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Abstract

By the generalizing the extension of the continuous theorem of Ge and Ren and constructing suitable Banach spaces and
operators, we investigate the existence- solutions to the boundary value problems for a class of p-Laplacian equations.
Finally an example is given to illustrate our results.
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1. Introduction

In this paper,we will study the boundary value problem

(ep@”)) (@) = f(t,v,V',v")
(@p (V")) (1) = g(t,u,u’,u")
u(0) = u”(0) = 0, v(0) = v(0) = 0 (1D

w(l) = fol k(O (H)dt,v' (1) = fO‘ ko (0)V (1)dt

whereg,(s) = s 25, p > 1, [ ki)di = 1,i = 1,2

In this paper,we will always suppose that

(H)) ki(t) € L'[0, 1] are nonnegative and|| k; ||;= 1, where|| k; ||;= fol | k() | dt,i=1,2.
(Hy) f(t,u,v,w), g(t,u, v, w)is continuous in [0, 1] X R3

2. Preliminaries

Definition 2.1 Let X and Y be a two Banach spaces with norms || - |Ix,|| - |ly,respectively.A continuous operator M :
X NdomM — Yis said to be quasi-linear if

(i)ImM := M(X N domM) is a closed subset of Y,
(ii)KerM = {x € X NndomM : Mx = 0} is linearly homeomorphic to R",n < co.
where domM denote the domain of operator M.

Let X; = KerM and X, be complement space of X; in X,then X = X EB X>Let P: X — X; be a projector and Q C X
an open and bounded set with the origin 6 € Q

Definition2.2  Suppose N, : Q - Y,4 € [0,1] is a continuous and bounded operator.Denote Ny by N.Let ¥, =
{x € QNdomM : Mx = N, x}.N, is said M-quasi-compact in Q if there exists a vector subspace Y, of Y satisfying
dimY, = dimX, and two operators Q,R with Q : Y — Y1, QY = Y},being continuous ,bounded,and satisfying Q(I — Q) =
O,R : Qx [0,1] = X, NndomM continuous and compact such that for A € [0, 1],

(a) (I = QNA(Q)  ImM c (I - Q)Y,

(b)ONx =60,1€(0,1) © ONx =06,

(c)R(-,0) is zero operator and R(-,0)|s = (I — P)|z,

(d)M[P + R(-,0)] = (I — O)N,

Theorem 2.1 Let X and Y be two Banach spaces with norms || - ||x,|| - |y, respectively,and Q C X be an open and bounded
nonempty set.Suppose
M : XNdomM — Y
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is a quasi-linear operator and that N, : Q - Y,A€e[0,1]is M-quasi-compact.In addition,if the following conditions
hold:

(C))Mx # Nx,¥Yx € 0Q NndomM, A € (0, 1),

(Cy)deg{JON,Q N KerM,0} £ 0 .

then the abstract equation Mx = Nx has at least one solution in domM N Qwhere N = N;,J : ImQ — KerM is a
homeomorphism with J(0) = 6.

Proof. The proof is similar to the one of lemma 2.1 and Theorem 2.1 in [Ge et al., 2004].

We can easily get the following inequalities.
Lemma2.1 Forany u,v > 0,we have

(])‘Pp(u, v) < ‘Pp(M) + QOP(V), l<p<2
(2)gp(u, v) < 2°72(@p(u) + @p(v), p 2 2.

In the following,we will always suppose that g satisfies % + 511 =1
3. Main Results

Let X = C?[0, 1] x C?[0, 1] with norm [|(u, v)|| = [lull + [IVI| ,wherel|ul| = max{[lulloo, [l lso, " |loo},
Y = ([0, 1] x C[0, 1] X C[O0, 1] X C[0, 1]with norm ||(y1, y2, y3, yo)Il = max{[[y1lleo, l[y2llcos [V3lleos [Iyalleo} With
[IVlleo = max,eqo.17ly(#)].We know that (X, || - |[) and (Y, ]| - ||) are Banach spaces.

Define operators M : X N domM — Y,N, : X — Y as follows:

(pu”)) (1) Af (@, vV (), v (1))
_| (V")) (@) _ | g, u(®), u' (1), u” (1))
M(I/l, V) = T]((pp(u“))/(l) 7N/1(u7 V) - 0

Ta(ep(v")) (1) 0)

where T;y = ¢;,i = 1,2.y € C[0, 1], 1, ¢, satisfy
1 1 X
Jo Ki®) [ eg(fy 6:(r) = edrydsdt = 0 0.1

domM = {(u,v) € Xlp, ("), ,(v'") € C'[0, 17, u(0) = u”’(0) = w(0) = v""(0) = 0}

Lemma3.1 Fory € C[0, 1],there is only one constant c; € R such thatT;y = c;,with |c;| < ||Y|le,and T; : C[0, 1] — R,
i =1,2. are continuous .

The proof is similar to Lemma 3.1 in [Weihua, 2014].

It is clear that (u,v) € domM is a solution if and only if it satisfies M(u, v) = N(u,v) where N = N;.For convenience,
a

let(a, b, ¢, d)t = c
d
Lemma3.2 M is a quasi-linear operator.
Proof. Ttis easy to get KerM = {(b;t, bot) | b1, by € R} := X.

For (u,v) € X NndomM if M(u,v) = (y1,y2,c1,c2)- then ci, ¢ satisfy (3.1).On the other hand ,if y; € C[0, 1], T;y; = c;,
i=1,2take

( u(r) ) _ ( 5@ = $)eq(f; yi(r)dryds
v(r) | fol(t - s)goq(fos v (rdrds |

We can get (u,v) € X NndomM and M(u,v) = (y1,y2,C1, ¢)E then ¢y, c;.Thus
ImM = {(y1,y2,c1,¢2)" | y € C[0, 1], ¢y, cosatisfy (3.1)}.

By the continuity of 7;,i = 1, 2,we see that InM C Y is closed.So,M is quasi-linear.The proof is completed.

Lemma3.3 Ti(c) =c,Ti(y +¢) =T;(y) + ¢, Ti(cy) = cT;(y),i = 1,2,c € R,y € C[0, 1]
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Proof. The proof is simple.Therfore we omit it.

Take a projector P : X — X and an operator Q : Y — Y] as follows:

(P(u, v))(t) = ' (0)1,V' (0)2), Qs Yo Y1, ¥2)" = (0,0, Tyy1 — T1yu, Tays — Tayy)-

where Y} = {(0,0,c1,¢c2)" | ¢c; €R,i = 1.2}.0bviously QY = Y and dimY; = dimX.

By the continuity and boundedness of T;,i = 1,2,we can easily see that Q is continuous and bounded inY.It follows
Lemma3.3 that O(I — Q)(yu, Yv» y1.y2)" = (0,0,0,0)%, v, 1, y1,¥2 € C[0, 1]

Define a operator R : X x [0, 1] = X,

It = g (f; AfGr.v(). v (1), (r)dr)ds

Ru, v, H(®) = fot(t - S)tpq(j(;s Ag(ryu(r), u' (r), w’ (r))dryds |’

where KerM @ X, = X.By (H3) and the Arzela-Asscoli theorem,we can get R : Q x[0,1] = X, is continuous and
compact,where Q C X is a bounded set.

Lemma3.4 Assume that Q € X is an open bounded set.Then N, is M-quasi-compact in Q.

Proof. Tt is clear that ImP = KerM, ON,(u,v) = 0 & ON(u,v) = 8 and R(-,-,0) = 0. for (4, v) € 5,

Af (), V' (), V(1)) 0

_ | gt u@®),u’ ), u” (1)) 0
(1 - Q)N/I(M, V) = 0 - Tl (ﬂ,f([, V([), V/(t), V”(t)))
0 To(Ag(t, u(t), u' (1), u”’ (1))

Af(E,v(@®),V' (), V" (1))
Ag(t, u(t), u’ (1), u” (1))
Ti(Af(t,v(D), V' (1), V" (1))
Ty (Ag(t, u(t), u’ (1), u”" (1))

Since ImM C KerQ, and y = Qy + (I — Q)y,we obtain ImM c (I — Q)Y.Thus (I - Q)N/l(ﬁ) cImM c (I - Q).
For (u,v) € £, = {(u,v) e QNndomM | M(u,v) = N (u,v)}

€ ImM.

RGev,2) :( @ = $)pg( 3 Af (1, v(r).V (1), 9" (r)dr)ds ]

Jo & = $)pg(f; Ag(t, u(r), w (1), w” (0)dr)ds

_ ( J(\)t(t - S)@q(ﬁ)s gop(u"))’(r)dr)ds ]
fot(f = e[, ©p(v)) (rdr)ds
[ u@®—u'0) | _
- ( v(t) — v (0)t ) = = P)(u,v).

i.e. Definition 2.2(c)holds.For u € ﬁ,we have

Af(r,v(r), v (r),v"(r)

_| At u@®,u',u”@®) | _
M[P(M, V) + R(M, v, /l)] - T1 (/lf(t, V(t), V/([), V”(l‘))) - (I Q)N/l(u9 V)

T (Ag(t, u(t), u' (1), u” (1))

Thus,Definition 2.2(d)holds.Therefore,N, is M-quasi-compact in Q.The proof is completed.

Theorem 3.1 Assume that the following conditions hold:
(H3)There exist nonnegative constants Ky, K, such that one of (1)and (2) holds:
(1)
B f(t,A1,B,C1) >0, re€]0,1],|Bi| > K;,A;,Ci €R
and
Byg(t,A2,B2,C2) >0, t€([0,1],|By] > K3,A>,C2 €R
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(2)
B f(t,A1,B,C1) <0, te€[0,1],|Bi| > K;,A;,C1 €R

and
Brg(t,A2,B,C) <0, te[0,1],|B2] > K»,A3,Cr €R

(Hy) There exist nonnegative functions ai(t), bi(t), ci(t), ei(t) € L'[0,11,i = 1,2 such that
| f& x5, 2) IS a1(®ep(| x ) + b1(Dep(| y ) + c1(Dep(| 2 D) + e1(0)

and
| 8(t,x,%,2) IS aa(Dp(| x 1) + ba(Dpp(| ¥ 1) + c2(Dp,(| 2 1) + e (D)

where g (lai@lh + IOl + lleiDl,) < 2574 i 1 < p < 250,22 llai@)lh + 2272 1bi@)lly + llei®ll,) < Vif p =2
The boundary value problem (1.1) has at least one solution.

Lemma3.5 Suppose (H3) and (Hy) hold.Then
Q; ={(u,v) € domM | M(u,v) = Ny(u,v)}
is bounded in X.
Proof. For (u,v) € Q1,we have ON,(u,v) = 0,i.e.
Ty (Af (1 v(@),V (0, V(1)) = 0, To(Ag(t, u(t), u' (1), u” (1)) = 0
ByH3,there exist constants #y, #; € [0, 1] such that | u’(ty) |[< K> and | V' (#;) |< K;.Since u(t) = fot u'(s)ds,

W) = u'(to) + f,; W (s)ds, () = 3 v(s)ds, v (1) = v (1) + [ I’ Vv’ (s)ds,,then that

L u@) [l 4 Jloo, | 4 (@) |< Ko+ [ 4 |loo, 2 €[0,1].

/ 7 717 0.2
[v@) ISV Hleos | V(D) |< K1+ IV loo, 7€ [0, 1] 02

It follow from M(u,v) = N,(u, v),(H4) and (3.2)that

| @q( fot Af(s,v(s),V'(5),v"())dss) |

sﬂq(fol ar@ep(| v )+ bi1(Dep(| V' ) + c1(Dep(| V7 ]) + er(D)d)
@qlUlarlly + 1b1lIDep(Ki+ 11V lleo) + lletlli@p(l V7 lleo) + llealhi]

| u”(2) |

IAIA

If 1 < p<2byLemma2.1,we get

L u” () | ©q(D1 + Cigp 1V leo)
2972 [py(D1) + @4 (C) 1 V" llco]
2972[@y(D1) + ¢ (C1) 1 v ]

ININ A

thus
4 1w 2972 [0g(D1) + @ (C1) [ v ]

where Cy = |lai1ll1 +[1b1ll1 +letll, D1 = (lailly + 1b11l1)@p(K1) + llerlli. On the other hand, since | #/'(2) |< Ko+ || 4" ||eo, t €
[0, 1],we get || ¢’ ||o< Ko+ || 4" ||oo since | u(?) |<|| ¢ |l t € [0, 1],we get|| u |lo< Ko+ || u” ||o.Thus

llull< Ko +2772[py(D1) + @4 (C1) |1 v |1 (0.3)

Similarly,
v II< K1 +2972[@y(D2) + ¢4(Ca) [ u ][] 0.4)

where C; = llaally + [1bally + llealli, D2 = (laally + 1b2ll)@p(K2) + lleally TakeM; = max{29-2¢,(C1), 2920, (C5)},we get
Il ull< Kz + 2920 (Dy) + My || v I,

lvi< Ky +29720,(D2) + My [l ull .
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Since || (u,v) [I=ll w || + 1| v [I, we get

Ki + Ky +27%¢,(Dy) + 2972,(D>)
1-M,

Il (u,v) ll<

If p > 2,by Lemma 2.1,we get
[ 1 (2) 1< 9q(D3 + C30p |V lloo) < @g(D3) + 94(C3) [ V' [l

< g(D3) + @ (C3) [ v I,
thus
4" lloo< g(D3) + g (C3) I v I -

By (3.2),we get

ull< Kz + @q(D3) + @4(C3) [l v I .
Similarly

1vII< Ky + @(Da) + @4(Ca) | v I -
where C3 = 277 2(llailly + Ib1ll) + llcilli, D3 = 227 2(llaylly + 11611l)@p(K1) + lleill, Ca = 277 2(llazlly + 1621l) + licall, Ds =
202 (llazlly + b2l )ep(K2) + llezlli, Take Ma = max{p,(C3), ¢,(C4)} \we get

K1+ Ky + ¢4(D3) + ¢4(Dy)

<
[JORT= A

So we obtain Lemma 3.5.

Remarkl If we take ||(&, v)|| = max{||ul, ||v]|},Lemmma 3.5 still holds.We only need (3.3) into (3.4),we can obtain the
Lemma.

Lemma3.6 Assume (H3) holds,then
Q, ={(u,v) € KerM | QN(u,v) = 0}

is bounded in X,whereN = Nj.

Proof. For (u,v) € Qp,we have (u,v) = (bit, byt),then Ty f(¢t,byt,b,,0) = 0, T, f(t,b1t,b1,0) = 0.By (Hs),we get| b; |<
K>, | by |£ K;.S0,0Q; is bounded.

Proof of theorem3.1 Let Q = {(u,v) € X ||| (u,v) ||< r},where r is large enough such that K; + K» < r < +co and
QU CcQ.

By lemma3.5 and Lemma3.6,we can get if (u,v) € domM N 0Q, then M(u,v) # Ny(u,v), if (u,v) € KerM N 9Q, then
ON(u,v) # 0.

Let
H(u,v,6) = psQu, v)* + (1 = §)JON(u, v).5 € [0,1], (u,v) € KerM N Q.

where J : ImQ — KerM is a homeomorphism with J(0,0, by, by)* = (byt, bit)",

(=1, if(Hs)(1holds
P=Y 1 ., if(H;)(2)holds

1, x>0
sgn(x) = -1 x<0

For (u,v) € KerM N 0Q,we have (u,v) = (b1t, byt) # (0,0)

bt )+(1 —6)( —T>8(t,b1t,by,0)t )

H,v,0) = pa( bt T\ f(t, bat, b, O)1

If 6 = 1, h(u,v, 1) = p(bit, byt)* # (0,0)L1f 6 = 0, h(u, v,0) = JON(byt, bot)" # (0,0)F. For 0 < § < 1,we now prove that
H(u,v, ) # (0,0)F.Otherwise,If H(u, v, 6) = (0, 0)%,then

( T>g(t,bit,by,0) )= ( £p, )
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Since ||(u, v)|| = r > K| + K»,we have |by| > K5 or |by| > Ky If |by| > K;we have
pS o

T1(b2f(t,b2t,b2,0)) = b T((f (2, bat,b3,0)) = mbg

PO

sgn(T1(D2f (1, bat, b2, 0))) = sgn[ba f (1, bat, by, 0)] = sgn( b3) = sgn(p)

1-6
if |b1| > K,,we have

0
T2(b1g(t,b11,b1,0)) = b1 T2(g(1, b11,b1,0)) = 1p_ 517%

0
sen(Ta(big(t.bit. b1, 0))) = sgnlbig(t. bit. b1, 0)] = sgn(:2=b}) = sen(p)

This is a contradiction with the definition of p. So,H(u, v, ) # 0, (u,v) € KerM N 9Q, ¢ € [0, 1].

By the homotopy of degree ,we get deg(JON, QN KerM, 0) = deg(H(-,-,0), QN KerM, 0)_: deg(H(:,-, 1), QNKerM,0) =
deg(pl, QN KerM, 0) # 0 By Theorem 2.1,we find that (1.1) has at least one solution inQ2 .The proof is completed.

Remark2 If ||(u, v)|| = max{||ull, ||v||},Lemma 3.6 still holds.We can take max{K;, K>} < r < oco,we still get the Theorem
3.1.

4. Example

Let us consider the following boundary value problem

(@)Y () = 2 ginx® + 2+ % sinz’ + cost
(Pp(V)) (1) = & cos x® + £y° + f—; cosz’ +sint
u(0) = u”(0) =0,v(0) =v"(0)=0

(1) = [ 20 ()de,v'(1) = [ 32V (0d

4.1)

where p = 6.

Corresponding to problem(1.1),we have g = g,al(t) = %,bl(t) = %,cl(t) = %,el(t) = cost,ki(t) = 2t, ar(t) = %,
by(t) = %, () = %,el(t) = sint, ky(t) = 31*. Take K; = 2, K, = 3,we can get (H,) — (H,) hold.By Theorem3.1,we have
the problem(4.1)has at least one solution.
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