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Abstract

The main purpose of this project is to explore the nine chain ringed game and to solve it through various ways including
induction and recursive methods. Associating this game with the binary codes { } and L} where the two numbers

represent whether the respective ring is on the 1st row-the ring being on the sword or the 2nd row-the ring being off the
sword. First, we explored the problem with two mathematical models to find the existing patterns. Then, by the usage of
induction, we found the general form of the quickest number of moves needed depending on the number of rings without
the repetition of any situation. Hence we called this path a beautiful solution. Similarly, by the usage of induction, we
determined the smallest number of steps needed to get from one situation to another situation. Meanwhile, we also
formulated nonrepeating sequences to represent which ring will be moved at which step of the beautiful solution’s

procedure. Finally, we concluded the project by aggregating the data into a generating function.

Keywords: nine rings, Gray Code, binary code, matrix, recursion, function, sequence

1. Introduction
1.1 Research Motives

Nine rings is an ancient Chinese game (Wu, 2003; Zhang, W. & Rasmussen, P. 2010). Although the game has been
introduced for a long time, unfamiliar beginners have difficulties in the operations of the game. To unlock it, one must
follow rigorous steps. In this study, we found a nature of the binary function (Press, et al, 1992) in the game as we
explored solutions steps, which we combined with a computer software to create a new and easy operation model (Hsu,
1969, 2010; Rosiene, J.A. & Rosiene, C.P., 2014 ). We will use the binary to explore the nine rings operation, the
connection between nine rings and Gray code (Gardner, 1986; Kuao, 2014; Weisstein, 2011), to create a new method for
nine rings operation model (Matrixlab-examples.com, 2009), and to extend it into a three-state game.

1.2 Purpose of the Study

First, we construct a mathematical model to help exploring the nine-ring solution, using 2xn order array graphs
(Schwartz & Mathematics, 2011), to explore the isomorphic relationship between the array operation mathematical
model and the nine-ring solution.

Second, through the 2xn order array graph mathematical model, we investigate the perfect solution of the nine rings,
and further explore the general solutions for n rings.

Thirdly, we discuss the characteristics of the transformation function between the state matrices in the 2xn order array
graph and the n-bit binary numbers, and explore the relationship between the n rings operation mode and its state
change.

Fourth, we explore its generating function through the number sequence recursive relations formed by the number of
operations in the perfect solutions for the n rings (Young, Z. S., 2010).
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2 Research Methods
2.1 Construction of the "array operation" Mathematical Model
2.1.1 Nine Rings Solution State

Nine chain game is to separate the nine rings from the main sword. Through physical manipulation, it is not difficult to
find that each buckle has fundamental two states: when the buckle hanging on the main sword and when the buckle is
relieved from the main sword. We refer it as the P state, a “pass” state and the F state, a “free” state, respectively, as
shown in Figure 1 and 2:

C =8
== =7
TTET TR &

i
Figure 2. All buckles are in the F state

The so-called "one operation step™ of the nine rings refers to a buckle from the P state to F state, or from the F state to P
state in one manipulation.

After the experience analysis of experimental operations, we found the following phenomena listed as follows:
(1) No matter whether the buckle is in the P state or F state, not every buckle can change its state.

(2) The state of the outermost first buckle can be changed regardless of the buckle in the P state or the F state. Therefore,
as long as the state change of the outermost first buckle is completed, we refer it as” T™ operation (Take operation).

(3) If the outermost first buckle is in the P state, the next buckle inside can be changed no matter it is in the P state or the
F state. Once the state change of the buckle is completed, we refer it as "L" operation (Lay operation).

(4) Complete the removal of nine rings from the main sword requires a serial operation process of the "T" operations
and "L" operations.

2.1.2 Establish a Mathematical Model for Easy Operation and in-depth Discussion

Since the operation of the nine-ring props is not conducive to problem exploration, we try to convert the props operation
into the following array graph in Figure 3 to simplify each buckle operation and define a mathematical model formation
as follows:

B 5] 5] B B 5] B B 5]

Fig.3 Conversion of state diagrams between nine-ring and 2x 9-order array graphs
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(1) Black circle in the first row on the array graph represents the buckle on the nine ring main sword, in the P state.
Black circle in the second row refers to the buckle off from the main sword, in the F state.

(2) The binary system indicates the buckle state on the nine rings props in which “1” indicates a buckle on the main
sword and “0” refers to buckles off from the main sword. The positions of nine buckles can be continuously represented
in a 9-bit binary number. (a8a7 -"azaiao)zsymbolizes nine-buckle positions on the nine-ring props in a solution
process. Similarly, the 2x9 matrix indicates the position of black circle on the 2>9 order array graph, in which a vector

1 0
[O} shows that black circle is in the first row, and L} refers to black circle in the second row.
Thus the state of the black circle on the 2>9 order array graph can be described as a 2x9 matrix in which

a a, a
{ 8 ! 0} indicates the positions of nine black circles on a 2>9 order array graph in the operation process.

b8 b1 bo

Therefore, it can be deduced that there is a one-to-one correspondence between the symbolic representations of these
two states.

(Description)

Through the corresponding figure transformation, all the buckles on the nine-ring main sword in the 2>9 order array
graph correspond to black circle in the first row one by one, a P state. On contrarily, the buckles from the nine-ring main
sword are mapped to the black circle in the second row one by one in the 2>9 order array graph, a F state. Therefore, the
state of the nine-ring buckle is consistent with the black circle state of the 2>9 order array graph. The correspondence
between these two states is one-to-one.

(3) For buckle state changes in the nine-ring props, there are two operating functions, "T™ and "L" operations.

For example, the state in Figure 3 is characterized by a 2-bit binary representation a (010110100), .Then
T(01011010 0), = (01011010 1),, and L(01011 010 0), = (010111100),

Because the state of the buckle on the nine-ring props is isomorphic to the state on the 2>9 order array graph, the
following correspondence is also satisfied:

1

[010110100}

010110101
101001011

101001010

010110100/ f010111100
101001011/ (101000011

Thus, there is a one-to-one correspondence between the operations in the black circle state change on the 2>9 order
array graph and the state change solution of the buckles on the nine-ring props.

(4) "T" operation can be performed on the first and second buckles to the right in Figure 3, where "L" operation can be
done on the fourth buckle. The states of the 2nd, 5th, 6th, 7th, 8th and 9th buckles can’t be changed.

In conclusion, we find that if the nine-ring solution is transformed into the state change model on the 2>9 order array
graph, it is equivalent to discuss whether there is a series of "T" and "L" operations that changes the initial state matrix

111111111
0 00O0O0OO0OOOO

2.1.3 Explorations on the Operational Properties of Matrix State Change

000O0O0OOOOO
?
111111111}

}into unlocked state matrix

Next, we will discuss the following new properties in the "T" and "L" operations of the black circle state change in the
new mathematical model of 2>9 order matrix graph.
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0 0O00O0OO0OOOODQ
Property 1. Besides these two state matrices and
111111111

1 00000O0O

1] all other state matrices can use T operation and L operation.

[N
[N
[N
[N
[EEN

is named the "first extreme state matrix" and

the "second Extreme state matrix".

11111111

(Proof)

There are 2° =512 black circle states on the 2 <9 order array graph shown in the figure 3. Since the definition of L
operation is to change the black circle state next to the right outermost black circle in the first row, regardless whether
this black circle is located on the first or second row. It is clear that of the 512 matrix symbols, the first extreme state

.{000000000
matrix

is unable to conduct L operations because there is no black circle on the
111111111

first row.
Since there is no black circle inside the first black circle on the first row of the second extreme state matrix
1 00 0O0O0OTO0ODO
011111111

} , it can’t be operated with L operation. The rest of the state matrices are

consistent with the T and L operations in the state change definition, so they can perform T operation and L operation.
Property 2. T and L operations are reversible in the state change of the 2>9 array graph.

(Prove)
) a8 al 1
(1) Let X be a black circle state on the 2> array graph, X = , then
b, - b O
_a ... a 1 a ... a 0 a ..« a 1
UM ST S =l L T =X
b, - b 0 by -~ b 1 b, -+ b 0

(2) Let X be a black circle state on the 2 <9 array graph, without loss of generality,

fa, - 0 10 a - 010 a -1 1 0| |ag - 01 0
X = , then L(L )=L = '
by -+ 1 01 by -+ 1 0 1 by -+ 0 0 1 b, -+ 1 0 1

L(L(X)) = X .

Property 3. The state change operation in the perfect solution of the nine rings on the 2x9 array is composed of T and L
operations alternately.

In order to facilitate the subsequent discussion, we make the following definitions:
(Definition 1)

(1) In the 2x9 array graph the X state is changed to the Y state after the T operation, or L operation, T(X)=Y or L(X)=Y.
It is defined as an "segment" for the X state to the Y state.
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(2) In the state transition on the 2x9 array graph, the X state is changed to Y state via a series of T or L operations, T (L
(TL..TX)=Y,orT(L(L..L(X)=Y.We callita "path" for the X state to the Y state. A " segment" is also a
single "path".

(3) The number of T or L operations that can be made to a state on one path in the 2x9 array state change process is

called the "degree" of this state. For example, the degree of the two extreme states is 1 and other state’s dimensions are
2.

Property 4. There is a single path for any change between any two states from all states of the 2x9 array graph.
(Analysis)

There are 512 black circle states in the 2>9 array graph, where the degree of the two extreme states is 1, the degree of
the remaining states is 2, and from property 3, the state is changed by both T and L alternating operation. According to

0 00O0O0OO0OOOO

11111111 1}:wastarting point, the

the principle of one stroke, from the first extreme state {

first operation is T operation, and after a series of L and T alternating operations we can reach to the end point, the

100000O0O0O
011111111

second extreme state [ } The first and last operations are T operations. The total

number of operations is an odd number, 511, and the total number of all states is an even number, 512. In theory this
path should exist, and is unique.

So we make the following definition:

(Definition 2)

00 00
11 .- 11

If there is a path from the first extreme state, [ }aﬁer a series of alternating T and L operations to

10 .- 00

0 1 1 J. This path connects all the 2" states on the 2xn order array graph. We

the second extreme state, {

call this path the "whole path" of the 2xn order array graph.
In the preceding proof process, some of the used symbols are defined as followings:

(Definition 3)

0
(1) In all state matrices of 2xn order array graphs, if the state matrix of each column vector is the same as L , we call
thus the first extreme state matrix, X,,, .

1
(2) In all state matrices of 2xn order array graphs, if the state matrix of each column vector is the same as {O . We

define this the all upper state matrix, Z,,, .
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1
(3) If in the state matrices of the 2xn order array graph, except for the first column vector [O , the rest of column
0
vectors are all state matrix, 10 which is defined as the second extreme state matrix, Y, .
1
(4) If in the state matrices of the 2xn order array graph, except the second column vector ol the rest of column
0
vectors are all state matrix 10 we call this the first exchange state matrix, V.
1
(5) In all state matrices of the 2 < n order array graph, except the first and second column vectors ol the rest of

0
column vectors are all state matrix L , we call this the second exchange state matrix, U,

From the above analysis, proof of property 4 is equivalent to proving that there is a single and unique full path in the
state change operation of the 2>n order array graph.

(Proof)
Using mathematical induction

0 1
(1) n=1, there are two states, L} and {0} respectively. After a T operation, forming a unique path, n=1 holds.

) . 0 0 |1 0 |01 ; 11 o Throudh |
=2, , , , i LT T i L
n=2, there are four states 11110 1111 ol™lo o respectively. Through two T operations and one

operation, it forms a unique path, which is

00] ., [o1] [ [11] ; [t o0
m— —> —> . So n=2 holds.
11 10 00 01

(2) Assume that N = K it holds. In the state change operation process of 2xk order array graph, there is only a full path,

00 - 00 1 0 - 00
Pk- szk:

is the end state. After
11 .11 01-~-1J

}is a starting state, and Y, =|:

2% —1times of alternatingT — L — T —> --- — T operations, it forms the only full path.

In the state change operation of the 2x(k+1) order array graph, let

00 - 00| |O
State X p.ip) = 11 111711 X ok
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10 -0 0| |1 |
State Yo gy = 01 1 11 1o X ok

o1 .00 0 ]
State U2><(k+l) = 1 O e 11 = 1 Y2><k

11 - 00| |1
state Vo,(py = 00 1 11 lo You

and the state X 2x(k+1) D€ @ starting point. After the state change operation of the full path P, , it can be connected to the
state sz(k+1)- The state UZx(kJrl) can be connected to the stateVZX(k+l) after one L operation. After the reverse

operation of all the state changes at the full path P, the stateVZX(k+1) is connected toYZX(M). There is a total

2(2" —1) +1=2""" —1times of alternating operations, T — L —>T —>+--—> T . In conclusion, the unique full

path in the state change operation on the 2 x (k + 1) order array graph s,

reverseR,

X o) L)UZX(M) —L>V2X(k+l) —Y, k- SO N=K +1, italso holds.

Through the mathematical induction, for all positive integers n, there is a single full path in the state change operation
process of 2xn order array graph.

This property 4 plays an important role in the following inquiry process, and there is also a rigorous argument process.
We sort it into Theorem 1 as follows:

Theorem 1. For all positive integers n and all the 2" state matrices of the 2xn order array graph, if the two extreme state
matrices are used as starting and end points, after a series of alternating T and L operations, we can have following two
results:

(a) In the state change operation process of 2xn order array graph, there must be a single full path.

(b) The number of operations required to complete this full path is 2" —1, starting with T operation and ending with T
operation.

2.1.4 Explore the General Relationship between the State Changes of the Full Path on 2xn Array Graph.
(1). The state matrix relationship between the 2xn array graph and the 2x(n + 1) order array graph:

Let the 2"state matrices in the 2xn array graph be A,k =1,2,3,---,2". Acording to Theorem 1, if the 2" state

0
matrices, A, (K =1,2,3,--+,2") are inserted into the column vector L on the left side of the first line, we have the

0
new state matrix L Ak}(k:1,2,3,---,2").
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1 1
Inserting into the column vector[O on the left side of the first line, we have a new state matrix 0 A,

(k=1,2,3,---,2"), which forms the 2" state matrices. These are the 2" state matrices of the 2x(n + 1) array

graph.
(2). Relationship Between the Full Paths of 2xn Array Graph and 2x(n+1) Array Graph.

We define the whole path of the 2" —1sub-state change operations in the 2xn order array graph as Pn. According to

theorem 1, this whole path is exactly the first half of the whole path Pn .1 and the path contains the state matrices

0 0
L Ak } ( k=123 -,2") of all the first column vectors {J . The second half is exactly the reverse of the whole
1 1
path P, ;, and contains the state matrices {O Ak}(k =1,2,3,--+,2") of all the vectors {0} in the first column on

0
the left. Besides, after one L operation, the state matrix in the middle part of the whole path P,,,, { U,, |=

1
010 - 00 ) cormed 1 v e 110 .- 00
101 .0 o™ e transformed into 0 > lg 01 .. 0 ol

Therefore, the operation process of the full path Pn+1 in the 2>(n + 1) order array graph is as follows: the state matrix

0 0 1
2x X ) X ’
L X k} is changed into [1 Y, k}lﬂer the whole path P, operation, then into {0 Yok } after one L operation

1
and finally into {O X } via the whole path Pn reverse operation.

(3). Summary:
From the discussion above, we summarize the following results:

(a) The whole path state change operation can arrange 2" state matrices of the 2xn order array graph into a single path
transformation map, Gn. For example, the whole path state change operation P3 can be arranged into a single path
transformation map G, :

T 1L 11T L
—> — —> —
111 1 00 1
11 a1y 1o 1],
— — —>
0 0 0 1 0
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(b) On the one stroke map Gn for the 2" state matrices of the full path P._, if masking the first vector, the first half of the

2" state matrices is exactly the state matrices on one stroke map G, , for the full path P, in the same order. It

0 1
reaches the state matrix L YZX“} , and through the L operation it becomes {0 YZX“} . It then continues the

latter half of the 2" state matrices. The order of this latter half state matrices is the reverse order of the state matrices

on the one stroke map Gn_l. That means they are symmetrical to the first half state matrices. Therefore the one stroke

map G, for the full path P, is:

0 P, O L 1 reverseR,_; 1
1 X2><(n—1) — 1 Y2><(n—l) — 0 Y2x(n—1) E— 0 x2><(n—1)

(c) In the state change operation process of 2 xn order array graph, there must be a shortest path between any two state
matrix, A2><n and Ban . Therefore, the perfect solution of the nine rings Chinese game is the shortest path in the whole path

P.

(d) The process of reverse state operation in the perfect solution of the nine rings game is equivalent to the one stroke map
of the whole path P, shown as follows:

1 partialpathofR 1 L 0 reverseR, ; 0
Lyy= 0 Lyg|—————> 0 Yog |— 1 Yoinay |— > 1 X

We summarize it into Theorem 2.
Theorem 2

For all positive integers, if there is a unique full path Pn in all the 2" state matrices of the 2xn order array graph, there
must be the following two results:

(1) Given two state matrices, A, and B, , there must be a shortest path, changing the state matrix A, . into state
matrix B2Xn through alternating T and L operations.

(2) The state matrices between the first half and the second half of the full path P” are symmetrical. The state matrices
of the first half are changed into those of the second half via one L operation.

2.2 Explore the Perfect Solution of the Nine Rings Chinese Game, and Generalize the Perfect Solution of the Rings
Game

As we know that the nine rings perfect solution is to relief the nine buckles from the main sword with the least number of
operations. Using our previous discussion, combined with the state matrix presentation in the mathematical model of 2xn
order array graph, we can see that the process of solving the perfect solution of nine rings is equivalent to changing the

111111111

into the first extreme state matrix
0O 00O0O0OO0OOTUOD O}

whole upper state matrix {

{OOOOOOOOO

through a series of T or L operations. This operation perfectly matches the
111111111

reverse state change operation in the partial part of the full path Pg on the 2xn order array graph. So The number of steps
for the perfect solution of the nine rings game will be less than 29 -1=511. We can use the "full path” model to explore
the nine rings solution, and even the general solution of the N rings.
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2.2.1 Nine Rings Perfect Solution and its Number of Steps
Using Theorem 1, Theorem 2 and inverse deduction method, we explore the number of steps to solve the nine rings:

First, let &, be the total number of T and L operations needed to change the whole upper state matrix into the first extreme
state matrlx in the full path state change operation P of the 2xn order array graph.

Obviously, @, = 1. Based on Theorem 1, the perfect solution of the nine rings is to change the all upper state matrix

111111111
g = into the first extreme state matrix
{o 000000O0TO o}

000O0OOOOO
g = through a4 times of serial T and L operations in the reverse state change
111111111

operations of the full path P . According to Theorem 2, there must be a shortest path in any two state matrices of the full
path Py . After a series of T and L operations, the state matrix Z, 4 is connected to the state matrix X 5, .

Similarly, according to Theorem 2, while the state matrix Z,, 4 is transformed into the state matrix X, the latter half
process is exactly the full path P The total number of times in alternating T and L operations equals to 28 =256.1n
addition, analyzing the state matrlx representations of the first half path with the first and second vectors ignored, we

found that the first half of the path is exactly the process for the state matrix Z2X7 transformed into the state matrix
X .7 in which the total number of T and L operations is a, .

From the above ccomprehensive discussion, we have a, = 2° +a,,a, =2° +a,and a, =2 +a,.
In addition, we can be inferred thata, = 2" +a,, &, =2°+a,anda, =2°+a,.

a=1a,=2

Since @, =landa, =2, we have the recursive relationship, o
a,=a,,+2",vn=3neN

Using the above recursive relation and the geometric series formula, we can deduce

1-(4°-1)

a, =2 +2°+2"+2°+a, =2 +2° +2* +2* +1= =341

So it takes 341 steps to completely solve the nine rings. The geometric series presentation expresses the perfect solution
process of the nine chain as follows :

T recursiveP, (2°steps) [ 1 recursiver, (2*steps) [
[Z 2x9 ] [Z 2x8 x 2x1 ] : > |.Z 2x6 X 2x3 ] : > LZ 2x4 2x5 ]

recursiveR, (2°steps) [ ] recursiveR, (2% steps) [ ]
>|.ZZ><2 X2><7 >|.X 2x9

We first do the L operation, then the reverse operation of the whole path F’2 . P4 . Pe . Ps in sequence, reaching the
final state matrix X2X9 . The nine rings are completely unlocked from the main sword.

2.2.2 N Rings Perfect Solution and the Number of Steps.

Applying the previous investigation methods and results in nine rings game, we then explore the number of n rings
operations steps:

First, the number of steps in the perfect solution of the n rings satisfies the recursive relationship:
a=1a,=2
a,=a,,+2"",vn>3neN

The followings are the general formulas for a, with n in odd and even numbers respectively:
(1) nis odd:
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a =a_,+2"" anda, =1,s0
a, =2""+2"+a _,=2""+2"°+...+ 2% +a,

=2" 42" 42741
n+l
CAIx[42 -1] 2" 1
4-1 3
From the above recursive relationship and the geometric series formula, we can deduce that the n rings perfect solution
process with odd number n as followings:

T ] recursiveP (2steps) ] recursiveP, (2* steps) [ ]
[Z 2xn ] [Z 2x(n-1) X 2x1 ] : ’[Z 2x(n-3) X 2x3 ] - >\ 2x(n-5) X 2x5

] recursiveP,., ., 2" **!steps) ] recursiveR, ., (2" steps) ([
Y [szk X guiniy ] = [ZZX(k—Z) Xoenksz) I - > X 2><n]

(2) Similarly when n is even:

a =a _,+2"" anda, =2,s0
a =2""+2"+a ,=2""+2"%+...4+2% 14,

=2" 2" 42842

_2x[42-1] 2"'-2

4-1 3
From the above recursive relationship and the geometric series formula, we can deduce the n chain perfect solution
process with even number n as followings:

L recursive, (23steps) recursiveR, (2° steps) \[ ]
[Z ] [Z 2x(n-2) X 2x2 ] : [Z 2x(n-4) X 2x4 ] : »\Z 2x(n-6) X 2x6

2xn

k+1

recursiveR, .., (2" *steps) recursiveR, ., (2" steps)
> [szk X2x(n—k)] “ '[sz(k—Z) X2x(n—k+2) ] v : [X 2><n] From the

1 1+(-1)"
results of (1) and (2), we have the general formula, a, = 5[2n+l —1—%] - ¥ne N and summarize it as

Theorem 3.

Theorem 3.
For all positive integers n, the n rings perfect solution and the number of solution steps follow three properties.
(1) Q,,, the number of steps to complete the perfect solution, meets the recursive relationship:

a=1a,=2
a,=a _,+2"",vn>3neN
1 1+(-1)"
(2) The general form for @, is §[2n+l —1—%] ,VneN.
(3) When n is odd the perfect solution process is:

T recursive, (2% steps) \[ recursiveP, (2* steps) ]
[Z ] ; [Z 2x(n-1) X 2><1] : 4 Z 2x(n-3) X 2x3 ] : ’[Z 2x(n-5) X 2x5

2xn
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recursivep, .., (2" ***steps) \[ ] recursiveP,; (2" steps)
> [szk X2><(n—k)] “ MNok XKonaez) | : ’[X 2><n]
When n is even the perfect solutions process is :
L ] recursiveR (2° steps) \[ ] recursiveR (2° steps) \[
[Z 2n ] ’[Z 2x(n=2) Xyl : »\Z 2x(n-4) Xl »\Z 2(n-6) X o6

2n»k+1

recursiver, ;.1 ( steps) recursiveR, . (2" steps) N
g [szk X2><(n—k)] “ '[sz(k-Z) X oinks2) ] " - ’[X 2><n]

2.3 Investigate the properties in the Transformation Function between the 2xn Order Array Graph State Matrix and the
n-bit Binary Number.

We will explore the shortest path between any two states of the nine rings game and which buckle is operated in the mth
step from one state to another. Further we will generalize the operation process for example, in n chains whether we can
unlock all the buckles in any state, or in what state it will become after moving m steps from state A2><n ?

2.3.1 Find the Transformation Function between the 2xn Order Array Matrices and the n-bit Binary Numbers.

According to Theorem 1, there must be a single unique full path in the state change operation of the 2>9 order array
graph, and this Eulerian path just connects the 2° state matrices through a series of T and L operations alternately. We
want to use this as a basis, combined with the n-bit binary representation, to explore whether there is a transformation
function mapping the state matrix to a corresponding n-bit binary number.

Analysis:

First, we have two default targets for this transformation function. One is that it is a one-to-one mapping function. The
other is that it can reflect all state matrices positions in the 2xn order array graph to that on the full path in the same
order and the order of the positions is exactly the same as the order of the corresponding n bits numbers.

Next, the relationship between the state matrices and the binary number transition on the full path of the 2xn order array
graph is discussed withn=1, 2, 3.

(1) When n = 1, the state matrices of the 2 <1 order array graphs are concatenated. If we focus on the numbers in the
first row, the state matrices correspond to 0 and 1( i.e. 0, 1) in one digit of binary representation.

(2) When n = 2, the state matrices in the full path of the 2 <2 order array graph are

e P FIF e P

If we focus on the numbers in the first row of matrices, the state matrices correspond to 00,01,11,10 (i.e. 0, 1, 3, 2) in
2-bit binary representation. The position order of the matrices and the corresponding number order in binary

1 1{|11 0
presentation are not consistent. To make them consistent, we must treat [O ollo 1 as 2 and 3 respectively.

Therefore, we can not only focus on the numbers of the first row. It is necessary to refer to the entries in the second row.
We first treat the number in the first row and the first column as the one in the first column and the second row position,
and then do the "XOR" operation using this new value and the entry in the second column and the second row. Thus

11 10
{O 0} corresponds to the binary 10, and {0 J corresponds to the binary 11. These two values are 2 and 3

respectively.

0 Of(0 1|1 1}|1 O
At this time, the state matrices ) ) ) corresponding to 00,01,10,11 (i.e. 0,1,2,3) of the
1 1|1 0f|0 0]|0 1

2-bit binary numbers, and the order of their positions and the order of their corresponding binary numbers are
consistent.
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(3) When n = 3, the state matrices of the 2 > 3 order array graphs is concatenated as

000 ,[0012] ,[o11] ,fo10] ,[[t10
— — — —
111 110 100 10 1 001
S ft11] ,J101] [ 100
000 010 011

Modify the corresponding relationship for the transformation, we take the value in the first row of the first column for
the upmost digits, and then use entries of the previous row in the first column and the ones of the two consecutive rows
behind in the first column for the "XOR operation.

0O 0 0/|O O 1|{0 1 1/j0 1 Of|2 1 O
The state matrices ) ) ) ) )
1 1 1|1 1 0||12 0 O||1 O 1{/0 O 1

1 1 1|1 0 1{|12 0 O
) ) respectively corresponding to 000,001,010,011,100,101,110,111 (i.e.
0 0 0|0 1 0|0 1 1

0,1,2,3,4,5,6,7) of the 3-bit binary numbers. Their position order and the one of the binary numbers are consistent.

Based on the above discussion, a transformation function is obtained, f(X) which associates the state matrix

b, b b b b b b b b
A= " ! ® ° ! * 2 ' ® | with a 9-bit binary number
1-by, 1-b, 1-by 1-b, 1-b, 1-b, 1-b, 1-b 1-b,

a=(Ys Y7 Yo Y5 Ys Y5 Yo Vi Vo). inwhichyg=bg Yy, =Y, ,(XOR)b, 0<k<7keZ.

Thatis f(A) =4a;.

Based on the result of the above analysis and discussion we describe and prove the Theorem 4.

Theorem 4.

If there is a transformation function between all state matrices and n-bit binary values on the full path of the 2 x n order
array graph, f (A) =@, .This function, f (X) , maps the state matrices

b, b, b, o b, bs b, by bo oo
A = to the n-bit binary numbers,
1-b, 1-b,, 1-b,, -+ 1-b, 1-b, 1-b, 1-b 1-b,

A=, You Yoz = Ya Ya Y2 Vi Yo)where Y, =Dy, =Yy, (XOR)b,

0<k<n-lkeZ.

The state matrix transformation function is a one-to-one mapping function, and a strictly increasing function.

(test)

From the above results, it is known that there is a transformation function between the set M formed by the state
matrices connected in the full path of the 2>9 order array graph and the set N formed by the 9-bit binary values. This
function is a one to one and surjection function. The state matrix of the 2>9 order array graph is isomorphic to the 9-bit
binary value. We can use this function to check the number of steps required for the perfect solution of the nine chain
game:
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111111111]
0000000O0T 0O

The fully upper state matrix for beginning the nine chain game is Z, q :{

0 00O0OOOG OO

. The positions
11111111 1}

the final state matrix for solving the nine chain game is X, 4 :{

of these two matrices in the whole path 2 are
f(Z,o)=(10101010), =1x2° +1x2° +1x2* +1x22 +1=341 and f(X,,)=(000000000, =0

respectively. Since f(Z,,9) — f(X,.) =341, the number of steps to perfectly solve the nine chain is 341 steps

2.3.2 Properties of the Transformation Function between 2xn Order Array Graph State Matrices and n-bit Binary
Numbers

We further explore some properti_%s of the transformation function f(X) , such as the meaning of the function value
parity, and the inverse function T~ (X).

(1) Parity of the function values.

Based on the previous study results, we know that the function between the 9-bit binary values and the corresponding
state matrices on the full path of the 2>9 order array graph is strictly increasing. Therefore, studying the order in the
9-bit binary values of two state matrices, we can determine the series of T and L operations between these two matrices.
The following is a discussion of the process:

Since there are 512 state matrices on the full path of the 2>9 order array graphs, it is necessary to use a series of 511-
time T and L alternate operations in which the beginning is the T operation and the ending is also T operation. Thus,
these odd number operations are T operations, and the even number operations are L operations. In the full path of 2>9
order array graph, besides the first and 512th state matrix, the odd- number state matrix has T operation forwards and L
operation backwards. In the other hand the even-number state matrix has L operation forwards and T operation
backwards.

In addition, the state matrix transformation function with a one-to-one property has 9-bit binary values. Therefore 512
state matrices on the full path of the 2 x 9 order array graph are represented by the transformation function f (X) , as1, 2,
3, ..., 511. Thus, the odd-numbered state matrix function value is even, which does T operation forwards and L
operation backwards. The even- number state matrix function value is odd which does L operation forwards and T
operation backwards.

We will discuss the results as Theorem 5 and prove it.
Theorem 5.

Through the matrix transformation function f (X) on the full path of the 2xn order array graph, any arbitrary state

matrix A, is transformed into a n-bit binary value f(A2><n) LetZ,  andY,  be first and second extreme state

matrices on the full path of the 2xn order array graph. Then:

(@) If A, is the 2k -+ 1state matrix on the full path P,and 0<Kk <2"* k e Z the value f (A, )is2k The state

matrix A, is connected to the second extreme state matrix Y, in via a series of the order of

T—>L—>T —---—T alternating operations in 2% —1— 2K times, and can be connected to the first extreme State
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matrix Z,,, via alternating L —T — L —---—T operations for 2k times.

(b) If the state matrix A, _ is the 2K value on the full path P, and0<k <2"",keZ, f(A,,) equals to2k —1.

n

The state matrix A, is connected to the second extreme state matrix Y, . via 2X —2k times of "

L—->T —L—---—T "alternating operations. It also can reach the first extreme state matrix Z,,, through 2k —1

times of “T —> L —T —---— T ” alternating operations.
(Test)

010110101
Given the nine chain state matrix, A, = , the 9-bit binary value of f (A,) equals

1 01001010
to (011011001), =217 . From the Theorem 4, It takes a total of 217 times of serial T and L alternating operations

starting with T operation for the state matrix A1 to reach the first extreme state matrix.

011000110

, the 9-bit
10011100 l}

Similarly, given the other state matrix of nine chain rings, A, = {

binary value f (A,)equalsto (010000100), =132 . By the Theorem 4, from the state matrix A, to achieve the first

extreme state matrix, it takes a total of 132 times through a series of L and T alternating operations starting with L
operation.

(2). Inverse function T ™(X)

Because f is a one-to-one and onto function, its inverse function exits. What is its inverse function? The followings are
our discussion:

)
One-to-one function f (X) satisfies the following correspondence: M — & 5N —() 5\

Anij ceM let A| :|: b8 b7 b6 b5 b4 b3 b2 bl bO :|

1-b, 1-b, 1-b, 1-b, 1-b, 1-b, 1-b, 1-b, 1-b,

then, F(A)=a=(Ys Y2 Y6 ¥s Ya Y5 Y2 Y2 Yo)

among them, Yy =Bg, Y, = Y,.,(XOR)b,,0<k <7, ke Z.

Next, let’s confirm whether f (@) = A holds. That means we can derive elements of A from any of the nine
elementsin a; .
First, as determined by the first row, the second row follows.

So we can just find out the first row’s elements, bk , k= 0,1,2, .. -,8.
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Furthermore, f (Ai) =a,,Yg = b8, ) AI ’s vector on first column is L Ys } .
—Ys

since Y, = Y,.1(XOR)b, , doing Y, ., (XOR) bit operation on both sides of the equation at the same time, we have

Yii (XOR)Y, = ¥,.. (XOR)(Y,., (XOR)b,) =b, . s0,b, =y, (XOR)y,

Given a = (ys Y2 Y Ys Yo Y3 Yo Vi YO)
.I: -1 (ai) — A, — b8 b7 b6 b5 b4 bS bZ bl bO ,
1-b, 1-b, 1-b, 1-b, 1-b, 1-b, 1-b, 1-b 1-b,

andbg = y5,0, =y, (XOR)y,,,,.0<k<7,keZ.
Using the graph below, we can illustrate their correspondence:
{ by b, by by b, b, b, b, b, }
1-b, 1-b, 1-b; 1-b, 1-b, 1-b, 1-b, 1-b, 1-Db,
A
£(X),Ys =bg, Y = Y, (XOR)b, .k =7,6,5,4,3,21,0
\

(Ys Y7 Yo ¥Ys Ya Y35 Y2 Vi Yo)2
1

Lf _l(X)vbs = ysvbk = Yx (XOR) Y k=76543210
J

bb b, b, b b, b, b, b b
1-b, 1-b, 1-b, 1-b, 1-b, 1-b, 1-b, 1-b 1-b,

We will discuss the results above, generalize them as Theorem 6.
Theorem 6.

If any state matrix A, on the full path of the 2xn order array graph is transformed into a n-bit binary value @, through the

state matrix  function f(X) , let & =(X, X,y X.» v X4 Xg X, X X;) , then

Ai _ f_l(ai): bn bn—l bn—2 b4 bs bz bl b0 ’
1-b 1-b, 1-b _, - 1-b, 1-b, 1-b, 1-b 1-h,

b, =X,.b, =%, (XOR)X,,,,0<k<n-lkeZ.
(Test)

(1) Given two 9-bit binary numbers, (011011011), and (101101101),, and applying Theorem 5, the corresponding
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_ " 010110110
state matrices on the 2 <9 order array graph are f ~((011011011),) = ,
101001001

111011011
f 1((101101101),) = { }

0 0010O01O00O0

011000110
(2) Given the nine-ring state matrix A = , the 9-bit binary value of f (Al) is

1 00111001
(010000100), =132, and it takes the L-operation followed by a series of L and T operations in 75 times to reach
the state matrix A, . From the theorem 4 we can see that the value of f(A,)is132+75=207. Its 9-bit binary

expression is (011001111), , and by the Theorem 5,

010101000
A, = f 1((011001111),) :{ }

101010111

2.3.3 To Explore the Sequence in the Perfect Solution Operation Order of the n Buckles on n-chain Main Sword
From the Theorem 3 conclusion, we know that the perfect solution of the n-chain is from the fully upper state matrix

in which it takesl[Z”“ _1_M]

Z2Xn in the 2xn order array graph to the first extreme state matrix X2xn , 3 5

(Vne N) times of T and L alternating operations. Next, we number the n buckles from outside to inside on n-ring
main sword asl1,2,3, ..., n. We will study the order change of buckle numbers and its related properties while the n

1 1+(-1)"
buckles go through 5[2n+l -1- %] (Vn e N) times of serial T and L alternating operations.

(1) n =1, the buckle number sequence in the perfect solution of one-ring is 1.

(2) n = 2, the buckle number sequence in the perfect solution of two-ring is 2,1.

(3) n =3, the buckle number sequence in the perfect solution of three-ring is 1,3,1,2,1.

(4)n =4, the buckle number sequence in the perfect solution of four- ring is 2,1,4,1,2,1,3,1,2,1.

(5) N =5, the buckle number sequence in the perfect solution of five-ring is 1,3,1,2,1,2,1,2,1,3,1,2,1,4,1,2,1,3,1,2,1.
(6) N = 6, the buckle number sequence in the perfect solution of six-ring is
21,412131216,1,21,3121412131,2,151,2,1,31,.2,1,4,1,2,1,3,1,2,1.

From the above sequences, we found several properties:

(3). The sequence < a, > is formed by the operations order of n numbered buckles on the n-ring main sword in the
perfect solution. This sequence can be separated into several sub-series combinations, which are
<a,>=<a,,>+<n>+anti<a,, >+<a , >.

(Prove)

By Theorem six, the perfect solution of the n-chain main sword relies on unlocking the first N — 2 buckles through the
sequence < &,_, >. Thus the main sword has only the N —1and n numbered buckles closely connected in which the L
operation will unlock the N numbered buckle. Via the anti-arrangement of the sequence<a, _, >, the firstn —2
buckles are operated reversely with alternating T and L operations leaving the main sword with N —1buckles. Finally
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by the sequence < a,_; >we can unlock the n —1buckles, and complete the perfect solution of the n chains. The
recursive relationship of the n-numbered-buckles sequence is as following:

<a >=<1> ,<a,>=<21>
{<an >=<a,, >+<n>+anti<a,,>+<a,, >,n>3neN
(b). When n is odd:
The first ring is in the 2m + 1 position, where the third ring is in the 8m + 2 position, the fifth ring in the 32m + 6

2p n-1
+2 - n "
position, and the N ring in the 2" M +T position, me Z ,

2
position, the 2 p + Lring in the 22" m +

0<2p<n-lpeZ.
The second ring is in the 4m + 4 position, where the fourth ring is in the16m + 14 position, the sixth ring in the

22p 4 o2pl 4 9

64m+54 position, the 2p ring in the 2°°m+ 3 position, and the N—1 ring in the
n n-2

2"_1m+L3+2position,meZ 2<2p<n-lLpeN.

(Proof)

By mathematical induction,
n =1, the number 1 buckle is in the odd position, which is in the 2m + 1 position. It holds.

n =3, the number 1 buckle is in the 2m + 1 position, and the second and third buckles are in the fourth and second
positions, respectively.

7P 4 270 4 2
n=2k+1, the number 2 buckle is in the 22" m + 3 1< p<k,peZ, where the number

2p

2p +1buckle is in the 2°P*'m + 2 position,0< p<k,peZ.

n = 2k + 3, the recursive relationship of the n-numbered-buckles sequence in the perfect solution of the n chains on
the n-chain main sword is as follow:

<a >=<1> ,<a,>=<21>
<a, >=<a,,>+<n>+anti<a, , >+<a,; >,Nn=3neN
We have < 8,5 >=<8,,; >+ <2K+3>+anti<a,,, >+<a,,, >,

and< &y, >=<a, >+<2K+2>+anti<a, >+<a,, >.
So the numbered 2K + 2 buckle is in the subsequence < &, ,, > from the main sequence < 8,3 >.

2k+1 2k+2
From Theorem 3, the sequence < d,, > has Tterms, the sequence <4a, ., > has Tterms, and the

2k+2
sequence anti < a,, ., > has Tterms.
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22k+2 _1 22k+2 _1 22k+l _ 2
Thus the numbered 2K + 2 buckle is located in the numbered +1+ + +1=

3 3 3

22k+3 +22k+1 + 2
3

term in the sequence < d, 53 >.

2k+2 2k+2
- . . -1 2
Similarly, the numbered 2K + 3 buckle is located in the numbered 3 +1=

term of the sequence

< ay,3 >. So, italso holds.

Therefore, by the mathematical induction we can deduce that for all positive odd number n, in the sequence formed by
the perfect solution of the n buckles on the n-chain main sword, the numbered 2 p buckle lies in the

2°PH 1 2P 4 9
2°°m+ 3 position, 2<2p<n-1,pe N and the numbered 2p+1 buckle is in the

2°°
22p+lm +

2
position,0<2p<n-1LpeZ.
(c). When n is even:
The first ring is in the 2m + 2 position, where the third ring is in the 8m + 7 position, the fifth ring in the 32m + 27
2P 42702 41 2" +2"2 41
position, the 2p — L ring in the 22° " m + — s position, and the N —1ring in the 2" m + —————
position, me Z ,2<2p<n,pe’Z.

The second ring is in the 4m+ 1position, where the fourth ring is in the16m + 3position, the sixth ring in the

2p-1 1 n-1
64m +11position, the 2P ring in the 22pm+Tposition, and thenring in the 2"m+

position,

meZ,2<2p<n,pe’.

(Proof)

By mathematical induction,

N = 2, the number 1 and 2 buckles are in the even and odd positions respectively. So n = 2 it holds.

N =4, the number 1 and 2 buckles are in the 2mand 4m'+1positions respectively, M, M'e Z . The third and fourth
buckles are in the seventh and third positions, respectively.

277 41
Ifn =2k, the numbered 2 P buckle is in the 22pm+T, 1< p<k,peZ, where the numbered2p —1

27P 12777 41
buckle is in the 22p71m+fposition,lﬁ p<k,peZ.

Whenn = 2K + 2, the recursive relationship of the n-numbered-buckles sequence in the perfect solution of the n
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chains on the n-chain main sword is as follow:

<a >=<1> ,<a,>=<21>
<a, >=<a,,>+<n>+anti<a,, >+<a,,>,n=3neN

We have < 8, ., >=<a, >+<2K+2>+anti<a, >+<a, >,
and< &y, >=<a, , >+<2k+1>+anti<a, , >+<a, >.

So the numbered 2K + 2 buckle is in the sequence < @, .5 >.

2k+1 2k
From Theorem 3, the sequence < d,, > hasTterms, the sequence<a,,_; > has

terms, and the

2k

sequence anti < a,,_; >also has terms.

22k+1 _ 2 22k+l _2 N 22k _1

Thus the numbered 2K +1 buckle is located in the numbered 3 +1+ 3 3 +1=

22k+2 + 22k +1
3

term in the subsequence < @,,,; >of the sequence < a,,, >. Similarly, the numbered 2K + 2

2k+1 2 B 22k+l

buckle is located in the numbered —3 +1= term in the sequence < a,,, >. Son =2k + 2, it also

holds.
Therefore, by the mathematical induction we can deduce that for all positive even number n, in the sequence formed by

the perfect solution of the n buckles on the n-chain main sword, the numbered 2P buckle lies in the

22pH y p2p 4 9

2°Pm+ 3 position, 2<2p<n,peZ and the numbered 2P—1 buckle is in the
B 2%P 4 2°P% 41

2 M+ = “position,2<2p<n,peN.

Theorem 7.

The n rings on the n-chain main sword are numbered from the outside to inside as 1,2,3, ..., n. If the sequence < a, >
is formed by the operations order of n numbered buckles on the n-ring main sword in the perfect solution, and the
sequence antl < a, > is the reverse of the sequence < @, >, then

(1) The sequence satisfies the recursive relationship,

<a >=<1> ,<a,>=<21>
<a, >=<a,,>+<n>+anti<a,, >+<a,,>,n=3neN

(2) When n is odd:
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() The first ring is in the 2m + 1 position, where the third ring is in the 8m + 2 position, the fifth ring in the 32m + 6

2p n-1
+2 o n .
position, and the N ring in the 2" m +T position,m e Z ,

2
position, the 2P +1ring in the 2°°"'m +

0<2p<n-lpeZ.
(b) The second ring is in the 4m + 4 position, where the fourth ring is in the16m +14position, the sixth ring in the

22pl 4 221 4 9

64m +54 position, the 2p ring in the 2°°m+ 3 position, and the Nn—1 ring in the
2" +2"7 2
2"_1m+#position,mez 2<2p<n-1peN.

(3) When n is even:

(@) The first ring is in the 2m + 2 position, where the third ring is in the 8m + 7 position, the fifth ring in the

N o pa 2% +2%PP41 o
32m + 27 position, the 2p—1 ring in the 2 m+f position, and the N—1 ring in the

2" 42" 41
2" 'm+=——— positionmeZ,2<2p<n,peZ.
(b) The second ring is in the 4m + 1 position, where the fourth ring is in the 16m + 3 position, the sixth ring in the

22p—1 n-1
64m +11position, the 2P ring in the 22pm+Tposition, and thenring in the 2"m+

position,

meZ,2<2p<n,pe’.

(4) The buckle numbering sequence has a non-repetitive property.
(test)

(a) in the sequence the sequence < a, > formed by the operations order of n numbered buckles on the n-ring main

. . 341 . .
sword in the perfect solution , there are Y +1=171number 1 buckles lie in the (mold 2 more than 1) position,
341 _ . 341 :
v = 85 number 2 buckles in the (mold 4 more than 0) position, ry +1 = 43 number 3 buckles in the (mold
1341 . 1341
8 more than 2) position, 16 = 21 number 4 buckles in the (mold 16 more than 14) position, 2 +1=11

341
number 5 buckles in the (mold 32 more than 6) position, {a} = 5 number 6 buckles in the (mold of 64 more than 54)
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i 341 : .| 341 :
position, @ +1 = 3number 7 buckles in the (mold 128 more than 22) position, % =1 number 8 buckles in

341
the (module 256 more than 214) position, and [E} +1 = 1number 9 buckles in the (mold 512 more than 86) position.

Therefore, this sequence < @, > has a total of 341 items.

11 11
(b) In the perfect solution of the nine chains, starting from the all upper state matrix Z, = [O 0 0 O} and
after a series of T, L operations alternately, which buckle it is at the 126" step of operation? Because 126 is divided by
16 more than 14, the 126th step operated the number 4 buckle. In addition, if starting from the state matrix

{011000110

, it begins with L operation, and after a series of T, L alternating
1 00111001

operations, which buckle it is at the 66th steps? By Theorem 4, the 9-bit binary value of f (A )is an even number,
(010000100), =132. After the L operations it moves toward the first extreme state matrix. It will reach the position

with the value f (X) equaling t0132—66 = 66. That is 341—66 = 275operations beginning from the all upper

state matrix. Since 275 is divided by 2 more than 1, the 66th step operates the first buckle.

2.3.4 Graphical Discriminant Method for State-changing Operation of State Matrices in 2xn Order Array Graph

According to the Theorem 4 results, through the parity of f(X) value, we can determine the series of T, and L
operations needed for any state matrix A, on the full path of the 2x n order array graph to reach the first or second
extreme state matrix. We can even determine the minimum number of operating steps required to complete the task. At
the same time the result of Theorem 7 can be used to determine which buckle is involved for any given state matrix A,
moving toward any given state matrix AJ- at the mth step in the perfect solution process of the n chains.

Next, we want to explore the graphical discriminant method of the state change operation in the 2x n order array graph
via the mathematical model of the 2xn order array graph, and the results of the Theorem 4 and Theorem 7. Through this
graphical diagram we can easily and quickly decides what is the first step needed for the current nine-ring state to be
solved in the perfect solution, what is the nine-ring state after moving M steps, and also which buckle is involved at the
mthstep?

Construct a graphical Discriminant method.

First, we try to find the figurative interpretation pattern between the state matrix of the 2x9 order array graph and the
9-bit binary value via their transformation function f (X).

For example, as shown below the graph in the 2x 9 order array of Figure 4,

_[010110011

is its corresponding state matrix in the perfect solution of the nine rings.
1 01001100

The function value is odd, f (A) =(011011103, =221. From Theorem 4, if T operation is the next step, we can

complete the perfect solution of the nine rings. In addition, the state matrix A, is obtained by a series of alternating T
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and L operations in 341—221=120times from the all upper state matrix Z,, 4 . Next step is the 121th step, and 121 is

divided by 2 more than 1. Therefore, the next operation is T operation. By Theorem 7 it is on the first buckle moving

01 0110010

as shown in Figure 5 below. Its function value is
101001101

into another state matrix Aj = {

even, f (A;)=(01101110Q, = 220. similarly, if L operation is next, we can complete the nine chain perfect
solution. The state matrix A is obtained by a sequential and alternating T and L operations in 341— 220 =121times

from the all upper state matrix Z2X9 . Next step is the 122th step, and 122 is divided by 8 more than 2. From Theorem 7,

L operation is the next operation. It is on the third buckle, then moving into another state matrix

_{010110110

= as in Figure 6 below.
10100100 J

5]

(Fig. 4)
(Fig. 5)

5] 5] 5] 5] 5] 5] 5 5] 5]

(Fig. 6)
On the other hand, in the perfect solution of the nine rings, the purpose of its main operation is to unlock the innermost
ring on the main sword. So in the array diagram of figure 4, the purpose of a series of T, L operations is to unlock the
innermost 8th black circle into F state. To achieve this goal we must first move the 7th buckle into P state, provided that
the 1st to 6th buckles must be in the F state. Every two buckles is named as a section, so the first step in the perfect

solution for figure 4 is to move the first buckle. That is the T operation.

In addition, observing the black circle state in the first row of the graph in figure 5, we aim to move the 8th black circle
to F state. To achieve this, the 7th buckle has to be changed to P state, provided that the first to sixth buckles are in the F
state. From the inside to the outside every two buckles are treated as a section. In order to make the second buckle into
F state, the first step in the perfect solution for figure 5 is to move the third buckle. That is the L operation.
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Similarly, observing the black circle state in the first row of the graph in figure 6, we are to move the 8th black circle to
F state. To achieve this, the 7th buckle has to be changed to P state, provided that the first to sixth buckles are in the F
state. From the inside to the outside every two buckles are treated as a section. So the first step in the perfect solution
for figure 6 is to move the first buckle. That is the T operation.

Based on the above discussion, we summarize the following two principles as the main principles of the graphic
discriminant method:

Main principle. The main operation in the perfect solution is to unlock the innermost buckle on the main sword. So the
target in each stage of the operation is to move the innermost two buckles into adjacent state on the main sword.
Complementary principle. To follow the main principle, one must change the remaining outside buckle into F state.
Thus from the inside out every two buckles are treated as a section. If there is no buckle left, we do the L operation. If
there is only one buckle left in a section, we can then do the T operation.

We summarize these investigation results in the following graphic discriminant method for the state change operation of
the 2x n order array graph.

Graphic Discriminant Method.

The graphical rule for the state matrix changing operation in the 2xn order array graph.

(a) If the number of black circle in the first row is odd, T operation first can reach to the first extreme state matrix in the
shortest path, where L operation first can reach to the second extreme state matrix in the shortest path.

(b) If the number of black circle in the first row is even, L operation first can reach to the first extreme state matrix in a
shortest path, where T operation first can reach to the second extreme state matrix in a shortest path.

(test)

The following figure is a state in the perfect solution of nine rings. By graphic discriminant method, we can see that
starting with L operation, moving the fourth buckle into P state, gives us the opportunity to unlock the nine rings.

B

2.4 Investigation on the Generating Functlon of n Rlngs

We have used the recursive relationship of the n rings to find the expression of the general term. We want to use the

general term of the sequence to find the correspondent generating function. Given the sequence {an }::1, we can find

the generating function of the sequence, f (X) = Zanx"‘l
n=1

By Theorem 3,a,, the number of times in the n rings perfect solution operations meets the following recursive

relationship:
a=1a,=2
a,=a,,+2"",vn>3neN

The general formula for 4, is %[2rHl -1- #] ,VneN.
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What is the generating function f(X) for the sequence {an }:;1?

Investigation:
(a) method 1.

First let a, as the number of times in the perfect solution operations for n rings.

. . . . a,=1,a,=2
Because the recursive relationship for 4, is - , the sequence equals to
a,=a,,+2",vn=3,neN

<a,,8,,84, -, a,, - >=<125,...,a,, >

anda, =a, ,+2"" ...(), a,,=a ,+2"" ... ()

D -(2)x2,wehave a,—-2a,,=a,,—2a,,,n>3

—a,=2a, ,+a, ,—-2a, ,,N=>3

Let the generate function as  (X) = &, +a,X +a,x* +a,X> +...+a,X"" +...-(3).
(3) multiplied by 2X, x? ,— 2X3, respectively, we have

2xf (X) = 2a,x + 2a,x* + 2a,x° +2a,x* +...+2a X" +...

X2 f(x)=ax’ +a,x’ +ax" +a,x° +...+a X" +...

—2x*f (x) = —2a,x> —2a,x* —2a,x°> —2a,x* —...—2a X" +...

We add them all together,

(2x+x* —2x%) f(x) = 2a,x + (2a, +a,)x* +(2a, +a, — 2a,)x°

+(2a, +a,—2a,)x*...+(2a, +a,, —2a, ,)X" +...

= (2x+x* —2x%) f(x) = 2a,x + (2a, +a,)x* +a, x> +a X" +---+a, X" +---
= (2x+x* —2x*) f(x) = —a, + (28, —a,)x +(2a, +a, —a,)x* + f (X)

= (-1+2x+ X2 =2x°) f (x) = -1

-1 1
1 2x+x2—2x% 2x3 —x? —2x+1
(b) method 2.

= f(x) =

Since there is a recursive relationship between a,and@,,: @, =4, ,+2a, ,+l1<a, ,+2a, ,-a, =-1,
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we multiply f (X) = ZanXH by x, and 2x? respectively
n=1

xf(X) = a,x+a,x* +a,x> +a,x* +...+a, ,x""a x" +...

2x% f (x) = 2a,x? +2a,x> + 2a,x* +2a,x° +...+2a, ,x" +2a, X" +...

Subtracted by f (X) , we have

— £ (X) + xf (x) +2x* f (x)
=, + (-8, + AN (-8, + 8, + 28X + (-8, +8,+ 28,0+t (-8, + 8, +28,, )X
fO)2Xx*>+x-1)=-1-x-—x"-—x>—x"—..x" _...zil

X_

1 1

f(x)= =
() (2x* +x=D(x-1) 2x>-x*-2x+1

(c) method 3.

Suppose that f (X) :Zanx”’l is the generating function for @, , the number of times in the perfect solution
n=1

operations for n rings.

_ﬂ] heN
5 .

1
The general formula for @, is 5[2n+l -1

So we want to merge some special generating functions as follows to the final form, f(X) = ZanXH ;
n=1

=14+ X+ XX e X

=14+ (=X) +(=X)* + (=X)° + - =1+ D)X+ (D> x>+ (D° X+ (D" X" 4

— —
N e e N
x >

=1 X
1-rx

f (X) _ Zoj:%[zml _1_1+ (z_l)n ]Xn—l

_1 . n+ly,n-1 x E n-1 . (_l)n n-1
_3{;2 X Z;ZX ;—2 X"}

— %{4i 2n—lxn—1 _gzxnl +%§:(_1)nlxnl}
n=1 n=1 n=1

1 3 1 1 1
——X — X
-2X 2 1-x 2 1+%X

1
=§{4><1 }
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4 1 1

2x-1 x-1 x+1 @2x-D(x-D)(x+1) 2x*-x*-2x+1
We summarize the results of the above discussions in Theorem 8.

Theorem 8.

Let the number of times in operations for the perfect solution of the n rings be a sequence < d, >. The generating

function of the sequence {a, |~ is f (X) .Thus, f (X) satisfies the following mathematical formula:

1
—x?-2x+1
4 1 1 1 1 1
2 f(x)=_x — X + =X
3 1-2x 2 1-x 6 1+x
3. Main Results

1) f =
@ (0=

Mathematical model of 2xn order array graph

(1) Black circle in the first row of the array graph represents the buckle on the nine ring main sword, which is defined as
the P state. Black circle in the second row is the buckle unlocked from the main sword, which is defined as the F state.
(2) We use 2-bit binary system to represent the buckle’s state on the nine ring main sword. “1” means  the buckle is

on the main sword, where “0” means the buckle is off the main sword. So the state of nine buckles can be continuously
written in a 9-bit binary number, (858, - --a,8,8, ), which indicates the states of each nine buckles on the main sword

in the solution process. Similarly, using the matrix, we can indicate the state of the black circle on the 2x9 order array
1 . . 0 o

graph. The vector, 0 is used to represent the black circle on the first row, and 1 indicates that the black circle is on

the second row. Thus the states of the nine black circles on the 2x9 order array graph can be represented by a 2x9

a SR - PR |
matrix,{ 8 ! 0} So the states of the black circle on the array graph in the operation process can be

b8 bl bo

described as a 2x9 state matrix. It can be deduced that there is a one-to-one and surjection correspondence between the
symbolic representations of these two states.
Theorem 1

For all positive integers n and all 2" state matrices of the 2xn order array graph, if the two extreme state matrices are the
end points, they can be reached either way through a series of T and L operations alternately. The followings are the

two results:
(1) There must be a single full path in the state change operation process of the 2xn order array graph.

(2) The number of operations required to complete this full path is 2" —1, starting and ending with T operation.
Theorem 2

For all positive integers n and all 2" state matrices of the 2xn order array graph, if there is a unique full path P, there

will be the following two results:
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(1) Given two state matrices, A2Xn and B there must be a shortest path through T and L operations for the state

2xn !

matrix A, changing into the state matrix B, .

(2) There is a symmetry between the state matrices on the first half and those on the second half of the whole path Pn ,

in which the transformations between these state matrices are completed by one L operation.

Theorem 3

For all positive integers n, n rings perfect solution and the number of steps to complete the solution all meet the
following three results:

(1) The number of steps to complete the perfect solution meets the following recursive relationship,

a=1a,=2
a, =a _,+2"",vn>3neN

(2) The general formula for @, is

1
3

-VneN -

nl 1+(-D"
2 -1-=

(3) When n is odd, the perfect solution process is

T 1 recursive, (2%steps) [ 1 recursiver, (2 steps) \[ ]
] ; [Z 2x(n-1) X 2x1 ] : ’I_Z 2x(n-3) X 2x3 ] - 4 ZZx(n75) X 2x5

4

2xn

1 recursiveR, ., (2" steps) \[ ] recursiveR,; (2" steps) [ .
s [szk X2><(n—k)] “t ? ZZx(k—Z) X2><(n—k+2) - > X 2><n] When n is

even, the perfect solution process is

LT recursive, (2°steps) recursiveR, (2° steps) ]
[Z 2xn ] 7 [Z 2x(n-2) X 2x2 ] : ’[Z 2x(n-4) X 2x4 ] > ’[Z 2x(n—6) X 2x6

2n-k+l

recursiver, ;1 ( seps) recursiveR, . (2" steps) N
B [ZZXk X 2x(n—k)] “t ’I:ZZX(k—Z) X o ks2) ] " - ’[szn ]Theorem 4

If there is a transformation function f (X) between all state matrices A and n-bit binary values &, on the full path of

the 2xn order array graph, then f (A) =a,, f (X) transforms A into &, .

Ai :|: bn bn—l bn—2 b4 bs bz bl bo }
1-b, 1-b, 1-b_, - 1-b, 1-b, 1-b, 1-b 1-b,
The binary number isa; = (Y, You Yoo ** Ya Ys Y2 Y1 Yo).Y.=D, andy, =Y, (XOR),,

0<k<n-lkeZ.

The state matrix transformation function f (X) is a one-to-one and reflected function, and is a strictly increasing
function.

Theorem 5

Through the matrix transformation function f (X) on the full path of the 2xn order array graph, any arbitrary state
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matrix A, is transformed into a n-bit binary value f (A,,,) .LetZ,  andY,,, be first and second extreme state
matrices on the full path of the 2xn order array graph. Then:

(1) If A, is the odd-numbered state matrix on the full path P, the value f (A, ) is even. The state matrix A, is
connected to the second extreme state matrix Y,,, in via a serial order of T — L —T —---—T alternating

operations, and can be connected to the first extreme state matrix Z,,, via alternatingL T —>L —---—>T
operations.

(2) If A, is the even-numbered state matrix on the full path P, , the values f (A, ) is odd. The state matrix A, is
connected to the second extreme state matrix Y, , via a serial order of L —T — L —---— T alternating operations,

and can be connected to the first extreme state matrix Z,,, via alternatingT — L —T —>---— T operations..
Theorem 6

If any state matrix A. on the full path of the 2xn order array graph is transformed into an n-bit binary value @, through

the state matrix function f(x), 8 =(X, X4 X,» = X, X3 X, X X,),then

~b 1-b,, 1-b,_, - 1-b, 1-b, 1-b, 1-b, 1-h,

l

Ai —f -1 (ai) _ L bn bn—l bn—2 b4 bs bz bl b0 }

b, =X, b =X (XOR)X,; 0<k<n-l1keZ

Theorem 7
We number the n chains on the main sword from outside to inside, as 1,2,3, ..., n. If the numbers of n chains in the

perfect solution operation process form a sequence < &, >, then

(1) The number sequence < @,, > satisfies a recursive relationship,

<g >=<1l><a,>=<21>
<a,>=<a_,>+<n>+anti<a_,>+<a _,>,n>3neN’

where the sequence anti < a, >is the reverse order sequence of < a, >.
(2) When n is an odd number,

2p
(a) the numbered 2p +1 buckle ring is in the 22P™m +2—3+2 posionmeZ, 0<2p<n-lpeZ.

o ) 2%pr o2t
(b) the numbered 2 p buckle ring is in the 2P m + 3 positionnmeZ, 2<2p<n-1,peN.
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(3) When n is an even number,

o oo 2%P 427241
() the numbered 2 p —1 buckle ring is in the 2°P m+fposmon, meZ, 2<2p<n,pelZ.

2p-1
(b) the numbered 2 p buckle ring is in 22P m + ZT+ position, whereme Z ,2<2p<n,peZ.

(4) The buckle numbers sequence is non-repetitive.
Graphic Judgment:
In the 2xn order array graph, the graphic determination rule for the state matrix operation change is follows:

(1) If the number of black circle in the first row of the 2xn order array graph is odd, T operation first can make it to the
first extreme state matrix in a shortest path. L operation first can make it to the second extreme state matrix in a shortest
path.

(2) If the number of black circle in the first row of the 2xn order array graph is even, L operation first can make it to the
first extreme state matrix in a shortest path. T operation first can make it to the second extreme state matrix in a shortest
path.

Theorem 8.

Let the number of operations in the perfect solution for the n rings form a sequence < a, >, and the generating

function of the sequence {an }:zl is T (X) which satisfies the following mathematical formula:

1
X3 —x?—2x+1
TR I SR SO S S

——X +—x
3 1-2x 2 1-x 6 1+X
4. Discussion

f(x) =
@) f(x) 5

We simplify the images of the nine rings on the main sword into 2x 9 array graphs. Combined with state matrix
representation and binary representation of each array graphs, we study the corresponding state matrix and its binary
representation to explore the operation mode of each state matrix change, whether there is an optimal operation path
between any two state matrices and whether such an operation path is helpful to understand the number of steps and
decide the paths in the perfect solution of the nine rings. In doing so, we try to expand and generalize the cases in n
rings.

In this study, the most difficult problem is the use of nine rings equipment to practice hands-on experiments and
research. The process encounters difficulties in experimental operation and expression. So we first construct a set of
image-based mathematical model and mathematical language of matrix symbols. Via the image-based mathematical
models, we can specify an abstractive description and operable abstractive problems. In doing so we converted the nine
rings game into a rigorous mathematical problem, which is one of the most important contributions of our study. There
was also a difficulty in exploring and solving the extension of this problem: to decide the next operation mode when the
buckle is on a different position of the main sword and which buckle status should be changed. After observing,
experimenting and summarizing, we derived a result in Theorem 7. In the process of the perfect solution for the n rings,
through corresponding function values to the matrix expression and its binary representation of the current buckles
states we can decide which buckles one should operate in the next step. Most importantly the sequence formed by the
buckle numbers in the process of perfect solution operation has a non-repetitive property.

On the other hand, in Theorem 4, the most intriguing part, the one-onto-one mapping characteristic, reversibility, and
increment in the transformation function between the state matrix and the binary representation of the 2xn array graph
were found. There is an isomorphic relationship

between the state matrix and the binary representation of the 2xn array graph in which there is also a reversible function
between the state matrix and the binary representation of the full path of the 2xn array graph. This reversible function
has a strictly increasing property. Therefore, by the result of Theorem 4, one can determine the number of perfect
solution steps needed for the change between any two state matrices in the whole path. Through Theorem four’s
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conclusions, rather than the recursive relationship of the sequence, we calculate the number of perfect solution steps to
solve the nine rings to be 341 steps, and then deduce the number of perfect solution steps for the n rings to be

E[2n+1 —1—#] steps.

3
5. Future Outlook

Restructure and study the nine-ring into a double-decked 18-rings is an important future direction for exploration. In
this context, we assume that the first thing to be explored is if the two main modes of operations in the perfect solution
for the original nine ring is still viable for the 18 rings, or there will be a third or fourth mode of operations. We also try
to think about the possible developments of the problems and list them below:

(1) In the operation of the double-decked 18 rings, can we find a certain law of operations which can meet our
conditions? We can’t help but wonder that in the state matrices of the 3xn array graph, whether we can find a similar
three-bit representation for the matrices to meet our the conditions ? Is there a perfect solution for the double-decked 18
rings? Whether there are similar laws of operations to meet our proposed conditions?

(2) Is there an isomorphic relationship for any state matrix in the 3xn array graph, so that the correspondence between
these state matrices and the 3-bit representations is one-to-one.

(3) Exploring the buckle numbers in the perfect solution for the double-decked 18 rings, can we find a sequence of
non-repetitive property?

These are worthy of continuous study. Break through on the operation modes in the perfect solution for the
double-decked 18 rings will aid us in towards the ultimate study the number of times in the perfect solution operations
for the double-decked n rings.
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