partially order have been studied by many authors
(Agarwal, R. P. & et al., 2008; Ciri¢,& et al., 2009).

One of the remarkable generalization, known as ¢-contraction, was given by Boyed and Wong (Boyd, D. W. & Wong, S.
W., 1969) in 1969. In 1997, Alber and Guerre-Delabriere (Alber, Ya., & Guerre-Delabriere, 1. S., 1997), intriduced the
notion of a weak o-contraction which generalizes Boyed and Wong results, so Banach’s result. Very recently, inspired
from the notion of weak g-contractions, a new concept of (i, ¢)-contractions was introduced (Cherichi, M., & Samet, B.,
2012; Dhutta, P. N., & Choudhury, B. S., 2008; Dori, D., 2009; Popescu, O., 2010; Berinde, V., & Borcut, M., 2011).

Throughout the paper, N* is the set of positive integers.
First we recall some notions, lemmas, and examples wich will be useful later.

Definition 1.1. (Sedghi, S., Shobe, N., & Aliouche, A., 2012) Let X be a nonempty set. A function S : X3 — [0, c0) is
said to be an §-metric on X, if for each x,y,z,a € X,

1. S(x,y,z) =0ifandonlyif x =y =z,
2.5y, <S8 x,a)+S©,y,a)+S(z,z,0).

The pair (X, §) is called an S -metric space.

Example 1.2. (Sedghi, S., Shobe, N., & Aliouche, A., 2012) We can easily check that the following examples are
S -metric spaces.

1. Let X =R"and || - || anorm on X. Then S(x,y,z) = |ly + z — 2x]| + |y — zl| is an S -metric on X.
2. Let X =R"and || - || anorm on X. Then S(x,y,z) = ||x — z|| + |[[y — z/| is an § -metric on X.

3. Let X be a nonempty set and d be a ordinary metric on X. Then S (x,y, z) = d(x, z) + d(y, z) is an S -metric on X.

Lemma 1.3. (Sedghi, S. & et al., 2014) Let (X, S) be an S -metric space. Then, we have S (x, x,y) = S(,y,x), x,y € X.
Definition 1.4. (Kim, J. K. & et al., 2016) Let (X, S) be an S-metric space. For r > 0 and x € X we define the open ball
Bg(x, r) and closed ball Bg[x, r] with center x and radius r as follows, respectively:

Bs(x,r)={yeX:S0,y,x) <r},
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Bs[x,rl={yeX:S0@,y,x) <r}.
Example 1.5. (Kim, J. K. & et al., 2016) Let X = R. Denote S (x,y,z) = |y + z — 2x| + [y — z| for all x, y,z € R. Thus
Bs(1,2) = {yeR:Sy,y,1)<2t={yeR:|y-1]<1}
= {yeR:0<y<2}=(0,2).
Definition 1.6. (Sedghi, S. & Dung, N. V., (2014) Let (X, S) be an S -metric space and A C X.

1. The set A is said to be an open subset of X. If for every x € A there exists r > 0 such that Bg(x,r) C A.
2. The set A is said to be S-bounded if there exists » > 0 such that S (x, x,y) < r for all x,y € A.

3. A sequence {x,} in X converges to x if S (x,, x,,, x) = 0 as n — oo, that is for every € > 0 there exists ny € N such
that for n > ng, S (x,, X,,, x) < &. This case, we denote by lim,_,, x, = x and we say that x is the limit of {x,} in X.

4. A sequence {x,} in X is said to be Cauchy sequence if for each & > 0, there exists ny € N such that S (x,, x,,, X)) < &
for each n,m > ng.

5. The S-metric space (X, S) is said to be complete if every Cauchy sequence is convergent.

6. Let 7 be the set of all A € X with x € A and there exists r > 0 such that Bg(x,r) C A. Then 7 is a topology on X
(induced by the S -metric §).

Definition 1.7. (Kim, J. K. & etal., 2016) Let (X, S) and (X', S ’) be two S -metric spaces, and let f : (X,S) - (X’,S ')
be a function. Then f is said to be continuous at a point @ € X if and only if for every sequence x, in X, S (x,, x,,a) — 0
implies S ’'(f(x,), f(x,), f(a)) — 0. A function f is continuous at X if and only if it is continuous at all a € X.

Lemma 1.8. (Sedghi, S. & et al., 2015) Let (X, S) be an S -metric space. If » > 0 and x € X, then the ball Bs(x, r) is an
open subset of X.

Lemma 1.9. (Sedghi, S. & et al., 2015) Let (X, S) be an S -metric space. If sequence {x,} in X converges to x, then x is
unique.

Lemma 1.10. (Sedghi, S. & et al., 2012) Let (X, S) be an S-metric space. Then the convergent sequence {x,} in X is
Cauchy.

Lemma 1.11. (Sedghi, S. & Dung, N. V., 2014) Let (X, S) be an S - metric space. If there exist sequences {x,} and {y,}

such that lim,,_,, x, = x and lim, . y, = y, then

Lim S (x,, X4, ¥2) = S(x, x, ).

Definition 1.12. (Berinde, V. & Borcut, M., 2011) A element (x,y,z) € X3 is called a tripled fixed point of F : X35 X
if F(x,y,2) =x, F(y,x,y) = yand F(z,y,x) = z.

Definition 1.13. (Aydi, H. & et al., 2012) An element (x,y,7) € X3 is called a tripled common fixed point of F' : XX
andg: X - Xif F(x,y,2)=gx=x, F(y,x,y) =gy=yand F(z,y,Xx) = gz = 2.

Definition 1.14. (Cherichi, M. & Samet, B., 2012) Let (X, S) be a non-empty set. We say that the mappings F : X> — X
and g : X — X are commutative if gF(x,y,z) = F(gx, gy, gz), for all x,y,z € X.

Definition 1.15. (Borcut, M., 2012) An element (x,y,z) € X3 is called a tripled coincidence point of F : X3 - X and
g:X - Xif F(x,y,z) = gx, F(y,x,y) = gy and F(z,y, x) = gz.

Definition 1.16. (Berinde, V. & Borcut, M., 2011; Borcut, M., 2012) Let (X, <) be a partially ordered set, F : X35 X
andg: X — X.

We say that F' has the mixed g-monotone property if F(x,y,z) is g-nondecreasing in x, g-nonincreasing in y and g-
nondecreasing in z, that is if, for any x,y,z € X,

x1, X% € X, gx; < gxp = F(x1,y,2) < F(x2,¥,2),
Y, Y2 €X, gy1 < gy2 = F(x,y1,2) 2 F(x,y2,2),

and

21,22 € X, g1 £ 822 = F(x,y,21) £ F(x,y,22).
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Lemma 1.17. (Aydi, H. & et al., 2012) Consider three non-negetive real sequences {a,}, {b,} and {c,}. Suppose there
exists & > 0 such that

lim max{a,,b,} =0

n—co
and
lim max{a,, b,,c,} = a.
n—co
Then,

lim supc, = a.

n—oo

Definition 1.18. (Khan, M S. & et al., 1984) The function i : [0, +c0) — [0, +00) is called an altering distance function
if the following properties are satisfied:

(1) ¢ is continuous and non-decreasing,

(2) y(t) =0 if and only if t = 0.

Let ¥ be the set of altering distances. Again, we denote by @ the set of functions ¢ : [0, +o0) — [0, +00) such that
(i) ¢ is lower-continuous and non-decreasing,

(i) ¢(f) = 0 if and only if = 0.

2. Main Results

The notion of a fixed point of N-order was first introduced by Samet and Vetro (Samet, B. & et al., 2012). Later, Berinede
and Borcut (Berinde, V. & Borcut, M., 2011) proved some tripled fixed point results (N=3) in partially ordered metric
spaces (Abbas, M. & et al., 2011; Aydi, H. &et al., 2012; Aydi, H. & Karapanar, E., 2012; Karapanar, E., 2010).

In this paper, we establish tripled coincidence point results for mapping F : X* — X and g : X — X involving nonlinear
contractions in the setting of ordered S -metric spaces. Also, we precent an application and some examples in support of
our results

Theorem 2.8. Let (X, <) be a partially ordered set and (X, S) be a complete S-metric space. Let F : X3 — X and
g : X — X. Assume there exist iy € ¥ and ¢ € ® such that for x, y, z, a, b, ¢, u, v, w € X, with gx > ga > gu, gy < gb < gv
and gz > gc > gw, we have:

Y(S(F(x,y,2), F(a,b,c), F(u,v,w))) < y(max{S(gx,ga,gu),S(gy,gb,gv),S(gz,gc,gw)})

—p(max{S (gx, ga, gu), S (gy. gb. gv). S (gz. gc, gw)}) ®)

Assume that F and g satisfy the following conditions:
(1) F(X*) € g(X),
(2) F has the mixed g-monotone property,
(3) F is continuous,
(4) g is continuous, non-decreasing and commutes with F.
Suppose there exists xg, Yo, 2o € X such that g(xo) < F(xo, Yo, 20), €0) = F(yo, X0, ¥o) and g(z0) < F(zo, Yo, X0)-

Then F and g have a tripled coincidence point. That is there exist x, y, z € X such that

g(x) = F(x,y,2), 80y) = F(y,x,y) and g(z) = F(z,y, x).

Proof. Suppose xp, yo, zo € X such that g(xg) < F(x0, Y0, 20), 80) = F(yo, X0, Yo) and g(z9) < F (29, Yo, Xo). Since F(X?) ¢
g(X), by (v) we can choose x1,y1,z1 € X such that g(x1) = F(xo,y0,20), g1) = F(yo, X0, y0) and g(z1) = F(zo, Yo, Xo)-
Then g(xo) < g(x1), gvo) = g(y1) and g(zo) < g(z1). Again from F(X?) C g(X) we can choose x3,y2,2; € X such that
g(xp) = F(x1,y1,21), 80n) = F(y1, x1,y1) and g(z2) = F(z1, 1, x1). Since F has the mixed g-monotone property, we have
g(xp) < g(xy) < g(x2), gvo) = gly1) = g(y2) and g(zo) < g(z1) < g(z2). Contiuing this process we can construct three
sequences {x,}, {y,} and {z,} in X such that

g(xn) = F(xn—l’yn—l’zn—l) < g(erl) = F(xnsymZn)’
g(y;m) = F(ym xn’yn) > g(.Yn) = F(.Yn—l,xn—l’yn—l)’
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and
g(Zn) = F(Zn—lsyn—l’xn—l) < g(Zn+1) = F(Znsym Xn).

If, for some integer ng, we have (g(xyy+1), 8(Vny+1)s 8(Zng+1)) = (8(Xng), 8Vny)» &(2n))s then F(Xng, Yngs Zng) = 8(Xny),
Fny»> Xng> Yng) = 8ny) and F(Zng, Yigs Xny) = 8(Zny)» 1.€., (Xug» Yny» Zny) 15 @ tripled coincidence point of F and g. Thus we
shall assume that (g(x,41), €Vns1), €(Zns1)) # (2(x,), gvn), £(z,)) for all n € N, i.e., we assume that either g(x,,1) # g(x,)
or g(Vp+1) # 8n) OF g(Zn41) # &(2n)-

Since g(x,) < g(Xp+1), 80n) = gVn+1) and g(z,) < g(Zp41), that is (X, Yn, 2n) < 8(Xnsts Yns1» Znt1)-

From (5) we have,

W(S(gxn+lsg-xn+lvgxn)) = w(S(F(xn’ym Zn)’ F(xn’ym Zn), F(xn—l’yn—lvzn—l))

< l//(max{S (gxns 8Xns 8Xn—1 )’ S (gym 8YVn> 8Yn-1 )3 S (gzm 8Zn, gzn—l)})
—p(max{S (8Xu, 8Xn, 8Xn-1)>S (&Vn> &Vn» 8Yn-1)>S (8Zn> 8Zn> §Zn-1)})
< Y(max{S (gxn, 8Xns 8Xn=1)> S (&Vn> &Vn> 8Yn—-1)» S (8Zn» 8Zn> 8Zn-1)})> 6)
W(S (gym 8Vn, gyn+1)) = lP(S (F(yn—ls xn—lsyn—l)’ F(yn—l, xn—lsyn—l)s F(Yns Xns yn)))
< Y(max{S (8yn-1,8Vn-1,8Yn)>S (8Xn-1, 8Xn-1, &Xn)})
—@(max{S (8Yn-1,8Yn-1>8Yn)» S (8Xn-1, 8Xn-1, 8Xn)})
< Y(max{S (gYn, 8Vn> 8Vn-1)>S (8Xns Xu> 8Xn—1)> S (§Zn> 8Zn> 8Zn-1)})5 @)
and
l//(S (ngH—l » 8%n+1s an)) = l//(S (F(Zm Yns xn), F(Zn’ Yns xn)a F(Zn—l s Yn—1, xn—l))
< Y(max{S(gzu> 8Zn> 8Zn-1)>S (&Vn> 8Yn» &Yn-1)» S (§Xu> §Xn> 8Xn-1)})
—@(max{S (82u, 8Zn» 8Zn=1)s S (€Vn> &Vn> 8Yn-1)» S (8Xn> 8Xn» &Xn-1)})
< Yy(max{S (gzn, 82n> 82n—1)sS (8Vn> &Yn> 8Yn-1)> S (§Xn, 8Xn, 8Xn-1)}). (8)

Since ¢ : [0, +00) — [0, +00) is a non-decreasing function, for a, b, ¢ € [0, ), we have

Y(max{a, b, c}) = max{y(a), y(b), Y(c)}.

Then, from (6), (7) and (8), it follows that

w(max{S (gxn+l » 8Xn+1> gxn), S (gym 8YVn» gynJrl)’ S (an+1 s 8Zn+1> an)})
= max({(S (§Xn+1, 8Xn+1, 8%n))s W(S (V1> 8Vn> 8Yn+1))s W(S (8Zn+15 8Zn+15 8Zn))})
< Y(max{S (§Xn, §Xn, 8Xn-1), S (8Vns 8Vns 8Yn-1)> S (8Zn> §Zn> 8Zn-1)})-

The fact that ¢ is non-decreasing yields that

max{S(ganrl’ 8Xn+1, gxn), S(gyns 8Vn, gyn+1)’ S(anJrls 8Zn+1, an)})
< max{S (8Xn, 8%n, 8Xn-1)>S (8Vns 8Vn» &Vn-1)> S (8Zn> 8Zn» 8Zn—1)}- &)

Thus, max{S (gXn+1,8Xn+1>8%n)> S (&Vn> 8Vn»> 8Vn+1)> S (8Zn+1, 8Zn+1> 8Zn)} 1S poOSitive non-increasing sequence. Hence there
exists r > 0 such that

Lim max{S (gxp+1, 8Xn+1,8%n)> S (8Vn> &Vn»> &Yn+1)s S (8Zn+1> 8Zn+1,8Zn)} = T (10)

n—oo

Having in mind that ¢ is non-decreasing, then

o(max{S (gXu, 8Xn» 8Xn-1) S (&Vn> &Vn» &Vn-1)> S (8Zn> 8Zn» &Zn-1)})
> @o(max{S (8xn, 8Xn, 8Xn-1), S (Vn> &Yn> &Yn-1)}), (1D
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so from (6)-(8), we get that

'J’(max{s (ganrl s 8&Xn+1>» gxn)’ S (gym 8Vns 8Yn+1 ), S (an+1 s 8Zn+1> an)})
= max({Y(S(§Xn+1, 8Xn+1, 8Xn))s W(S (V> 8Yn> 8Yn+1))s W(S (8Zn+15 8Zn+15 8Zn))})
< Y(max{S(gxn, 8Xn, 8%n-1), S (&YVn> &Yn> 8Yn—1)> S (€Zn» 8Zn> 8Zn-1)})

—go(max{S (g-xn, 8Xn, g-xn—l)s S (gynv 8Vn» gyn—l)})~ (12)
On the other hand,
0 < max{S(gxn, 8Xn, 8Xn-1), S (&Vn-1,8&Vn-1,8&Yn)}
< max{S (gXn, 8Xn> 8X%n-1)>S (8Vn-1,&Vn-1&Yn)> S (8Zn> 82n»> 8Zn-1)} (13)

so by (10), the real sequence max{S (gx,, 8Xn, 8Xn-1), S (&Vn-1,&Yn-1, &¥n)} is bounded. Thus there exists a real number |
with 0 < r; < r and subsequences {x,)} of {x,} and {y,x} of {y,} such that

lim max{S (Xnw)+1> 8Xnt+15 8Xn())> S (€Vn(k)> 8Yn(k)> &Yntky+1)} = T1. (14)

n—oo

We rewite (12)

Y(max{S (gXnwy+1> 8Xn(+1> &Xnk))> S (€Yn(k)> &Yn(k)> &Ynky+1)s S (€Zn(ky+1> 8Zn(ty+1> &Zn(k))})
< Y(max{S (gXaw)> 8Xn(k)» &Xnk)=1)s S (€Vn(k)s &Yn(k)> 8Yn()-1)» S (8Zn(k)» 8Zn(k)» &Znk)-1)})
—p(max{S (8Xn(k)» &Xnk)> Xn()-1)> S (8Yn(k)> 8Yn(k)» 8Yn(k)-1)})- (15)

Letting k — oo in (15), having in mind (10), (14), the continuity of i and the lower semi-contiuity of ¢, we obtain

W(r) lim sup y(max{S (8Xnk)+1> 8Xn(+1> 8Xnk))> S (8Ynk)> Ynk)> &Ynky+1)> S (€Znk)+1> 8Zn(+1> &Zn(k))})

k—o0

IA

lim sup y(max{S (gxnk)» 8Xn)> 8Xnk)-1)> S (8Ynk)> Yn(k)> Ynk)—1)> S (€Zn(k)» 8Zn(k)> 8Zn(k)-1)})

k—o0

- “,{fiif}f @(max{S (&Xn(k)> 8Xnk)> 8Xn(y-1)» S (&Vn(k)» &Vn(k)» &Yn(k)-1)})
< Y(r) —o(ry),

which implies that ¢(r;) = 0, and using a property of ¢, we find r; = 0. Thanks to Lemma (2.6) together with (10) and
(14), it yields that

ro= ]}LIIOIO max{S (gXn)> 8Xn(k)» &Xn(k)—1)s S (€Vn(k)» &Vn(k)» &Yn(k)-1)> S (8Zn(k)» &Zn(k)» &Zn(k)-1)})
= limsup S (8znw)> 8Zn(k)> 8Zn(k)-1)- (16)
k— o0

For any k € N, we rewite (8) as

W (S (8Znky+1> 8Zn(ky+1> 8Zn(k)))
< Y(max{S (gznw)> 8Zn(k)» Znk)—1)> S (€YVn(k)> &Yn(k)> &Yn—1)s S (€Xn(k)> Xn(k)» &Xnk)-1)})
—(max{S (8Zn(k)» 8Zn(k)» 8Zn()-1)> S (€Vn(k)> 8Yn(k)> &Ynk)-1)s S (8Xn(k)> 8Xn» 8Xn(h)-1)})- (17)

Again, letting k — oo in (17), having in mind (10), (16) and by the properties of i, ¢, we obtain

Y(r) = 1imsup(S (gznw)+1, 8Zn(k)+1» 8Zn(k)))

k—o0
< limsup Y(max{S (gzawk)> 8Zn(k)» &Znk)-1)> S (€YVn(k)> &Yn(k)> &Yn(k)—1)s S (€Xn(k)> &Xn(k)» &Xnk)-1)})
k—o0
- lillgglf @(Max{S (§zn(k)» 8Zn(k)» &Zn)-1)> S (&Vn(k)> 8Yn()> &Yn(k)=1)s S (8Xn(k)» 8Xn» &Xn(k)-1)})
< Yr) = @(r),

which gives that ¢(r) = 0, i.e., by (10),
Lim max{S (gX,+1, 8Xn+1,8%n)» S (8Yn> &Yn» 8Vn+1)s S (8Zn+1, 8Zn+1, 8Zn)} = 0. (18)

n—oo

Our next step is to show that {gx,}, {gy,} and {gz,} are Cauchy sequences.
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Assume the contrary, i.e., {gx,}, {gy,} or {gz,} is not Cauchy sequence, i.e.,
lim  S(gxu, 8Xm, gxn) % 0,
n,m—+oo
or
lim S (gym, &Ym- &yn) # 0,
n,m—+oo

or

lim S(me, 83m> an) * 0

n,m—+oo

This means that there exists & > 0 for which we can find subsequences of integers {m;} and {n;} with ny > my > k such
that

maX{S (gxmk7 g-xm/(’ gxnk)’ S(gymk’ gym;(’ gynk)’ S(gzmk7 gzmkv gzn;()} Z &. (19)

Further, corresponding to m; we can choose n; in such a way that it is the smallest integer with n; > my and satisfying
(19). Then

max{S (gxmk’ 8Xmy» gxnkfl)’ S(gymk’ 8Vmy > gynk—l)’ S(gzmk’ 8Zmy» gznk—l)} <é&. (20)
By (S3) and (20), we have

S(8Xmg» 8Xmy» 8%n) < 28 (8Xmg» 8Ximy» 8Xme—1) + S (8Xni—15 8Xne—1, &Xn,)
< 2&+ S(8Xn—1,8Xn—1>8%n,)-

Thus, by (18) we obtain

]}Lrgs(gxmk’gxmk, gxnk) S kli_)lg ZS(gxmk’ g-xm/‘ag-xl‘lk—l) S 28' (21)

Similarly, we have

l}iﬂ; S(&Ymys &Vmy» &Ym) < ;}L‘E, 285 (8Yme» 8Ymy> 8Ym—1) < 2&. (22)
I}Lrgo S (8Zmy» 8my» 8Zn,) < /}Lrgo 28 (8Zmy» 8Zmy» 8Zn—1) < 26. (23)

Again by (S3) and (20), we have

S(8Xmy> 8%mis 8Xn) < 28 (8Xms 8Xmy» 8Xmy—1) + S (§Xmy—15 8Xm—15 8Xn,)
< 28(8%my 8Xmys 8Xm—1) + 28 (8Xm—15 8Xmy—15 8Xm—1) + S (§Xn—1, 8Xny—1, 8%Xn,)
< 28(8%Xmy> 8Xmys 8Xm—1) + A4S (X~ 15 8Xm—1> 8Ximy)
+28 (8% > 8Xmy» 8Xm—1) + S (8Xn—15 8Xny—15 Xy
< 285(8%Xmy> 8Xmy> 8Xme—1) + A4S (8Xmu—1, 8Xmy—1> 8Xmy)

+2& + S(8Xn-15 8Xni—158Xn,)-

Letting k — oo and using (18), we get

,}Lrgo S (8Ximy» 8Xmy» 8Xn,) < 1}1_{210 S (8Xm—1> 8Xmy—1,8Xnm—1) < &, (24)
]}Lrgo S (8Yme»> 8Ymy» 8Yn) < ;}1_52 S (8Ymi—1>8Ymi=1>8Ym-1) < &, (25)
klirgo S (8Zmy> 8Zmy» §Zny) < klgl; S (8Zmu—1> 8Zmy—1> 8Zm—1) < €. (26)
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Using (19) and (24)-(26),we have

;31‘2, max{S (8Xmy» 8Xmy> 8Xm)> S (8Vmy> &Vmys> &V )s S (8Zmy s 8Zmy> 8Zm )}

IA

klirgo ma-x{S (g-xmk—19 gxmk—ls g-xnk—l)9 S(gymk—h gymk—l’ gynk—l), S(mek—l, mek—h ank—l)}
< e 27

Now, using inequality (5) we obtain

lﬁ(S (gxmk, 8Xmy.» gxnk)) = lﬁ(S (F(xmk—l’ Ym—1, ka—l), F(xmk—laymk—l, ka—l)’ F(xnk—l’ynk—lv an—l)))
lﬁ(ma-x{s ((-xmk—lv Xmg—1> -xnk—l)s S(ymk—lvymk—lsynk—l)s S(ka—l’ Tmg—1> an—l)})
—ga(max{S ((xmk—l, Xmy—15 xnk—l), S(ymk—l’ymk—l’ ynk—l)’ S (ka—l, Zmyg—1>» an—l)})

IA

W(S (F(Ymk—l ’ xmk—l 7ymk—1), F(ymk—l B xmk—l 7ymk—l)’ F()’nk—l > xnk—l 7ynk—1)))
< lﬁ(maX{S ((xmk—l s Xmy—15 xnk—l)a S (ymk—l s Ym—1s ynk—l)})
—go(max{S ((xmk—ls Ximg—1> xnk—l)s S (ymk—lsymk—lsynk—l)})v (29)

(S (8Ymy» 8Ymy» 8Vny)

and

’//(S(F(ka—la)’mk—l,xmk—])’F(ka—laymk—laxmk—l), F(Zn/‘—l’yn/‘—l’xnk—l)))
lp(max{S ((xmk—la Xng—15 xnk—l), S(ymk—laymk—l’ ynk—l)’ S (ka—l, Tmg—1» an—l)})
—(,o(max{S((xmk_l, xmk—ls-xnk—l)sS(ymk—lsymk—lsynk—l),S(ka—lska—l,znk—l)})'(30)

W (S (8Zmy> 8Zmy > 8Zny))

IA

We deduce from (28)-(30) that

Y(max{S (8Xm 8Xme» 8Xn)s S (&Vmys 8Vmy> 8Yn)s S (8Zmy> &Zmy > 8Zn )}

max{y (S (8Xm» §Xmy > 8Xn))s Y (S (&Vmy> 8Vmy> 8V ))s W(S (8Zmy > 8Zmys §Zm))}

Y(max{S (Xpm—1> Xm—1> Xn=1)s S D=1 Y15 Ymg—1)s S Zmg—15 Zg—15 Zi 1)

~@(max{S (X~ 1, Xm—1> Xn=1)>S V=15 Ymg—1> Yg—1)})- (31

IA

On the other hand, since

max{S (xmk—l’ Xmg—1> xnk—l)a S(ymk—l’ ymk—laynk—l)}

< max{S(-xmk—ls xmk—ls-xnk—l)sS(ymk—lsymk—lsynk—l)’S(ka—lszmk—l’znk—l}s (32)

then from (27),

lim sup max{S (X1, Xm—15 Xn=1)>S Omg—1> Ymy—1> Yme—1)} < E.

k—o0

(28)

Therefore, the real sequence {max{S (X1, Xm=1> Xn,~1)> S Wmy—1> Yme—1,> Yn—1)}} is bounded. Thus, up to a subsequence

(still denoted the same), there exists £; with 0 < g; < ¢ such that
]}Lm ma-x{S (xmk—l > xmk—l > xnk—l )’ S (Ymk—l > ymk—l B )’nk—l )} = ‘91 . (33)

Inserting this in (31) and using (27), (33) togwther with the properties of i, ¢, we get that

w(s) = hm Sup lp(ma-x{S (gxmk > gxmk > g-xn/‘)’ S (g)’mk ’ gymk B g}’nk)’ S (mek’ meka gznk)}
k—oo
< lim sup lﬁ(maX{S (xmk—] > Xny—15 xnk—l)’ S(Ymk—] > Ymy—1 ,ynk—l)7 S(ka—l s Zmy—15 Zn—1 })
k—oo

- lilgriglfcp(max{S X=15 Xg—15 Xn=1)5 S Q=15 Ye=15 Y=}
< Yle) - elen),
which leads to ¢(g) = 0, so &; = 0. By this and (27), due to Lemma(2.6), we obtain

lim Sup S (kafl 9 ka71 9 an,l) =&

k—o0
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Combining this to (19) and (26), we find

Lim sup S (2 » Zg» Zny) = &-

k—o00

Letting k — oo in (30) and using (27), we deduce

Y(e) < Y(e) — ple),

i.e., € = 0, it is a contradiction. We conclude that {gx,}, {gy,} and {gz,} are Cauchy sequences in the S -metric space (X, S),
which is complete. Then, there are x, y, z € X such that {gx,}, {gy,} and {gz,} are respectively convergent to x, y and z,
i.e., we have

lim S (gx,, gx,, x) = lim S (x, x, gx,) =0, (34)
lim S (gyn, gyn,y) = lim Sy, y, gya) = 0, 35)
lim S (g20, 820, 2) = lim S (2,2, g2,) = 0. (36)

From (34)-(36) and the continuity of g, we get

}}ngo S (g(gxn), g(gxn), gx) = }L“Eo S(gx, gx,8(gxa)) = 0, (37)
lim S (g(gyn), g(gyn), gy) = lim S(gy, gy, g(gyn)) =0, (38)
lim S (g(8zn). 8(820), 82) = lim S (g2, 82, 8(821)) = 0. (39)

Since gxpr1 = F(Xn, Y 20)s 8Vn+1 = F Oy Xny V) and g2,41 = F (24, Yu» Xu), S0 the commutativity of F' and g yields that

8(gxns1) = 8(F (X, Yn> 20)) = F(8Xn, &Vn» 82n)s (40)
8(gVn+1) = §F Vs Xn» Yn)) = F (Vs §Xns &Yn)s (41)
8(8zn+1) = 8(F(Zn, Yn, Xn)) = F(82, 8Vn» 8%n)- (42)

Now we show that F(x,y,z) = gx, F(y,x,y) = gy and F(z,y, x) = gz.

The mapping F is continuous, so since the sequences {gx,}, {gy,} and {gz,} are, respectively, convergent to x, y, z,
hence using Difinition 1.7, the sequence {F(gx,, gyu, 82,)} is convergent to F(x,y, z). Therefore, from (40), {g(gx,+1)} is
convergent to F(x, y, z). By uniquueness of the limit, from (37) we have F(x,y,z) = gx.

Similarly, one finds F(y, x,y) = gy and F(z,y, x) = gz, and this makes end to the proof.

Corollary 2.9. Let (X, <) be a partially ordered set and (X, S) be a complete S-metric space. Let F : X> — X and
g : X — X. Assume there exists k € [0, 1) such that for x, y, z, a, b, ¢, u, v, w € X, with gx > ga > gu, gy < gb < gv and
gz > gc > gw, we have:

S(F(x,y,2), F(a,b,c), F(u,v,w)) < k(max{S(gx,ga,gu),S(gy,gb,gv),S(gz,gc,gw)}). 43)

Assume that F and g satisfy the following conditions:
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(1) F(X) € g(X),

(2) F has the mixed g-monotone property,

(3) F is continuous,

(4) g is continuous, non-decreasing and commutes with F.

Suppose there exist X, Yo, 2o € X such that g(xo) < F(xo, Yo, 20), 8(0) = F(yo, X0, yo) and g(zo) < F(zo, Yo, Xo)-

Then F and g have a tripled coincidence point. That is there exist x, y, z € X such that

g(x) = F(x,y,2), gy) = F(y,x,y) and g(2) = F(z,y, X).

Proof. It follows by taking ¥(¢) = ¢ and ¢(¢) = (1 — k)t for all r > 0.

Corollary 2.10. Let (X, <) be a partially ordered set and (X, S) be a complete S-metric space. Let F : X> — X and
g : X — X. Assume there exists k € [0, 1) such that for x, y, z, a, b, ¢, u, v, w € X, with gx > ga > gu, gy < gb < gv and
gz > gc > gw, we have:

k
S(F(x,y,2), F(a,b,c), Fu,v,w)) < §(S (gx, ga, gu) + S (gy, gb, gv) + S(gz, gc, gw)).

Assume that F and g satisfy the following conditions:

(1) F(X) € g(X),

(2) F has the mixed g-monotone property,

(3) F is continuous,

(4) g is continuous, non-decreasing and commutes with F'.

Suppose there exist xg, v, 2o € X such that g(xo) < F(xo, Y0, 20)> £00) = F(yo, X0, o) and g(zo) < F (29, Yo, X0)-

Then F and g have a tripled coincidence point. That is there exist x, y, z € X such that

g(x) = F(x,5,2),80) = F(y,x,y) and g(z) = F(z,y, x).

Proof. It suffices to remark that
k
§(S (gx, ga, gu) + S(gy, gb, gv) + S(gz, gc, gw)) < k(max{S (gx, ga, gu), S (gy. gb, gv), S (8z, gc, gw)}).

In the next theorem, we omit the continuoity hypothesis of F. We need the following definition.

Definition 2.11. Let (X, <) be a partially ordered set and S be a S-metric on X. We say that (X, S, <) is regular if the
following conditions hold:
(i) if a non-decreasing sequence {x,} is such that x,, — x, then x,, < x for all n,

(ii) if a non-increasing sequence {y,} is such that y, — y, then y <y, for all n.

Theorem 2.12. Let (X, <) be a partially ordered set and (X, S) be a complete S-metric space. Let F : X> — X and
g : X — X. Assume there exist iy € ¥ and ¢ € ® such that for x, y, z, a, b, ¢, u, v, w € X, with gx > ga > gu, gy < gb < gv
and gz > gc > gw, we have:

Y(S(F(x,y,2), F(a,b,c), Fu,v,w))) < y(max{S(gx,ga,gu),S(gy,gb,gv),S(gz, gc,gw)})
—p(max{S (gx, ga, gu), S (gy, gb, gv), S (gz, gc, gw)}). (44)

Assume that (X, S, <) is regular. Suppose that (g(X), S) is complete, F has the mixed g-monotone property and F(X?) C
g(X).Also assume there exist xo, yo, zo € X such that g(xo) < F(xo, Yo, 20), o) = F(yo, Xo, yo) and g(z0) < F(z0, Yo, X0)-

Then F and g have a tripled coincidence point. That is there exist x, y, z € X such that

g(x) = F(x,y,2), gy) = F(y,x,y) and g(2) = F(z,y, X).

Proof. Proceeding exactly as in (Theorem 2.8), we have that {gx,}, {gy,} and {gz,} are Cauchy sequences in the complete
S -metric space (g(X), S). Then, there exist x, y, z € X such that gx, — gx, gy, — gy and gz, — gz. Since {gx,} and {gz,}
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are non-decreasing and {gy,} non-increasing, using the regularity of (X, S, <), we have gx, < gx, gz, < gz and gy < gy,
for all n > 0. Using (5), we get

U(S(F(x,9,2), F(x,¥,2),8%041)) = WS F(X,y,2), F(x,y,2), F(Xn, Yn> 20))
Y(max{S (gx, gx, gx,), S (gy, &Y, &¥n)» S (g, 82, 82n)})
—p(max{S (gx, gx, gxn), S (&Y, &Y, &Yn)> S (&, 82, 8Zn)})- (45)

IA

Letting n — oo in inequality, we obtain that

W(S (F(x7 Y, Z)7 F(x’ Y, Z)’ gx)) < W(O) - 90(0) = 0’

which implies that S (F(x, v, z), F(x,y,2),gx) = 0, i.e., gx = F(x,,2).

Similarly, one can show that gy = F(y, x,y) and gz = F(z,y, x). Thus we proved that (x, y, z) is a tripled coincidence point
of F and g.

Similarly, we can state the following corollary.

Corollary 2.13. Let (X, <) be a partially ordered set and (X,S) be a complete S-metric space. Let F : X° — X and
g : X — X. Assume there exists k € [0, 1) such that for x, y, z, a, b, ¢, u, v, w € X, with gx > ga > gu, gy < gb < gv and
gz > gc > gw, we have:

S(F(x,y,2),F(a,b,0), Fu,v,w)) < k(max{S(gx,ga,gu),S(gy,gb,gv),S(gz,gc, gw)h).
Assume that (X, S, <) is regular. Suppose that (g(X), S) is complete, F has the mixed g-monotone property and F(X?) C

g(X).Also assume there exist xo, yo, 20 € X such that g(xo) < F(xo, y0, 20), §00) = F(yo, X0, yo) and g(z0) < F(z0, Yo, Xo)-

Then F and g have a tripled coincidence point. That is there exist x, y, z € X such that

g(x) = F(x,y,2), gy) = F(y,x,y) and g(2) = F(z,y, X).

Corollary 2.14. Let (X, <) be a partially ordered set and (X, S) be a complete S-metric space. Let F : X> — X and
g : X — X. Assume there exists k € [0, 1) such that for x, y, z, a, b, ¢, u, v, w € X, with gx > ga > gu, gy < gb < gv and
gz > gc > gw, we have:

k
S(F(x,y,z),F(a,b,c), F(u,v,w)) < g(S (gx, ga, gu) + S(gy, gb, gv) + S (gz, gc, gw)).

Suppose that (g(X), S) is complete, F has the mixed g-monotone property and F(X?) C g(X). Also assume there exists
X0, Yo» 20 € X such that g(xo) < F(xo0, 0 20)> 80) = F(yo, X0, Yo) and g(zo) < F (20, Yo, Xo)-

Then F and g have a tripled coincidence point. That is there exist x, y, z € X such that

g(x) = F(x,y,2), 80y) = F(y,x,y) and g(z) = F(z,y, x).

Remark 2.15. Other corollaries could be derived from Theorem (2.8) and (2.12) by taking g = I,. Where I is identity
map.

Now, from previous obtained results, we will deduce some tripled coincidence point results for mappings satisfying a
contraction of integral type in S -metric space. Let us introduce first some notions from (Aydi, H. & et al., 2012).

We denote by I the set of functions a : [0, +00) — [0, +00) satisfying the following conditions:

() @ is a Lebesgue integrable mapping on each compact subset of [0, +00),

fa a(s)ds > 0.
0

(ih)for all £ > 0, we have

,,,,,
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follows:

15

L@ = fal(s)dS,
0
1 (1) f(; a(s)ds

L) = f az(S)dS=f a(s)ds,
0 0
. Iy-1(1)

In@® = f ay(s)ds.
0

We have the following result.

Theorem 2.16. Let (X, <) be a partially ordered set and (X, S) be a complete S-metric space. Let F : X> — X and
g : X = X. Assume there exist iy € ¥ and ¢ € ® such that for x, y, z, a, b, ¢, u, v, w € X, with gx > ga > gu, gy < gb < gv
and gz > gc > gw, we have:

INW(S(F(x,y,2), F(a,b,c), F(u,v,w))) < In((max{S(gx,ga, gu),S(gy, gb, gv), S (82, gc, gw)})
—In(p(max{S (gx, ga, gu), S (gy, gb, gv), S (8z, g, gw))).  (40)
Assume that F and gsatisfy the following conditions:
(1) F(X) € g(X),
(2) F has the mixed g-monotone property,
(3) F is continuous,
(4) g is continuous, non-decreasing and commutes with F.
Suppose there exists xg, Yo, zo € X such that g(xg) < F(xo, Yo, 20), €00) = F(¥o, X0, yo) and g(zo) < F (20, Yo, X0)-

Then F and g have a tripled coincidence point. That is there exist x, y, z € X such that

g(x) = F(x,y,2), g(y) = F(y,x,y) and g(z) = F(z,y, x).
Proof. Take
¢ = INOSD

and

Y= Iyoy.
It is easy to show that iy € ¥ and @ € ®. From (46), we have
WS (F(x,y,2), Fa,b,c), Flu,v,w)) < (max{S(gx,ga, gu), S (gy, gb, gv), S (82 gc, gw)})
—@(max{S (gx, ga, gu), S (gy, gb, gv), S (2. gc, gw))). (47)
Now, applying Theorem (2.8), we obtain the desired result.
Similarly, we have

Theorem 2.17. Let (X, <) be a partially ordered set and (X, S) be a complete S-metric space. Let F : X> — X and
g : X — X. Assume there exist iy € ¥ and ¢ € ® such that for x, y, z, a, b, ¢, u, v, w € X, with gx > ga > gu, gy < gb < gv
and gz > gc > gw, we have:

INW(S (F(x,y,2), F(a,b,c), F(u,v,w))) < In(W(max{S(gx,ga, gu),S(gy,gb,gv),S(gz,gc, gw)}))
—In(p(max{S (gx, ga, gu), S (gy, gb, gv), S (82, gc, gw)}).

Assume that (X, S, <) is regular. Suppose that (g(X),S) is complete, F has the mixed g-monotone property and F(X?) C
g(X).Also assume there exists xg, yo, Zo € X such that g(xg) < F(xo, ¥0,20)> €0) = F(yo, X0, yo) and g(zo) < F(zo, Yo, Xo)-

Then F and g have a tripled coincidence point. That is there exist x, y, z € X such that

8(x) = F(x,y,2), g(y) = F(y, x,y) and g(z) = F(z,y, x).
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3. Application to Integral Equations

We in (Gholidahneh, A., & Sedghi, S., 2017) proved coupled common fixed point theorems of integral type contraction
in ordered S -metric spaces.

In this section, we study the existence of solutions to nonlinear integral equations using the results proved in section "Main
results”.

Consider the integral equations in the following system

T

x@®) = p@)+ fo M, m)[f(m, x(m)) + k(m, y(m)) + h(m, z(m))ldm
T

y@» = p@®+ fo M(t, m)[f(m,y(m)) + k(m, x(m)) + h(m, y(m))]ldm (48)
T

2@ = p@)+ fo M(t, m)[ f(m, z(m)) + k(m, y(m)) + h(m, x(m))]dm.

We will analyze the system (48) under the following assummptions:
@) f,k,h :[0,T] x R — R are continuous,

@ii) p : [0, T] — R is continuous,

@iii)) M : [0, T] X R — [0, +0c0) is continuous,

(iv) there exists ¢ > O such that forall x,y e R, y > x,

0 < flmy) - fimx)<q(y—x
0 < k(m,x)—k(m,y) <qQy—x)
0 < h(m,y)—h(m,x) <q(y— x).

(v) We suppose that

T
3q sup f M(t,m)dm < 1.
te[0,71J0

(vi) There exist continuous functions «, 3,y : [0, T] — R such that

a(r)

IA

T
p(t) + f(; M(z, m)[f (m, a(m)) + k(m, B(m)) + h(m,y(m))ldm

B

v

T
p(1) + fo M(t, m)[f(m, B(m)) + k(m, a(m)) + h(m, B(m))}dm

T
(0 < p@)+ j(: M, m)[f(m,y(m)) + k(m, B(m)) + h(m, a(m))]dm.

We consider the space X = C([0, T'], R) of continuous functions defined on [0, 7'] endowed with the (S -complete) S -metric
given by

S (u,v,w) = max |u(t) — w(t)| + max |[v(t) — w(t)),
1€[0,T] 1€[0,T]

for all u,v,w € X. We endowed X with the partial ordered < given by: x,y € X, x <y & x(t) < y(¢t) forall t € [0, T].
On the other hand, we may adjust as in (Nieto, J. J., & Rodriguez-Lopez, R., 2005) to prove that (X, S, <) is regular.
Our result is the following.

Theorem 3.1. Under assumption (i)-(iv), the system (48) has a solution in X* = (C([0, T]), R)*.

Proof. We consider the operators F : X — X and g : X — X defined dy

T
F(xy, x2, x3)(1) = p() + j(; M(t, m)[f(m, x1(m)) + k(m, x2(m)) + h(m, x3(m))ldm, ~ g(x)=x  1€[0,T],
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for all xy, x2, x3,x € X.
First, we will prove that F has the mixed monotone property (since g is the identity on X).

In the fact, for x; < y; and ¢ € [0, T], we have
T
F(y1, x2, x3)(t) = F(x1, x2, x3)(8) = f M(t,m)[f(m, y1(m)) — f(m, x1(m))]ldm.
0

Taking into account that x;(f) < y(¢) and ¢ € [0,T], so by (iv), f(m,y1(m)) > f(m,x1(m)). Then F(y;,xz, x3)(t) >
F(x1,x,x3)(¢) forall t € [0, T1], i.e.,

F(x1,x2,x3) < F(y1, %2, X3).

Similarly, for x, <y, and ¢ € [0, T], we have
T
F(x1, x2, x3)(8) — F(x1,y2, x3)(8) = f M(t, m)[k(m, xo(m)) — k(m, y2(m))]dm.
0

Having x,(1) < y2(t), so by (iv), k(m, xo(m)) > k(m, yo(m))). Then F(xy, x2, x3)(¢t) = F(x1,y2, x3)(t) forall t € [0, T], i.e.,
F(xlvxzv )C3) = F(XI,YZJQ)-

Now, for x3 < y3 and ¢ € [0, T'], we have

Y
F(xy, x2, x3)(1) — F(x1, x2,y3)(1) = fo M(t, m)[h(m, x3(m)) — h(m, y3(m))]dm.

Taking into account that x3(¢#) < y3(¢) and ¢ € [0,T], so by (iv), h(m, x3(m)) > f(m,y3(m)). Then F(y;, xz, x3)(f) >
F(x1,x,y3)(¢) forall t € [0,T], i.e.,

F(y1, x2, x3)(t) 2 F(x1, x2,y3)(1).

Therefore, F has the mixed monotone property.

In the what follows we estimate the quantity S (F(x,y,z), F(a,b,c), F(u,v,w)) for all x, y, z, a, b, ¢, u, v, w € X, with
x2a>u,y<b<vandz2>c2>w. Since F has the mixed monotone property, we have:

F(u,v,w) < F(a,b,c) < F(x,y,2).
We obtain

S(F(x,y,2), F(a,b,c), F(u,v,w))
= trerf% [F(x,y,2)(1) = F(u,v,w)(®)| + Sﬂ% |[F(a, b, c)(®) — F(u,v,w)(®)]

max (F(x,y,z2)(®) — F(u,v,w)(®)) + max (F(a, b, c)(t) — F(u,v, w)(?)).
€[0,T] 1€[0,T]

Note that for all ¢ € [0, T'], from (iv), we have

T
F(x,y,2)(t) — F(u, v, w)(1) j(; M, m)[f(m, x(m) — f(m, u(m))ldm
T
+ f M(t, m)[k(m, x, y(m)) — k(m, v(m))]dm
0

T
+ f M(t, m)[h(m, z(m)) — h(m, w(m))]dm
0

— + —
Q[fe?é%‘] |x(m1) — u(m)] max [y(m) — v(m)|

IA

T
+tr€I[1&)5] lz(m) — w(m)|1( \fo M(t, m)dm).
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Thus,

,EE(%’T(](F(X’ ¥, 2)(0) = F(u, v, w)())

T
< Q[IIEI[I(%)T(] |x(m) — u(m)| + max ly(m) = v(m)| + nax |2(m) — w(m)|]1( sup fo M, mydm). — (49)

te[0,T]

Repeating this idea, we may get using definition of the S -metric S

lrel[l&;(](l’ (%, ,2)(®) = F(u, v, w)(1)) + tg[lg};(](F (a,b,c)(1) = F(u, v, w)(1))

IA

T
qlS (x,a,u) + S, b,v) + S(z,c,w)]( sup f M(t, m)dm)
t€[0,T] JO

IA

T
34( sup f M(t, m)dm) max{S (x,a,u) + S(y,b,v) + S(z,c,w)}.
(0,71 Jo

From (v), we have 3g(sup,¢jo 1 fOT M(t,m)dm) < 1. This proves that the operator F satisfies the contractive condition

appearing in Corollary (2.13).

Let a, B, v be the functions in assumption (vi), then by (vi), we get
azFBy), BzFB.ap), y<Fpa.
Applying orollary (2.13), we deduce the existence of xj, xp, x3 € X such that
x1 = F(xy, x2, x3), x = F(x,, x1,x2), x3 = F(x3, x2, x1),

i.e., (x1, X2, x3) is a solution of the system (48).

4. Example

In this section, we state one example to support the usability of our results for S-metric spaces. Before we present our

example we worth to mantion the following remark.
Remark 4.1. All our results still valid if (u, v, w) = (a, b, ¢).
Example 4.2. Let X = [0, 1] with usual order. Define S : XX by

S(x,y,2) = max{|x —z|, |y — zl}.

Define F : X> — X by
0, if y > min{x, z},
Z=y
F(x,y,2) = 4
xX=y
4 b
Also, define ¢, ¢ : [0, +00) — [0, +c0) by y(f) =t and ¢(r) = 1. Then

ifx>z>y,

ifz>x>y.

a. (X, S, <) is a complete regular S -metric space.

b. For x,y,z,u,v,we X withx >u >u,y <v<vandz >w > w, we have

U(S (F(x,y,2), F(x,y,2), Flu,v,w))) < (max{S(x,x,u),S»,y,v),S(z,z,w)})

—p(max{S (x, x,u), S (y,y,v),$(z,z, w)}).

c.F has the mixed monotone property.
Proof. To prove (b), given x,y,z,u,v,w € X with x > u, y < v and z > w. Then:

Case 1: y > min{x, z} and v > min{u, w}. Here, we have

0
Y(max{$ (x, x,u), S (y,y,v), S (2,2, W)}
—p(max{S (x, x,u), S (y,y,v),S (z,z,w)})

Y(S (F(x,y,2), F(x,y,2), F(u, v, w)))

IA

121



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 9, No. 5; 2017

Case2: y > min{x,z} andu > w > v. Here, wehavey < v<w<u<xandy<v<w<z Hencey=v=w=u=xor
y =v =w = z. Therefore

0
(max{S (x, x,u),S (v, y,v),S(z, 2, W)}
—p(max{S (x, x,u), S (y,y,v),S (z,z,w)})

Y(S (F(x,y,2), F(x,y,2), F(u, v, w)))

IA

Cace 3: y > min{x,z}and w > u > v. Here, wehavey < v<u<w<zandy<v<u<x Thusy=wu=v=w=zor
y =v = u = x. Therefore

0
Y(max{s (x, x,u), S (y,y,v), $ (2,2, w)})
—(p(max{S (-xs X, M), S ()’» Y, V)s S (Z’ Z, W)})

WS (F(x,y,2), F(x,y,2), F(u, v, w)))

IA

Case 4: x > z > y and v > min{u, w}.

Suppose w < v, then w —y < v —y and hence

IA

1
I—-Ww+v—y= E[S(Z,Z,W) +Sv,v, )]
max{S (x, x,u), S (y,y,v), S (z,z, w)}.

Z=y=z-w+w-y

IA

Then

=y 2—Yy -y
4 ° 4 2
1
Emax{S (x, x,u), Sy, y,v), S (z,z, w)}
= max{S(x,x,u),S(y,y,v),S(z,z,w)}

S(F(x,y,2), F(x,y,2), F(u,v,w)) S( ,0) =

IA

1
—imax{S(x, xu), S, y,v),S(z,z,w)).

Suppose v < w, thenu < v <wandhenceu <v<w<z<x So

IA

=y X=y=x-u+tu-y

IA

1
x-w+@-y= E[S(x,x,u)—i-S(v,v,y)]

IN

max{S (x, x,u), S (y,y,v), S (z,2, w)}.

Therefore,
=y 2—) _ =)y
S( 4 £ 4 ’ 0) - 2
1
zmax{S (x, x,u),S (v, y,v),S (2,2, W)}
= max{S(x,x,u),S ¥, y,v),S(z,z, w)}

S(F(x,y,2), F(x,v,2), F(u,v,w))

IA

1
—Emax{S (x, x,u), S, y,v), S (z,z, w)}.

Case 5: 7z > x > y and v > min{u,w} . Suppose u < v, then u —y < v — y and hence

IA

x-—uw+@w-y = %[S(x,x,u) +SW,v,y)]
< max{S(x,x,u),S(y,v,v),S(z,z,w)).

X=y=x—-u+u-y

A
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Therefore,

S(F(x,y,2), F(x,y,2), F(u,v,w))

4 7 4 °
x-y
2
1
Emax{S (x, x,u), S, y,v), S (z,z, w)}

max{S (x, x,u), S (y,y,v),S(z,z,w)}

1
—Emax{S (x, x,u), S, y,v), S (z,z, w)}.

Suppose v < u, thenw < v <wuandhencew <v <u <x <z So

IA

X—-y<z-y=zZ—-w+w-Yy

IA

Therefore,

S(F(x,y,2), F(x,v,2), F(u,v,w))

Case 6: x > z>yand u > w > v. Here, we have

S(F(x,y,2), F(x,y,2), F(u,v,w))

Z-wy+@-y) = %[S(z,z,w) +S,v,y)]
max{S (x, x,u), S (y,y,v), S (z,z, w)}.

4
X=y
2

%max{S (x, x,u), S(¥,y,v),S (2,2, W)}
max{S (x, x,u),S (y,y,v), S (z,z,w)}

1
—Emax{S(x, xu), S, y,v),S(z,z,w)}.

Z—y z2—-y w—v
4 7 4 4

S( )

1
Sl@=w)+ v =)

%max{S (x, x,u), Sy, y,v), S (z,z, w)}
max{S (x, x,u), S (y,y,v), S (2,2, w)}

1
—Emax{S(x, xu), S, y,v),S(z,z,w)).

Case7: x>z>yandw > u >v. Here, we have y < v < u <w < z < x. Thus,

S(F(x,y,2), F(x,y,2), F(u,v,w))

IA

IA

2=y 2=y u—-v
5(4,4, 7

)

1
Sle=uw+ o=y

1

5[()6 —u)+ (v -yl

%max{S (x, x,u),S (y,y,v), S (2,2, w)}
max{S (x, x,u), S (y,y,v), S (z,2, w)}

1
—imax{S(x, x,u),S(,y,v), Sz, z,w)}.
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Case8: z>x>yandu >w > v. Here, we have y < v < w < u < x < z. Therefore, we have

X=—y xX—y w—v

S(F(x,v,2), F(x,y,2), F(u,v,w)) = §( 1134 )
= Jl-w =)
< Sle-wl+ b=y
= 215G + S0y
< %max{S(x,x,u),S(y,y,v),S(z,Z,w)}

= max{S(x,x,u),S ¥, y,v),S(z,z, w)}

1
—zmax{S (x, x,u), SO, y,v),S(z,z,w)}.

Case9: z> x>y, w>u>v. Here, we have y < v < u < w < z. Therefore, we have

X—y X—=y u—v
4 7 4 4

S(F(x,y,2), F(x,y,2), F(u,v,w)) S( )

IA

1

E(Ix —ul+v-y)

= %[S(.X,X,M)‘FS(VsV’y)]

< %max{S (x, x,u), S, y,v), S (2,2, W)}

= max{S(xa X, u)’S(y’y’ V),S(Z, Z W)}
—%max{s(% X, u)’ S(y’ Vs V), S(Z’ 2 W)}

To prove (c), let x,y,z € X. To show that F(x,y,z) is monotone non-decreasing in x, let x;,x, € X with x; < xp. If
y 2 min{X],Z}, then F(-xhyaz) =0< F(XZ’Y’Z)-

If y < min{xy, z}, then

min(x1,z) — y < min(x;,z) =y
4 - 4

F(x1,y,2) = = F(x2,y,2).

Therefore, F(x,y, z) is monotone non-decreasing in x. Similaly, we may show that F(x,y, z) is monotone non-decreasing
in z and monotone non-increasing in y. Thus, by Theorem (2.12) and Remark (4.1), F has a tripled fixed point. Here,
(0,0,0) is the unique tripled fixed point of F.
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