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Abstract 

We show some useful properties of these ideals that give various methods how to get ideals from them, and so our main 

aim is to study their properties. Here, we introduce these ideals i.e., the natural ideal, normal ideal, former ideal (and its 

doublet, latter ideal), proper ideal, normal extension ideal, normal uptake ideal. In particular, we introduce Boolean ideal 

and normal Boolean ideal to grasp the diversity of ideal for BCL
+
 algebras. As a means, we can define quotient BCL

+ 

algebras only in terms of ideal, and we discuss its structure.  
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1. Introduction 

The author (Liu, 2011) first studied that the BCL-algebras, which is a new class of algebra of type (2, 0) and a wider 

class than BCK/BCI algebras. The BCL-algebras progress by Al-Kadi and Hosny (2013), and soft BCL-algebras were 

treated by Al-Kadi (2014). The author (Liu, 2012) was introduced BCL
+
 algebras. A BCL

+
 algebras can be considered as 

a fragment of propositional logic containing only a logical connective implication a binary operation “*” and 1 which is 

interpreted as the value “true”. And in recent years, the author (Liu, 2013-15) has launched a series of original research 

to improve the general development of BCL
+
 algebras. In algebra we can say that the concept of the ideal is important 

such as rings (Isaacs, 1993) and semigroups (Anjaneyulu, 1980); in linear algebras such as Leibniz algebras and Lie 

algebras (Geoffrey & Gaywalee, 2013); in logical algebras such as Hilbert algebras (Dudek, 1999; Sergio & Daniela, 

2012), BCC-algebras (Dudek et al., 2011), and BCK/BCI algebras (Huang, 2006; Borzooei & Zahiri, 2012). It might be 

the best motivation to do something about the notions of ideals in BCL
+ 

algebras. To that end, we will introduce the 

standard ideals for BCL
+ 

algebras in this paper. The key here is to identify ideal, as well as study for their interesting 

properties. Certainly, we want to find some ideals that specifically in ideals of poset, serve as some standard ideals to 

express all the ideals, for example, from the normal ideal to the normal extension ideal. Because of an ideal is precisely 

an object that is both former ideal and latter ideal, and also relationships relevant to the deductive systems.We will work 

on the structure of algebra by ideal in the quotient BCL
+ 

algebras. All these means have become of the distinctive features 

of the ideals in BCL
+ 

algebras. 

2. Preliminary  

In this section, we recall some basic facts about BCL
+
 algebras which will be needed for this paper. 

Definition 2.1 (Liu, 2012)  A BCL
+
 algebra is a triple (Y; , 1), where Y is a nonempty set, “” is a binary operation on 

Y, and Y1  is an element such that the following three axioms hold for any Yzyx  , , : 

(BCL
+ 

1)   1 xx . 

(BCL
+ 

2)   1 yx  and 1 xy  imply yx  . 

(BCL
+ 

3)           xyzyzxzyx  . 

Theorem 2.1 (Liu, 2012)  Assume that (Y; , 1) is a BCL
+
 algebra. Then the following hold for any Yzyx  , , : 

(i) 
   

   1 yyxx . 

(ii)    xx  1  implies 1x . 

(iii)          1 yzzxyx . 

Definition 2.2 (Liu, 2012)  Suppose that (Y; , 1) is a BCL
+
 algebra, the ordered relation if yx   if and only if 

1 yx , for all Yyx  , , then   ;Y  is partially ordered set and (Y; , 1) is an algebra of partially ordered 

relation. 

Definition 2.3 (Liu, 2015)  If D be a nonempty subset of a BCL
+
 algebra (Y; , 1). Then we say that D be a deductive 
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system if 

(DS1)   D1 . 

(DS2)   Dx  and Dyx   imply Dy . 

Lemma 2.1 (Liu, 2015)  Let D be a deductive system of a BCL
+
 algebra (Y; , 1), and suppose xa   whenever 

Da . Then Dx . 

Lemma 2.2 (Liu, 2015)  Let Y be commutative and let for all Yzyx , , . Then the following equalities are satisfied: 

(Y1)      zxyzyx  . 

(Y2)       yzxzyx  . 

Theorem 2.2 (Liu, 2015)  Suppose that B is subalgebra of Y. Then B is a filtration and Bx if and only if 

Bx1 .  

Theorem 2.3 (Liu, 2015)  Let H be a nonempty subset of a BCL
+
 algebra (Y; , 1). Then H is a filtration if and only if 

it is a deductive system. 

3. Main Results 

Definition 3.1 Let I be a nonempty subset of BCL
+
 algebras (Y; , 1), let Ia , Yx . We say that I is a natural 

ideal of Y if  

(NAI)   Iax   implies Ix . 

Example 3.1  Let Y = {1, a, b, c} and the binary operation  on Y by the following Cayley Table 1 (Liu, 2015) and 

Figure 1 display Hasse diagram. 

Table 1. BCL
+
 operation   

 
 
 
 
 
 
 
 
 
 
             
 
 
 

                                          

 

Figure 1. The Hasse diagram of ({1, a, b, c}). 

Then I = {1, b} is a natural ideal. 

Solution.  Let Yx 1 and let Ib , by Definition 3.1, we get Ib  11  for instance. 

Definition 3.2  Let I be a nonempty subset of BCL
+
 algebras (Y; , 1), we say that I is a normal ideal of Y if 

(NOI1)   I1 , and 

(NOI2)   For all Yzyx  , , ,   Ixzy   and Iz  imply Ixy  . 

Example 3.2  In Example 3.1, let I1 . If  

  bbacb  1 ,   

by Definition 3.2 (NOI2), since Icb , , Ia , we have 

Iab  1 . 

Then I = {1, b, c} is a normal ideal. 
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Theorem 3.1  Let I be a normal ideal of BCL
+
 algebras (Y; , 1). Then the following hold for all Yzyx  , , : 

Iyx   implies      Izyxxy  . 

Proof.  Let   Izxy  . By Definition 3.2 (NOI2) and Lemma 2.2 (Y2), we have  

    Ixzyzxy  . 

By Definition 3.1 (NAI), since Iyx  , we have Ix  and Izy  , and so Ixy   and Iz , we see 

that   Izyx  . Let zx  , then 

  zyxzyxy  , 

by Definition 2.2 and Definition 3.2 (NOI1). Thus      Izyxxy  1 .                           □  

Definition 3.3  Let E be a nonempty subset of BCL
+
 algebras (Y; , 1). Assume that for all Yzyx  , , . We say that 

E is a former ideal (FI) and it is a latter ideal (LI) if 

(EI)   E1 , 

(FI)     Exzy   and Exy   imply Ezy  , and 

(LI)     Exzy   and Ezy   imply Exy  . 

Theorem 3.2  If (Y; , 1) is a BCL
+
 algebra, then former ideal (latter ideal) of Y is a normal ideal. 

Proof.  (i) By Definition 3.2 (NOI2) we have that Ixy  . If xyz  , then by Lemma 2.2 (Y1) we can write  

       Ixyxyxxyy  1 . 

Let   Ixyy  , then by Definition 3.2 (NOI2) we have Iy  implies Ixy  , since Izxy  , then 

Izy  .  

       (ii)   Let Izy   and Iz . Then Iy . By Definition 3.2 (NOI2) we have 

       Ixyzyxzyy  , 

since Izy  , then Ixy  . The complete the proof.                                       □ 

Definition 3.4  Let E be a nonempty subset of BCL
+
 algebras (Y; , 1), we say that E is a proper ideal of Y if 

(PI1)   E1 , and 

(PI2)   For all Yyx  , , Exy   and Ex  imply Ey . 
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Theorem 3.3  Let E be a proper ideal of BCL
+
 algebras (Y; , 1). If Eyx  , then Ex . 

Proof.  By Definition 2.2, since yx  . We now have Eyx  1 . Let E be a proper ideal and let Ey . 

Then Ex , and the proof that Definition 3.4 (PI2) is satisfied.                                          □ 

Remark 3.1  Hint that Theorem 3.3, the proper ideal of BCL
+
 algebras is its ideal of partially ordered set. 

Remark 3.2  If PS  , we say that Sa  is a maximal element of S if there is no element Sb  with ab  . 

Similarly, Sa  is a minimal if there is no Sb  with ab  . If S is nonempty but finite, it necessarily contains 

both maximal element and minimal element. In fact, the poset P satisfies the maximal condition if every nonempty 

subset has a maximal element, and dually, it satisfies the minimal condition if every nonempty subset has a minimal 

element. 

Corollary 3.1  Let YI   be a proper ideal. Then I is contained in some maximal ideal. 

Corollary 3.2  Let YI   be a former (or latter) ideal. Then I is contained in maximal former (or latter) ideal. 

Definition 3.5  Let N be a nonempty subset of BCL
+
 algebras (Y; , 1), we say that N is a normal extension ideal of Y 

if 

(NE1)   N1 , 

(NE2)   For all Yyx  , , Nxy   and Nx  imply Ny , and 

(NE3)   For all Yzyx  , , ,    Nxxyz  . 

Theorem 3.4  Let  KkI k    is a normal extension ideal variety of BCL
+
 algebras (Y; , 1). Then 

(i)  If  KkI k    is a normal extension ideal chain (i.e. between any two elements can compare in kI ). Then 

k

Kk

I


 is a normal extension ideal of Y. 

(ii)  k

Kk

I


 is a normal extension ideal of Y. 

Proof.  For part (i), of course, we have k

Kk

I


1 . Now suppose that k

Kk

Ixy 


  and k

Kk

Ix 


 , we have 

Kkk 21  , . Then 
1kIxy   and 

2kIx . We may assume that 
21 kk II  , then 

2kIxy   and 
2kIx , 

where 
2kI  is a normal extension ideal of Y. Since 

k

kk

k IIy 



2

. We prove Definition 3.5 (NE2). We know that 

we can write 

        
 

,                               

                               

y

xxy

xzxyzxxyzz







 

and  

k

Kk

Izy 


 , , imply    k

Kk

Ixxyz 


 . 
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In fact, since k

Kk

Ixy 


 , we have Kkk 21  , , and so  
21

 , kk IIxyz  . Since 
21

 , kk IIx . Then 

   k

Kk

kk IIIxxyz 



21

 , , 

and the proof that Definition 3.5 (NE3) is satisfied. Thus k

Kk

I


 is a normal extension ideal of Y. 

  For part (ii), assume Kk   and let kI1 . Then we can choose k

Kk

I


1 . Let k

Kk

Ixy 


  and 

k

Kk

Ix 


 . Since for each Kk  . Then kIxy   and kIx . If 
kI  is a normal extension ideal of Y. Than 

kIy . This yields k

Kk

Iy 


 , and thus k

Kk

I


 is a normal extension ideal of Y. We prove Definition 3.5 (NE2), is 

also. We also use the part (i) method to prove    k

Kk

kk IIIxxyz 



21

 , . Thus k

Kk

I


 is a normal 

extension ideal of Y.                                                                              □ 

Theorem 3.5  A nonempty subset K of a BCL
+
 algebra (Y; , 1) is a normal extension ideal if and only if it is a 

deductive system. 

Proof.  Let K be a normal extension ideal, we show now that if K1 . Then Definition 2.3 (DS1) is satisfied. To 

prove Definition 2.3 (DS2) suppose Ka  and Kaax  1  
for some Yx . Then by Definition 3.1 (NAI), 

since K1 , we have 

  Kxaxa 2 , 

and so 

      
   ,   

   

1

12 Kxxaa

xxaxxax

xx







 

Thus Ka  and Kxa   imply Kx . We prove Definition 2.3 (DS2). Then K is a deductive system. 

Conversely, if K is a deductive system, then K1 , we have 

     
 
 

.1                

11                

1                

1                

K

aa

xa

xaaaxaa











, 

This for Ka  implies Kxa   for every Kx . Hence Definition 3.1 (NAI) is satisfied.         □  

Definition 3.6  Let I be a nonempty subset of BCL
+
 algebras (Y; , 1), we say that I is a normal uptake ideal of Y if 

(NU1)   I1  and 

(NU2)   For all Yzyx  , , ,   Izxy   and Iz  imply    Iyxxy  . 

Theorem 3.6  Let (Y; , 1) is a BCL
+
 algebra and let U and I be any tow proper ideals of Y, where UI  . If I is a 

normal uptake ideal. Then U is also a normal uptake ideal. 
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Proof.  Let Uxy  , we have  

   Ixxyy  1 . 

We know that I is a normal uptake ideal. By Definition 3.6 (NU2), we have 

        Uxyyxxxyy  . 

By Lemma 2.2 (Y2), we have 

        Uxyxyyxxy  , 

since Uxy  , and U is a normal uptake ideal. Then 

     Uxyyxxy  , 

and since 

                 
     

   ,1                                                                      

                                                                      







yxyy

xyyxyx

yxxxyyxxxyyxxyyxxy

 

and so 

       . xyyxxyyxxy   

By Theorem 3.3, we have    Uyxxy  , and so U satisfies Definition 3.6 (NU2) and hence is a normal 

uptake ideal.                                                                                    □ 

Definition 3.7  Let I be a nonempty subset of BCL
+
 algebras (Y; , 1), we say that I is a Boolean ideal of Y if 

(BI)   For all Yzyx  , , ,    Ixxyz   implies Ix . 

Example 3.3  In Example 3.1, let Ycba  , ,  and suppose that I1 , by Definition 3.7, we get  

   Iaabc  1  implies Ia . 

The subset I = {1, a} is a Boolean ideal. 

Definition 3.8  If ideal I is both a normal ideal and a Boolean ideal. Then I is a normal Boolean ideal. 

Theorem 3.7  Let ideal {1} is a normal Boolean ideal of BCL
+
 algebras. Then any Ya , we have 

   xaYxaB     is a normal ideal of Y. 

Proof.  Let (Y; , 1) is a BCL
+
 algebra, since any Ya , we have  aB1 . Let  aByx   and let 

 aBx , then xa  , and so yxa  . Let ax  , we have yayx  . Since yaa  , we have  

   11 yaa . 
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Since {1} satisfies Definition 3.8 (a normal Boolean ideal of Y), by Definition 3.2 (NOI2) and Definition 3.7 (BI), we 

have 1 ya  (or By Definition 3.3 (LI), since 11aa ). We see that 1 ya  with ya  , and so 

 aBy . We deduce that  aB  is a normal ideal of Y.                                                □ 

In BCL
+ 

algebras (Y; , 1), if YI   is an ideal, we can define the quotient BCL
+ 

algebras IY . To make IY  into a 

BCL
+ 

algebra, we want IYY   to be a homomorphism of BCL
+ 

algebras. Introduce the structure of poset (with 

respect to containment), we are forced to define  : = {BCL
+ 

subalgebras of Y}.  

Definition 3.9  Let   0,|ker   aYaaI . Then I is an ideal of Y , and is also a kernel of zero  

homomorphism  . 

Remark 3.3  Suppose IYIbIa  , . Show that 

      
 
     
     .                             

                             

                             









IbIa

ba

ba

IbaIbIa









 

Theorem 3.8  Let Y be a BCL
+ 

algebra and   be subalgebra in Y, and suppose Y: . Then there exist a 

unique morphism IY: , where YI   is an ideal and define IY  is the coset rI   (is a kernel I in Y) 

and Yr  such that    which means that the following diagram in Figure 2 is commutative. 

 
Figure 2. 

Proof.  Let  YaaIY  |  and let IYa . Since     aa   for some Ya , we have  

          aaaa  . 

Thus   , and Figure 2 is commutative. 

Conversely, since   is a unique morphism, suppose IY: , we have Figure 2 is commutative in this case. 

Then 

          aaaa  . 
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Thus   .                                                                                                  □ 

Corollary 3.3  Let HY :  be a morphism of BCL
+ 

algebras. Then   is a unique morphism iff  eker , 

where e is an identical element. 

Theorem 3.9  Let HY :  is an epic morphism of BCL
+ 

algebras and let kerI . Then IYH  .  

Proof. By Corollary 3.3 the   is a unique morphism, and so by Theorem 3.8 the   is an isomorphism, however, we 

have IYH  .                                                                                             □ 
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