Journal of Mathematics Research; Vol. 8, No. 3; June 2016
ISSN 1916-9795  E-ISSN 1916-9809
Published by Canadian Center of Science and Education

Hopf-bifurcation Limit Cycles of an Extended Rosenzweig-MacArthur Model

Enobong E. Joshua®, Ekemini T. Akpan?, Chinwendu E. Madubueze®
'Department of Mathematics and Statistics, University of Uyo, Uyo, Nigeria.
Department of Science Education, University of Uyo, Uyo, Nigeria.
®*Department of Mathematics/Statistics/Computer Science, University of Agriculture, makurdi, Nigeria.

Correspondence: Ekemini T. Akpan, Department of Science Education, Mathematics Unit. University of Uyo, P.M.B
1017, Uyo, Nigeira. Tel: 234-813-037-6772. E-mail: ekeminitakpan@uniuyo.edu.ng

Received: March 18, 2016  Accepted: March 29, 2016  Online Published: May 9, 2016
doi:10.5539/jmr.v8n3p22 URL.: http://dx.doi.org/10.5539/jmr.v8n3p22

Abstract

In this paper, we formulated a new topologically equivalence dynamics of an Extended Rosenzweig-MacArthur Model.
Also, we investigated the local stability criteria, and determine the existence of co-dimension-1 Hopf-bifurcation limit
cycles as the bifurcation-parameter changes. We discussed the dynamical complexities of this model using numerical
responses, solution curves and phase-space diagrams.
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1. Introduction

In general, any nonlinear dynamical system contains certain parameters called bifurcation parameters or controlled-free
parameters, and thus it’s an imperative to study the qualitative behaviors of such robust systems as the parameters are
varied. This study of bifurcation analysis includes the post-critical behaviors of the nonlinear system in the
neighborhood of the critical points called Hopf-bifurcation limit cycles or periodic solutions (Liao &Yu, 2007). The
complexities of such nonlinear dynamics include heteroclinic orbits, homoclinic orbits and chaos which envisaged
essential global behaviors (Kutnzetsov, 1995; Sun & Luo 2005; Wang & Zhao, 2011).

Mathematical models of multiple interacting species that exhibit such rich local and global dynamical behaviors (i.e.,
stability of equilibra, local and global bifurcations, limit cycles, peak-to-peak dynamics) includes
Rosenzweig-MacArthur tri-trophic  food chain models; it predicts and depicts real ecological system
(Rosenweig-MacArthur, 1963; Keshet-Edelstien, 2005; Brauer, & Chavez-Castillo, 2012; Kar, Ghorai, Batabyal, 2012;
Sanjaya, Sunaryo, Salleh, & Mamat 2013; Haque, Ali, & Chakravarty, 2013).

In this paper, we obtained a topologically equivalence dynamics of an Extended Rosenweig-MarArthur Model, and
studied codimension-1 Hopf-bifurcation limit cycles (periodic behaviors). These limit cycles occur naturally in the
ecosystem, and using CASS (maple) we obtained their solution space and phase space diagrams, see (Naji, Upadhyay,
& Rai, 2010; Candalen, & Rinaldi, 1999; Wiggin, 2010; Seydel, 2010, & Shavin, 2015).

2. Model Formulation and Boundedness

The Extended Rosenzweig-MacArthur (ERM) model formulated and studied by Feng, Freeze, Lu, and Rocco (2014) is
given as:

dx1 {1 xl} x1 x1

— =TX ——(—a X, —Qa X

dt ! K hi+xt Chix?

dx, X, i X,

— =0y X1 — Xo — Az —X

dt ~— 2 Pb4x, b F? Bhytx,

dxs 2 dsxs + e 1.1
— = (0303 — X3 — X CQy X .

where, x,(t), x,(t), and x5(t) are population biomass densities of prey, predator and super-predator respectively, and
constant parameters with significance ecological implications.

We obtained a topologically equivalence dynamical model through the non-dimensionalization of the state variables as
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follows:

dx_ (1 x> x x

d'r_ax K 771+x3’ 1+xZ

dy x

d‘r_61+xy &y 01+yz

dz_ 4 + 1.2

d‘r_ﬁ1+yz Hz ﬁ1+xZ '

_ x2(t) _ x2(t) _x® _r o _ K - ab _ G202 _ % b _ds __

where, x(1) = ™ ,y(@) = by ,z(1) = oy ,Q a3,K bl,n a3b1,€ o & o’ o bz,u a3,‘r

ast,and c; = f

For ecological significance, the parameters are assumed to be positive. State variables are invariant on the positive
octant defined as R3 = (x(t),y(®), z(t)|x(t) = 0,y(t) =0,z(t) =0),vt =0, satisfying initial conditions;
x(0) = x4, y(0) = y,,2(0) = z,. The population functions of the interacting species satisfies the boundedness
conditions;

000 = (:0,y0,20) = e

3. Existence and Positivity of Trivial and Semi-trivial Equilibria of the Model

We obtain the critical point of model (1.2), by solving the system during it steady-state; independent of time, and
deduce the positivity conditions of each critical point. The model exhibited the following trivial, and semi-trivial
equilibria points:

Eo(x* = 0,y" = 0,2° = 0), E,(x" = K,y" = 0,2" = 0),

L § o, ae(ke—Kk§—=8) N\ $

EZ(X —:y _—T]K(6—€)2 , Z —0),lf€>f,K>—6_€
L aB(kB =k — )y Iz
(v =gy =0r =G ) e kg

Assume a critical point say, X* = (x*,y*,z") then, the linearization of system (1.2) yields the community matrix as
follows;

11 Jiz Ji3
J(x*ytzY) = []21 J22 ]23]

31 ]32 ]33

[ (K — 2x” ny*+z* nx* x*
a( K )_(1+x*)2 T 14xt 14t
AR o 3
(1 4+ x*)? 1+ x* (1+y*)? 1+y*
Bz Bz By Bx
(1 + x*)? 1+ y*)? 1+y*_ﬂ_1+x*_

Descartes’ rule of sign variation guarantees the existence of coexistence equilibrium of the model as stated in the
following lemma:

3.10 Lemma I: Existence of Coexistence Equilibrium Point.

The model (1.2) has a positive coexistence equilibrium point, say; E,(X = x",Y =y*,Z = z7) if;

__mAtx)-px  pler —¢(+x))
B-—w@+x7)+px’ o((B—mw(d +x7) + px*)

@y
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U

—< <

€e—¢ B—u

P - 2aokf — aokp — 3aof + 2aou
o~ aoy — 2a0f

(iii) P, = 3aokf — 2aokp + konf — konu — acf + aocu + kfé — e
H = aou — 2a0f

P = afok — aoku — nkuo + k€
2 aou — 2a0f

4. Stability Analysis of Equilibria of the Model

4.1 Lemma II: Stability of Prey Equilibrium point. E;(x* = K,y* = 0,z" = 0) is unstable if ~—>¢or ﬁr—KK > i,

locally asymptotically stable if % <é andﬁr—'; < u, globally asymptotically stable if locally asymptotically stable,
iofing. €K 1+2k

and satisfies; < Eand B

1+k <,Lt

4.2 Lemma I1I: Stability of Prey-Predator Equilibrium Point.
The equilibrium point

Ez(x*z 3 *:ae(ice—xf—f)

. . 3
e 7 =0 ety
is unstable if

(BE —ue)ne(§ — &)* — ae(id — ke + §)] — afe’ (1§ — ke +$) -0
e[ne(§ — &) — ae(k§ — ke + )]

Locally asymptotically stable if

(BE — pe)lnr(§ — &)* — ae(k§ — ke + §)] — afe?(k§ — ke +§)
e[ne(§ — €)? — ae(k§ — ke + )]

< 0and

§ e+
- <k< -
4.3 Lemma IV: Stability of Coexistence Equilibrium Point.

Consider the community matric of the coexistence equilibrium point, E,(X = x*,Y = y*,Z = z7);

nx* -x*
Jua 14t 1+ x*
3 e(x’§ —x'e+) ] o(Bx" — pux" —p)
o(x** + 2x* + 1)(2Bx* — ux* — p) 22 B(1+x*)
B*Ex" —ex" +3)
- * N ) . I32 0
L o(2fx* —ux* +f —w(x* +2x*+ 1)
where,

et

@Bx* —pux*+ B — W (x*? +2x* +1
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Qaprox™ — 4afx** — axpox*™* + Saprox** — 10afox*® — 3axuox** + 6aucx*® + 4aforx* — 8afox*?
— 3aokux* + 6aucx*? + Pkox* — nruox* + afox — 2afox* — axuc + 2acux* + Préx*
— Brex® —nxpo + fré)

BEX*? — Bex*? — uéx*? + pex*? + BEx* — 2uéx* + pex* — ué
B(x** +2x* +1)
CRx" —px" + B =) (§x" —ex" +§)
o(x** 4+ 2x* + 1)

J22 =

J32 = —

The characteristic polynomial of the community matrix yields
P =J(x*y*52) = AU = 23 + A 22 + A4+ A
= —trac(J(x*,y",2)A% + (A1 + Agy + Asz)A — det((J(x",y%,27)) = 0
where A;4,A,,,andAs; are the cofactors of the community matrix of coexistence equilibrium point. Here,

Ay = =11+ 22 +33)s Az = Jiddss + Ja2)as + 122 — Ji2J21 — Jas)s2 — Js)aa
Az = J13l3122 + J23)s2011  J21Ss3)12 — Ji2d23)31 — Jastai)32 — Jid)22)33

Then, applying Routh-Hurwitz conditions on the characteristic polynomial yields,

Al > 0,A3 > 0 and A].AZ _A3 > 0 1.4
where A;,A,,and A; are coefficient of characteristic polynomial of the community matrix at the coexistence
equilibrium point.

Thus, the positive coexistence equilibrium point, E,(X = x*,Y = y*,Z = z") is locally and asymptotically stable.

5. Existence of Hopf-bifurcation at Semi-trivial Equilibria

5.1 Proposition I: Hopf-bifurcation at Prey-predator Equilibrium Point.

Suppose the prey-predator equilibrium exist, say; E,(x*,y*,z*) and satisfies > ¢, k > and <<

e=¢&’ e-¢& e=&
Then, as the bifurcation parameter, x varies there exist a critical bifurcating threshold, x = k™ such that the
equilibrium point, E;(x*,y*,z") is asymptotically stable for x € (0,k™), and degenerates to a stable limit cycle for
Kk > k*. Then, model (1.2) exhibit a supercritical Hopf-bifurcation from this equilibrium if

L_etE (d¢1(’€)) _ =8

Te-¢&’ dk /= _2£(e+§)¢0'

K

Proof:

Evaluate the community matrix (4.0) at the equilibrium point,

E(* '3 . ae(ke —kéE — &) . 0)
X = , = ‘Z =

S ST T

yields the characteristic polynomial, say;

ae(ke — k& — &)
nr(e —$§)?

P(’l)=|f(:5' ,0)—1,1|=0
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Sa(ké —ex+ & +¢) _5_17_/1 _i
ex(é—¢) £ £
= _a(Kf—£K+§) 01 aoe(ké — ek + &) =0
K e — £)% — as(f — ke + E)|
0 0 ]33 - l
_ (BE — pe)(E — €)” — ae (i — e + §)] — afed(f — Ke +§)
o elnK(€ — €)% — ae(xg — ke + )]
PO = (Jas — 2) (AZ _Ea(icf—sic+§+s)/1_ aé (ké —sic—i-f)) _o 15
ex(§ —¢) &K

Consider the characteristic polynomial of prey-predator community matrix, say;

PA) =

(BE —pe)ni(§ — &)* — ae(k§ —xe + O] —aPe?(kf — ke +§) 1)«
e[nre(§ — €)? — ae(k§ — xe + )]

(/12_fa(icf—sk+€+e)/1_af(1c€—sk+f)) _o

ek(§ —¢) £K

solving quadratic expression yields the roots as;

_Ea(Kf—sK+§+s)+\/(Ea(rcf—s;c+§+s)>2+a§(ic§—src+§) = 1() + i, ()

ha = 2¢k(é —¢€) 2¢ek(é —€) &K

_(BE — pe) K (€ — )2 — ae (k€ — ke + )] — aBe? (k€ — ke + §)
- e[ — )% — ae(kt — ke + )]

Hopf-bifurcation occurs when, 4, = iy, (x) , solving i, (x) = 0, yields the critical bifurcating threshold say;

L _E+§ _Sa(k§ —ex+S+e) o |ad(e—¢)
K=oy =, (k) = 26k —2) A1z = i, (k") = i et

_apée’ +afe’ —aue® — pnéd + pnée? + nuéie — une®
- e(ae? —né? +ne?)

A3

A3

Suppose the positive invariant parameter space R%(a, ¢, &, k) is a smooth analytic function of bifurcation parameter,

and differentiate ¥, (k) = % w.r.t « , the transversality condition follows as;

(dwl(K)) _ag(e—4%)
Ak /et 28(e+ &)

Hence, the prove is complete.
5.2 Proposition Il: Hopf-bifurcation at Prey Super-predator Equilibrium Point. Suppose the prey super-predator

, and BHTM <k <B*™ Then, as the bifurcation

equilibrium exist, say; E;(x*,y*,z") and satisfies x> p, k > - o

B-u

parameter, B varies there exist a critical bifurcating threshold, g = g* such that the equilibrium point, E;(x*,y*,z")
is asymptotically stable for g € (0, %), and degenerates to a stable limit cycle for g > g*. Then, model (3.0) exhibit
a supercritical Hopf-bifurcation at the equilibrium if,
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g = K+ p (dwl(ﬁ)) _a(k—1)°

; =———=*0
k—1 dp p=p" 4ur(k +1)

Proof:
Evaluating the community matrix (1.2) at the equilibrium point,

E (x*= K y*zoz*zaﬁ(Kﬁ—w—u))
; B—u ’ k(B — >
yields the characteristic polynomial,

1 ap(kf —kp — 1)
B—w " k(B —w?

P(/1)=|]( )—1/1|=o
au(Kﬁ—K#—u—ﬁ)_/1 _ I
Br(B — 1) B B
0 K(ep —EB)(B—1)? —aP’o(kf —kp—p)
k(B — p)?
a(kB — ku — ) af?(ikf — kp — )
K k(B — w?

0
K(ep = EB)(B — w)? — af?o(kf — rp — ) _/1> ) (/12 _ap(kp — Kk —u—l)’)/1 N au(kp — xu —u))

P = ( PIE BRB — 1) prE

=0 1.6
solving quadratically equation (7.0) yields the roots as;

/11,2 =

au(Kﬁ—Kﬂ—u—ﬁ)+J(au(Kﬁ—Ku—M—ﬁ))z_ ap(rf — Ky — W)

2Bk(B — W) 2Bk(B — W) Kp
=yP(B) £ i, (B),
1= k(ep — BB — 1)* — af?o(kf — kp — p)
° k(B — w)?

Hopf-bifurcation occurs when, 4,, = +iy,(8) , solving ¥, (B*) = 0, yields the critical bifurcating threshold say;

ﬁ* :w - lpl(ﬁ) _ a,u(Kﬁ’ _Kﬂ_”_ﬁ); /11,2 — iupz(ﬁ) = il\/?

k=1’ 2B — W)
1= 1 (aok® + 3ack? + 3ack + 4Kk*& — 4ek? + ao + 4K€ + 4ex
3T 4 Kk(x+1)

Suppose the positive invariant parameter space R%(a, u, 8, k) is a smooth analytic function of bifurcation parameter,

and differentiate v, (8) = % W.r.t B the transversality condition follows as;

<d¢1 (ﬁ)) _ak-1*
dp p=p* 4ux(c+1)
Hence, the prove is complete.
5.2 Proposition I11: Existence of Hopf-Bifurcation at Coexistence Equilibrium Point.
Suppose the positive invariant parameter space RE(a, 8,0, ¢, K, 4, &,1) is a smooth analytic function of the bifurcation
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parameter 8, necessary and sufficient conditions for local asymptotic stability of E,(X = x*,Y = y*,Z = z*) holds.
Then the model (1.2) degenerates to a family of periodic cycles, bifurcating the equilibrium point, E,(X = x*,Y =
y*,Z =z*) in the neighborhood of the critical bifurcating threshold g* such that € (B*—6,8"+6);6 >0
provided the following conditions are satisfied,

(D) A1(B") >0, A3(B") > 0; ¢(B") = A1(B)A(B") — A3(B") = 0

(A 0A; 045 6A)
(i) (ﬂ) = 2o —9p * "o #0
OB/ ppe 2( A%+ Ay)

Proof:

Consider the characteristic polynomial of the coexistence equilibrium point and assume the roots are non-zero, as
A; # 0. Set the eigenvalues as smooth analytic function of the bifurcation parameter, S as;

Az =Pty =P (B) £ i, (B); 13 =C(B) ER 1.7
Then, at critical bifurcating threshold, g = 8* we have that the pair of complex conjugate degenerates, and satisfies
A2 =), (B); Y2(B7) >0, P (f)=0and A3 =C(B") €R 18

On substituting eqgn. (1.7) into the characteristic polynomial of coexistence equilibrium point, equating real and
imaginary parts to zero yields;

P(A) = (A3 -4 1/)22) + i(Azlpz - 1/)23) =0
A3 = A 9,7 Ay, = ¥,°, = A4, — A3 =0
Hence the critical bifurcating threshold occurs on a smooth analytic function, say;
d(B) = A1(BA(B") — A3(B7); /11,2 = ii\/A A3 =—A;, Ay, A3 >0

Next, it suffices to verify the transversality condition, substitute 1, = ¥;+iy, into the characteristic polynomial, and
equate real and imaginary parts yields;

=3 2t — A+ P+ ALYt + Ay + A3 =0 19
—15° + 3P, Y1 + 2,4, + A, =0 2.0

Diffentiating partially equations (1.9 & 2.0), w.r.t. 8 and applying condition of egns. (1.7 & 1.8) yields;

d 0 0A; 0A
l’“( 39" +42) = 2419, a";j =¥’ 35 %5 21
awz Oy _ 04

( 39, +4,) + 241, — B —, —— o8 2.2

0Py

Solving equations (2.1 & 2.2) simultaneously for T and evaluating at critical bifurcating parameter yields;

A, 04, a A,
(Azaﬁ 6/3+A16/3)

0P,
(%)B#?* - 2( A%+ 4,)

Hence, there exist a family of periodic solutions bifurcating from positive coexistence equilibrium point E,(X =
x*,Y =y*,Z = z") in the neighborhood of the bifurcating threshold, g = g*. That is Hopf-bifurcation occurs when the
bifurcation parameter is open for g € (8* — &, B*+ 95).

6. Numerical Responses of Hopf-bifurcation Limit Cycles of the Semi-trivial Equilibrium Points

6.1 Hopf-bifurcation Limit Cycle of Prey-predator Equilibrium Point

Given the bifurcation parameter k, observe that at critical bifurcating threshold k* = 4.3333, a stable limit cycle
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degenerates for x = 4.4433 > 4.3333 with eigenvalues 4,, = +i0.5925 and A3 = —1.41025. Additionally, the

transversality condition is satisfied for (&K(K)) =018 #0.
K=K

N

MM'\AA AP A

|— PREYS === PREDATORS == SUPER-PREDATORS

0 30 100 150
tim e(T)

Fig. 1.0 Periodic solutions of prey-predator species

200

Fig. 1.0 illustrate cyclic periodic behaviors of prey-predator species; a super critical Hopf-bifurcation with degeneracy
from the stable prey-predator equilibrium point. Its satisfies ecological parameters; a = 2.60,x = 2.9231,n =
2,40, = 0.96,¢ = 0.60,0 = 1.0,u = 1.60,8 = 0.15, and subject to

initial conditions x(0) = 0.3077,y(0) =
1.8462,z(0) = 1.5385.

1.8

(i)

1.2 1.6

Fig. 2.0: Limit cycle of prey-predator oscillations.

Fig. 2.0 illustrate the phase-space diagram of prey-predator limit cycle of the model.

6.2 Hopf-bifurcation Limit Cycle of Prey-super Predator Equilibrium Point

Given the bifurcation parameter k, observe that at critical bifurcating threshold 8* = 0.40905, a stable limit cycle

degenerates for § = 0.4512 > 0.40905 with eigenvalues A4,, = +i0.2284 and 1; = —1.6787. Additionally, the

transversality condition is satisfied for (%) . =17780 # 0.

B=B
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= PREY === PREDATOR. = SUPER-PREDATOR

N NN ALA

Pop. dens.

AWAWAY
PAVA\FAN

VRV

100 200
time(t)

Fig. 3.0 Periodic solution of prey-superpredator oscillation

Fig. 3.0 illustrate cyclic periodic behaviors of prey super-predator interactions; a super critical Hopf-bifurcation with
degeneracy from the stable prey super-predator equilibrium point. It satisfies ecological parameters; a = 0.9091,k =
4.75,n = 0.4545,¢ = 0.1136,¢ = 0.9091,0 = 0.5333,u = 0.2727,8 = 0.4110, and subject to initial conditions
x(0) = 1.25,y(0) = 2.6667,2(0) = 3.75. Fig. 4.0 illustrate the phase-space diagram of prey and super-predator limit

cycle of the model.

~4.x107°

Fig. 4.0 Limit cvcle of prey super-predator osdllations

6.3 Hopf-bifurcation Limit cycles of Coexistence Equilibrium Point.

We observe that as bifurcation parameter S, varies the system exhibit strange (chaotic) attractors for parameter value
B = 0.2245 < B*; quasi-periodic behaviors for, § = 0.3655 < f*(Fig. 5.0); periodic behaviors for g = 0.4913 <
B (Fig.7.0); and asymptotic behavours for § = 0.543 > g~ . Fig. 6.0 and fig. 8.0 illustrate the phase-space diagram
of quasi-periodic behavior and limit cycles of the interacting species at the coexistence equilibrium points, respectively.
Hence, using proposition 111, it suffices to claim that there exist a critical bifurcating threshold g*, for

B ={$":0.4913 < f* < 0.543}.

Pop. dens.

|_ PREYS == PREDATORS = SUPER PREDATORS

i

v

N L

I
|
{ A

|

|

AN
8\

l
l
|
A

A
|
CATIAT A
YA VA VRYAY DAY

]

500 1000 1500 2000

time(T)

Fig. 5.0 Quasi-periodic solutions of coexistence equilibrium point ( p = 0.4655)
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v

Fig. 6.0 Quasi-periodic behavior

= PREYS = PREDATORS = SUPER-PREDATORS

3

) | i | A |

2 ( L

Pop. dens. 1 m W
1
0 L JL L J g JL
0 300 1000 1500 2000

time(T)

Fig. 7.0 Periodic cycle of coexistence equilibrium point ( f = 0.4913)

<

Fig. 8.0 Periodic limit cvcle of coexistence equilibrium point

7. Conclusion

In this paper, we study a new dimensionless model as an extension of the Rosenzweig-MacArthur model; a tri-trophic
food chain model that depicts and predicts the populations of interacting species in the natural ecological system. We
established ultimate boundedness conditions and exponential convergence of populations of the interacting species.
Using local stability conditions, we determine the existence of codimension-1 Hopf-bifurcation limit cycles of the
model as the free-parameter changes. Ecologically, as the super-predator biomass efficiency increases through its
ecological interactions with other species, the system oscillates periodically, and the species coexisted based on
qualitative theory of dynamical system.
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