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Abstract

Complete homogeneous symmetric polynomial has connections with binomial coefficient, composition, elementary
symmetric polynomial, exponential function, falling factorial, generating series, odd prime and Stirling numbers of the
second kind by different summations. Surprisingly the relations in the context are comparable in pairs.
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1. Introduction

For each nonnegative integer n, complete homogeneous symmetric polynomial h, (x,...,x; ) or in brief h,{x,} is
the sum of all distinct monomials of degree n in the variables: x,, ..., x; .Formally

hn{xk} = Z x,:l xiz e X
1<i;<..<ip<k
Some special values of h,{x;} are: ho{x;} =1; h,{0} =0; hy{x;} = x, + .. + xand h,{x;} =x] .
The monomials again belong to the distinct symmetric polynomials. More precisely, h,{x,} is the sum of all distinct
monomial symmetric polynomials of degree n in k variables: x;, ..., xj .
Example: hu{x3} = mylxs} + menixs} + melxst + me e}

Meape .. y(X1, o, X ), OF in brief, my . y{x,} = Distinct monomial symmetric polynomial of k variables:
(abc, ..) (abec, ..)
X1, -, X indegreensuchthatn=a+b+c+...]

n°

=(xf + x5+ x3) + (3x, taxd + 3+ xx3 + x3x3 + xx3)
+ (x2x2 +x2x2 + x2x2) + (x%x,x3 + x;x3x3 + X1 x5 x3).

h,.{x;} involves with the recurrences of many patterns. From its formal definition, it is easy to find a fundamental
identity or a recurrence relation which yields further the recurrence relations of two kinds. Some combinatorial
relationships are the consequences of a pair of characterization formulas for the polynomial. A recurrence function for
the polynomial, which is analogous with a function for falling factorial, helps to find the relation of the polynomial with
elementary symmetric polynomial. The relation between the polynomials of two kinds is useful to establish divisibility
of the polynomial-summations by an odd prime. It is a curious fact that many relations involving h,{x,} are
comparable in pairs, and we show the pairs in all topics of the paper.

2. Recurrence Relations of Two Kinds for h,{x;}

Letting that x,, is a definite variable in the set: x;, ..., x4, We denote other k variables by y;, ..., y, . From the
formal definition of h,{x;}, it then follows that a term of h, , ,{y;} is also a term of h, , {{x; + 1}, which does not
contain x,, as a factor; and if x,, is multiplied with a term of h,{x;,,} then the product is a term of
hy, 4+ 1{xx + 1}, which contains x,, as a factor. This implies that h,, , ;{yx} is the sum of some terms of h, , {xx + 1}
where none of these terms has a factor x,,; and x,,, h,{x; , 1} is the sum of some other terms of h, , {{x; +} Where
X, 1S acommon factor of these terms. \We know that the number of terms of h,{x;} is(k +Z‘ ! ) Hence h,, ; 1{yi} i
the sum of (“* ™) among (“*"* 1) terms of hy, 4 1{x; 11} and x,, ho{xy 1} is the sum of remaining (**™) terms
of hy, 4 1{xx+1} Clearly h,,{x; .} is the sum of these two parts. That is, we have the following fundamental
identity or recurrence relation for the polynomial.
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by {11} = hpy 1t} + Xom Al 44} - @
When x,, = x; ;1 then other k variables are: x, ..., x; for which evidently we can write {x;} instead of {y,} in (2).
Hence from (1), we have:
by 1{xi 41} = hny{ad + X1 haloe 11} (1.1)
(1.1) can yield the recurrence relations of two kinds. We show other applications of (1.1) also in the subsequent topics.
2.1 Kind 1 with a Series of k Terms

From (1.1),
k k
D T eslriead = s s}l = Y xira b fxian).
i=1 i=1
k+1
= hyaled = ) xihy {5
i=1
k
= halid = ) %y 06 @)
i=1

(2) is the recurrence relation of kind 1 whose applications are shown in Topic 3.3 and Topic 4. The modified form of (2)
is (2.1) below. We can write:
k
hl{xk} = z _ xi1 .

1=

Then from (2),

hy{xx} = ixi hi{x;} = Zk: Xi, i Xiq -

i=1 ir=1 i1=1

Inthisway h,{x,} isa recurrence such that

ho{x,} = z Xipy - Z Xis Z Xi, Z Xi, - 2.1)

in=1 iz=1 ip=1 ip=1
(2.1) has specialty to generate all (“*"~*) terms of h,{x,} that involve with (“*7~*) ordered integers. Let (2.1)
be decomposed for k =3 and n € (1, 2, 3) in succession.
hi{xs} = x5+ x, + x4.
hofxs} = x3 (k3 + x5 +x1) + x5 (x5 + %) + x1.%4

X3.X3 + X3.%; + X3.X%1 + Xp.% + Xp.%1 + X1.%q .
ha{xs} = x3 (x3.%3 + X3.%5 + X3.%; + Xg.%5 + X5.%; + X1.X1)
+ xy (Xg.5 + X520 + X1.%0) + Xp.%0.%
+ Xy %Xy FXp. Xy X0 F XXX + X7 X7 X
We can find the integer-sequences with respect to the bottom indices of x;, x, and x; in the decompositions of h, {x;}
for n =1, 2 and 3. The sequence for h;{x;} is: 3 >2 > 1. Omitting the multiplication dots (-), the sequence for h,{x3}
is: 33 >32>31>22>21>11; and for hy{xs} is: 333 > 332 > 331 > 322 > 321 > 311 > 222 > 221 > 211 > 111

respectively. Each sequence is the immediate consequence of the previous one. Thus the sequence for h,{x;} is: 3333 >
3332 >3331>3322> 3321 > 3311 > 3222 > 3221 > 3211 > 3111 > 2222 > 2221 > 2211 > 2111 > 1111; and so on.

We further notice that the number of terms of h,{x,} is k; this of h,{x,} is: Zl_ll or ('” 1) this of hs{x; } is:
- 1(“r 1)or **2); and so on. In other way the number of terms of h,{x;} is ¥ _(%); then this of h,{x,} is:
DA _1( and so on. Thus (’€+ "~1) or the number of terms of h,{x,} isa recurrence similar to (2.1) such
that
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RS D AW )

in=1 iz=1 ip=1 i1=1
2.2. Kind 2 with a Series of n + 1 Terms
Again from (1.1),

n

n
Y i Thya Genn) = Gewahliead] = Y xi] aaded.

j=1 j=1
n+1
— n+1 n-j+1
= hpy1 {1} = 2851 + Z Xk +1 hj{xk}-
j=1

[ lxes1d = X1 + hafxd ]

= hpfxe 41} =xg 41+ zx’“'l h{xk}

j=1

n

= hp{xe 44} = Z x:;’l hj{xk}-

j=0

(3) is the recurrence relation of kind 2. Substituting 1, ..., k+1for x; , ..., xx 44, (3) isreduced to

hok +1) = Z(k+ 1"~ hi{k} .

j=0
A consequence of (3.1) is:
l)n + k-1
= -1l .
in a process of recursive substitution as shown.

h{1}=1= ﬁ ; then from (3.1):

h,{2} = 2"~ h {1}
2

2n+1 -1 1 2n+1

1 . .
= "5 -1 ool _ o1l _ 1ro ,which is (3.2) for k = 2.

n{3}=3n+23n i hy{2)
j=1
_ n o n-—j 2j+1 1
_3+Z3 o1 110!
j=1
2 n n
_ an n-joj-1 _ _— n-j
=3 +0'1IZ3 2 1'0lz3
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2% (3" —2m) 3" -1
= 3"+ —
0011 (3-2) 10 (3-1)
2? 1 2n+2 1
— n
=3 (1+1!1! '2!0!) EEETR TR

3n+2 2n+2

1 . .
= orar " toaror whichis (3.2) fork =3.

To find the successive results from (3.1), we use the identity:

(k+ 1)k Kk 1
0k Tk-1) T -+ (CDF =L

k! 0!
Its derivation is shown in the next topic.

In general the above process of recursion runs in the following way.
hfk+1} = (k+ D" + (k+ D" Y h{k} + (k+ D" 2 h{k} + ... + h,{k}

k-1

_ n " ;o k= DF
= k+D" + (k+1) 120(—1) ARCEE T
. L ')k+1 l(k_l)k+n—1
+(k+1) ZZ( 1)l,(k— .+Z( D T
kk
=k+1D"+ TCEES]] [((k+D" 1+ (k+D" 2k + ..+ k" 1]
(k_l)k n-1 n-2 n-1
- TTa-) [(k+D)" P4+ (k+D"2(h=1) + .. +(k—D"" 1] + ..
1
+ (—1Dkt Do [(k+D* P+ (k+1D)""2 + ..+ 1].

k¥ (k+D"-k"  (k-1D* (k +1D)"-(k-1D)"
ol(k-1! (k+1)-k 1U(k-2) (*k+1)-(k-1)

= (k+ 1"+

_\k-1 1 (k+1)™ -1
+(=D (k-D!o!  (k+1)-1

= (k+1)" |1 i (k- 1" pe-1 L
=GR+ D" 0T T agozy T T OV o
kn+k (k_l)n+k
T U (k-1 20 (k-2)! -+ D r k! 0!
3 (k+1)n+k kn+k (k_l)n+k
= T0k T Gk-1) T 2 (k- 2) -+ D r ko
[By (3.3)]

p et1-pntk
ZH il (k=0!

2.3 Relation between h,{k} & Exponential Function

+ ..

(3.3)

A pair of expansions of (e' — 1) helps to find the relation of the function with h,{k}. Pairing in the relation is

remarkable.
(a) Expansion 1: By the Binomial Theorem,
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(ef — 1)k = et — (f) et 0w (1R (D Jet + (<D

:(lg) [1+tk+ ;2 N ]— (I;) [1+ t(k—1)+#+ ]+

2

+(—1)"‘1(kf1) [1+ t + ;—l + ] + (1) (:)

k-1

k oo
PN iy (K Z _oym £ g0 =
= (et -1k = Z( o () D - — 100 =1, (4.1)
n=0 m=0
(b) Expansion 2: Again,
t?  t? .
t k _—
(6—1) —(t+2—|+3—'+)
=tk + :— tk*+1 4+  the terms containing the higher powers of t. (4.2)
Equating the coefficients of t™ for 0 <m <k, from (4.1) and (4.2),
k
1 k 0,ifm {0,1,..., (k — D}. (5.1)
_ —_1\n —_a\ym —
m! Z)( D (n) (k=mn) {1, ifm = k. (5.2)
n=

(5.2) is (3.3) with a minor variation.
Excluding the terms for 0 <m <k — 1 whose values are all 0, (4.1) can be written:

k ® m
(et — 1)k = Z(—nn (fl) Z(k—n)m % (6.1)
n =0 m=k

From (3.2) and (6.1),

[oe]

. B hn{k} tht+n
(e —1)k = k'zW (62)

n=0
It is interesting that the expression under Y. on the right of (6.2) contains three pairs of n & k.
The Stirling number of the second kind: S(n, k) is the number of ways of partitioning a set of n elements into exactly k
nonempty subsets. A relation between e and S(n, k) is given by:

S, k) t"

(et — 1Dk = k! -

(6.3)
n=0

h,{k} and S(n, k) are comparable. From the definition of h,{x,} in the introduction, it follows that h,{k} or

h,(1,2,...,k) are the positive integers for n 5 k. The special case is: ho{k} = 1. On the other hand S(n, k) are the

positive integers for n > k. S(n, k) = 0 for n < k. Then excluding the terms whose values are all 0, the modified form of

(6.3) is:
z :S(n +k, k)tntk
t_ k — |
(et =1 k! ) . (6.4)
n=0
From (6.2) and (6.4), we get the relation:
h.{k} = S(n+ k, k). (7
The familiar counting formula for S(n, k) is:
1% k
S, k) = EZ}(—D ()= ®)
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(7) is the consequence (3.2) and (8) also.
2.4 Link between the Recurrences for h,{x;,} Whenxy, ..., xx = 1, ...,k

When x4, X, ... = 1,2,... then from (3.2) and (2), we get:
1 l)n+k—1 _ k-1 i (k_i)n+k—2
Z(_) N k=1-0D! ‘k;(_l) il (k—1—10)!
k-2 1
[ (e—1—pntk-3 ; 2-9"
vk —1);(—1) s ...+z;(—1) T CEnTRaE! (9.1)

The left hand side of (9.1) is a finite series of k terms and the right a finite series of (k+ ... + 1) or %4 k (k + 1) terms. We
can write both the series in the order of k™, ..., 1™. Then the modified form of (9.1) is:

gkt k—D"+ -+ 1" = dikm+ dy (k=D 4 4+ dp 1™ (9.2)
where d k™, d,(k—1", ..., d, 1" are in succession one, the sum of two, ... , the sum of k terms among “2 k (k +
1) terms of the series on the right of (9.2). Equating the coefficients of like powers, we get: dy =c¢;; d, =c¢y; ... ;

dy = ci. The general form of these equalities is the following identity.

i(_l)i (k+l—)kl_1 = (=™ k_m (10)
i! m!
i=0
(10) is the link between the recurrences of two kinds for h,{k} and can be established further by induction on m easily.
3. Comparable Pair of Characterization Formulas for h,{x;} and Pairs of Summations
We can characterize h, {x;} by a similar pair of generating series with a difference of same and alternating signs in the
summations as shown.

bt - | | + a2 = 2. (L1
2 o] Jo

n-1 n-i

D D a3 | @+ comar = (11.2)
i=0 j=1

Sameness in the proposed series is owing to the same sequence of equal humber of variables in equal numbers of terms
of the summations both of which are equal to x™. Applying (1.1), we can prove both (11.1) and (11.2) in the same
process of induction on n. Here we give the proof of (11.1).

Proof of (11.1): The proposition is trivial for n = 1. Consider the proposition holds for any given n. Then we deduce that

> s ]_[ (=) + At
i=0 j=1
- ﬂ(x—xj) + hl{xnﬂ}n(x—xj) + by {x,) H(x—x]-) + o
j=1 j=1 j=1
+ hy _1{x3}]_[]_1(x x]) + hy, {xz}H1_1(x x]) + xn+1
(x=x) + [x,41 +hy{x,}] (x=x) + [x,hy (X} + hy{x,—1}] (x—x5)
= [l [l NE
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1

+ o+ [xh, {0} + hn{xl}]l_[(x—xj) + X+l

i=1
[By (1.1)]
n+1 n n n-1
= H(x—xj) +Xp 41 H(x—xj) + hy{x,} n(x—xj) + x, H(x—x]-) + ..
j=1 ji=1 j=1 j=1

—+

2 1 1
bl || =) +x [ Jo-m)| + [ hated [ Joe—n) + a2

j=1 j=1 j=1

n

xl_[(x—xj) + xhl{xn}l_[(x—x]-) + .. + xhn_l{xz}l_[(x—xj) +xx7.

j=1 j=1 j=1

= x.x" = x"*1,

The proposition follows. I

3.1 Pair of Expressions for ¥¥_,(** ™~ )i from (11.1) and (11.2)

Letting the power series: 1™ + 2™ +--- 4+ x™ as the initial condition or zero order recurrence series: Sy(x™), we define
the m™ order recurrence series: S,,(x™) by the recurrence relation: S,,(x™) = T=1Sm-1G™.

The initial condition is:

X
So(x™) = Zj”=1"+2”+ o ™.

j=1
Then
X
S, (x™) = Zso(jn) =1"+ A" +2M)+ .. + A"+ 2"+ +x™)
j=1
X
=Y aHt-Din;
i=1
X X X
SN =Y S =) DG+ 1D
j=1 i=1 j=1
X
_ X+ 2—1\.
= Z( ) )l".
i=1
In general,
X
+m =iy,
Sw) = Y (P (12)

i=1
We can derive a pair of combinatorial formulas for S,,,(x™) from (11.1) and (11.2).
(a) S, (x™) from (11.1)
Substituting 1, ..., n for x4, ..., x, in (11.1),
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= Zhi{n+1—i}(x—1)n_i. (13)

[Falling factorial: (x), = x(X-1) (x-2)...(x—n+1).]

= Z h,_; i+ 1}(x —1);. (13.1)

i=0

When x — 1 < n then the values of the last n — x + 1 terms on the right are all 0 owing to the law: ;P, or (a), =0 fora
< b; and in this case, x™ is equal to the sum of the first x terms. By the usual notation of combination, the modified
form of (13.1) is:

n

X = Z i hn_i{i+1}(x;1). (13.2)

i=0

Then

So(x™) = Z] - Zl' o - 1{1+1}Z

j=1 j=1
=SGM = ) ithy G+ (5 4)- (14)
i=0
Consequently,
= S, (x") = Zo it by i1y (5. (15)
(b) S;.(x™) from (11.2)
Substituting 1, ..., n for x4, ..., x, in (11.2),
x" = D'hin+1-i3(x+n—1),_;. (16.1)
2
= Z (~Di (n =) h{n+1— i} (x:fi_i)- (16.2)
Then
S =) )" Z( ! (n - i)! h{n+1—l}z (*h
j=1 j=1
= Sy(x") = Z(—ni (= hfn+1-i} (FF ”I 1= i). (17)
Consequently,
Sw™ = T oD (=Dt hfn+ 1— gy (FFMEREITE), (18)

3.2 Expressions for Y7 _;j"(j +7), and X7_,j"(j — 1), -, from (13.1) and (16.1)
(@) Xi-1J"( + 1), from (13.1)
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Multiplying (13.1) throughout by x (x + r),. and then substituting n — 1 for n,

D), = D (G

- Z G, = Z hn_i{i}io‘mm
j=1 i=1 j=1

_21_1 n-— L{} i+l (x+r+1)r+i+1.

32] G+1, = G+r+De, Z o ell} g = Dic (19)

j=1 i=1

r+i+1

(b) Xf=1j"G — 1)y —1 from (16.1)
Multiplying (16.1) throughout by x (x — 1),._; and then substituting n — 1 for n,

M@=,y = ) D == 1= D
i=0

:zx:j"(j—l)r_l _ Z( 1)lh{n—1}z GHAn—1—rin_1-i

j=1 j=1

Z( D hyfn =} e 4= D,

i=0

32] o—1>r_1—(x+1>r+12( D h{n =Bt Dp o (Q0)

j=1 i=0

3.3 Applications of (19) and (20)
(a) Application of (19) to find h,{k}, h,{k}, ...
We can apply (2) and (19) to count h,{k} for n =1, 2,... Substituting 1, ..., k for x;, ...,x; in (2), we get: h,{k} =
K ih,_1{i}. Simply we write: h,{k} =Ykh, , {k} or the summation series whose k™ term is k h,, _, {k}; and
then obtain the counting formulas for h,{k}, hz{k} . as shown.
hik} = Sk = S k(k + 1) .

Applying (2) and (19),
hotk} = Xk hi{k}

= Xk (k+1)
= S (k+2)3[5 + 5 (k=11

= i D@k +1);

hs{k} = X k hy{k}

=1y (I @Bk +k)
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= % (k+2); B3k +k?)
= (43, [3@+ D+ k- DGR+ D + 2k - 1), 3]

=2 (k+3), [1+2(k-1) + 2(k- D)(k-2)]

NCRIGRE

In this way,

ho{k} = i (* T%) (15K3 + 30k? + 5k — 2) ;

hsthk} = < (“E5) (1) Gk + 7k - 2);

1
576

helk} = — (% °)(63k5 + 315k* + 315k® — 91k? — 42k + 16);

holky = — (“37)(“17') (9%* + 54k* + 51k? — 58k + 16).

From (3.2), we get: h,{1} =1 and h,{2} = 2"*1 —1; and hence primarily it is easy to verify the above successive
results by puttingk =1 and k = 2.

(b) Application of (20) to find e, {k}, e,{k}, ..

Implementing the method of derivation of (1), we can also derive a fundamental identity for elementary symmetric
polynomial. For n of k variables: x,, ..., x; , elementary symmetric polynomial e,, (x;, ...,x;) orin brief

en{xi} = Z X Xiy oo X
12i3<ip<.. <ip <k

Some special values of e, {x;} are: ey {x;} =1,forn>k, e, {xx} =0; e {xx,} = x; + -+ xp;
exf{x} = x1x5 xp .
Letting that x,, is a definite variable in the set (x;, ..., xx +1), We denote other k variables by y;, ..., y, . Then by the
definition of e, {x,}, the following laws hold:
The number of terms of e, {y,} is (¥). Aterm of e, ,{y} fork>n+ Lisalsoaterm of e, 1{x; 4}, which does
not contain x,, as a factor; and if x,, is multiplied with a term of e,{y,} then the product is a term of e, , 1{xx+ 1},
which contains x,, as a factor. This impliesthat e, , {y,} isthe sum of (n’i 1) terms of e, ; 1{x; 4+ 1} where none
of these terms has a factor x,,; and x,, e, {y,} is the sum of other (Z) terms of e, , {xx+1} Where x,,is a

n "

common factor of these terms. Then we have the following identity from the basic laws.

ens1{Xk+1} = ener{vi} + xmen{yi}- (21)
We use (21) in the next topic. When x,,, = x; ,, then other k variables are: x;, ..., x; for which we can write {x;}
instead of {y,}. Hence from (21),

env1lXk+1} = enorlad + xepien{nd. (21.1)
K K
= D lenialiien) = envald] = ) wsenln).
i=1 i=1
K
= eny1{Xks1} :in+1en{xi}- (21.2)
i=1

Writing 1, ..., k +1 for x;, ..., x4 +1, (21.2) is reduced to
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k
ensalk +1} = D @1+ Den (i)

i=1

k

= e (k} = Z ie, {i—1}. (21.3)

i=1
[eo{k} = 1;fork<n, e,{k} =0]
To obtain the values of e;{k}, e,{k}, ... in succession, we write (21.3) simply as: e, {k} =Y ke, _,{k — 1} or the

summation series whose k™ term is k e, _; {k — 1}. Applying (20) and (21.3), we find the successive counting formulas
as shown.

ek} = Tk = %k(k+ 1).

Applying (21.3) and (20),
ex{k} =X kefk -1}

=~ %k? (k- 1),

== (k+ 135 (k+2),— 5]

= 2 (“1M Gk + 2);
estk} = Y ke{k—1}
= iZk (*) (3k-1)

= 1 Y (k-1),EK-K)

24
= 2+ D [2(k+3); - 2GR+ D K+ 2+ 13+ 1)]

=I5 k3K +D - 2(k+2) + 1]

- (k+1) (k+1)
4 2 '
In this way,
ek} = i () (5k3 +15k? — 10k — 8);
estk} = = (1) (1Y) B2 —k—-6)
eslk} = — (“37")(63k5 - 315k® — 224k? + 140k + 96);
ek} = — () (*3") (9k* — 18k® — 57k? + 34k + 80).

Since e, {k} = k! for n =k, primarily one can verify the above results by putting n = k.
Remark 1: Comparable forms of h,{k} and e {k}
The general form of the formulas for h {k}, h,{k}, hs;{k}, ...;and this for e {k}, e,{k}, es{k}, ..., can be written:

h{k} = %(’;:g) (P k™ + .+ ). (22.1)
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1 —
en{k} = — ErD) @kt + o+ q). (22.2)

Remark 2: Common property of divisibility of h,{k} and e.{k}
Forn=1hy{k} = e {k} =1+..+k = (“I"). Wealso notice that (“* ) occurs as a common factor in the

successive formulas for both h, {k} and e, {k} whenn =1, 3,5 and 7. Different integer-values of h,{k} and e,{k}
which can be obtained from their counting formulas lead to guess their common property of divisibility as stated in
Conjecturl.l.

Conjecture 1.1: Both h,{k} and e,{k} are exactly divisible by I + ... + kif nis odd.
Conjecture 1.2 can be the basic rule with respect to Conjecture 1.1.

Conjecture 1.2: A monomial symmetric polynomial of degree nin 1, 2, ..., K is exactly divisible by 1 + ... + k ifnis
odd.

h,{x,} is the sum of some distinct monomial symmetric polynomials and e,{x,} is a special monomial symmetric
polynomial. Therefore if it is possible to establish Conjecture 1.2 then Conjecture 1.1 is established at once.

Examples for Conjecture 1.2: Partitionsof 5are: 5, 4+1, 3+2, 3+1+1, 2+2+1 2+1+1+1, 1+1+
1+ 1+ 1. We present below two polynomial summations with respect to the partitions: 3+1+1and 2+ 2 + 1.

Mmea(1,23) = 13-2-3 +1-23-3 + 1-2-3% = 84,

Mmz21)(1,2,3,4) =12:22-3 + 12:2-3%2 +1-22:324 12224 +12-2-42+1-22-42

+12-32-4 + 12-3-4% + 1-32-42 + 22-32-4 + 22:3-4% 4+ 2-32-4%2 =1030.

84 and 1030 are divisible by (1 + 2 + 3) and (1 + 2 + 3 + 4) respectively.

4. Comparable Recurrence Functions for (k), and e,{x,} and a Relation between h,{x,} and e,{x;}
(a) Recurrence function for (k),

Letting the initial condition: F(1, k) = (k);, we define an (n + 1)" order recurrence function F(n + 1, k) by the
recurrence relation:

Fn+1,k) =(n+k);Fnk) — n+k), Fn—1,k) + ..
+ (D" *(n+ k), F(L, k) + (D" (n+k)psq. (23.1)
The solution of the recurrence function is Propositionl.
Proposition 1: F(n+1, k) =0.
Proof: The sum of the last two terms of the relation is:
D" AR, (LK) + CDM (R
= (D" MM+ Rk ~ (B 1)
=-D""Yn+kn+k-1D..k+Dk - (n+kn +k—1).. k} = 0.
It is then easy to prove the proposition by induction on n. We have: F(2, k) = 0. Assuming that the proposition is true for
the first n natural numbers for any given n, we deduce that
Fn+2, k)=(n+k+1),Fn+1, k)-(n+k+1),F(n, k) + ..
+ (D" '(n+k+1),F2, k) + (D)"(m+k+1), . FQ k) + (D" '(n+k+1),,,.
=(m+k+1),;-0-(n+k+1), - 04+ .. +(-D" '(n+k+1), -0 +0
=0.
The proposition follows. 1
(b) Recurrence function for e, {x;}
Replacing the coefficients: n+k), m+k),, ..n+k)y,q from (23.1) by
erlnvih e {1} o eny1{xn 4+ 1} respectively, we consider the recurrence relation (23.2) with the initial
condition: F(1, k) = e;{x} as shown.
Fin+1,k) = e;{xp+ e} F(L, k) - ex{xy, sk} Fin—1,k) + ...

+ (D" ey, 3 F(A k) + (D" ey 1{xn 14} (23.2)
(23.1) and (23.2) can yield the similar recurrence expressions that we show in Topic 4.2. The solution of the recurrence
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function: F(n + 1, k) is Proposition 4 which is the consequence of Proposition 2 and proposition 3.
Proposition 2: F(n,1) = x]*.
Proof: We give the proof by the method of induction.

F(1,1) = x; ;

F(2,1) = ei{x} F(1L,1) - e {2} = (1 + x2) x4 — %1 X, = x7.

Hence the proposition holds for n = 1 and for n = 2. To complete the proof, we assume that the proposition holds for
allne ¥with1< n< m.

Then we deduce that

Fim+1, 1) = ej{xp 41} F(m, 1) - ... + (_1)m_1em{xm+1} F(1, 1) + (=DMepi1{xmiql-
zel{xm+1}xin - . + (_1)m_lem{xm+1}x1 + (_l)mem+1{xm+1}-

[By inductive assumption]

= [xl + el{ym}] x{n - [xl 91{)’m} + eZ{ym}] x;‘n—l + ..

+ (D™ 2 em o1 {ym} + em mdl 2 + (1) x1 em{yim} -
[By (21)]
=a" "+ [edlymd " —eafymd '] — [ealym} " 1 — eafymd 2" 11+
+ (D™ em{ym} X1 — em{ym} 211
— x{n+1 )
The proposition follows. I
Corollary1: F(n, 1) = h,{x; }.
Proposition3: F(n+1, k+1)= F(n+1, k) + x, ., F(n, k+1).
Proof: The proof is inductive on n. When n =1 and k is a fixed positive integer, we find:
F2, k+1) = eif{xg 123 F(L, k+ 1) — e {xp 42}
=[leifxk 1} + x4 2l FAL b+ 1) — [exfxe i1} + xpv2 eafxes 1}l
[By (21.1)]
=e{x+ JIFL k) + o] +xe 2 eloe s} —eafx o1} — xevz el dd
=e{xs 3 F( k) — exfxei1} + xppq ey}
=F@2, k) + x+.FQ, k+1) .
Hence the proposition holds for n = 1 and a fixed k. We assume that the proposition holds for n e ¥with 1 <n<mand a
fixed k. Then we shall show that the proposition holds for n = m + 1 and a fixed k. We deduce that F(m + 2, k + 1)
= ef{xtkimet Fm+1, k +1) — ex{x)ym+21 F(m, k +1) + ...
+ D" e i ime 2 FQL E+1) + (D" eyl ma2) -
=[led{xksme1} + Xksma2l FOM+1, k +1)
—lex{xksme1} + Xesmeze{Xesme ] FOm, k +1) + ..
+ (D™ lemelisme + Xesmaez em{ems JIFQ k +1)
+ED™ T [ems 2k ame 1) + Xevmaz emerleemedd] -
=e{xpimed Fm+1, k +1) — ex{xpmed FOm, kK +1) + ...
+ (DM epp ik am+ 3 FA k+1) + CD™ eyl ma 1}
+ X omez2 FMm+1, k+1)— xpme2 Fm+ 1, k+1).
=e{xx s me 1} [FM+1, k) + x4 1F(m, k +1)]
—efxkime 1 [Fim, K) + xp . Fm—1, k + 1)] + ...
DM em 1k s ma 3 [FLE) + X i1] + (D™ ey 4 oy ma 1) -
[By inductive assumption]
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=Fm+2, k)+x,,. Fim+1, k +1).
Thus we have the proposition by induction on n. Yet k can be given any positive integer-value to obtain the above result.
It follows that the proposition holds for all n, k € &. 1
Proposition 4: F(n, k) = h, {x;}.

Proof: From Proposition3,
k k

Z [F(n+1,i+1)- F(n+1,0)] = in+1F(n,i+1).

i=1 i=1
k

= Fn+1Lk+1)- Fn+1,1) = in+1F(n,i+1).

i=1

By Proposition 2,
k+1
Fn+1, k+1) = in F(n,i).
i=1
Then
() F2, k+1) = x4, F(L, k+1) + ..+ x, F(1, 1)
= X1 {1} + oo+ xh {0}
[The initial condition for (23.2) is: F(1, k) = e; {xx} = hy{x}]
= hy{x 41} [By (2]
(i) FG k+1) =x,,1F2, k+1) + ... + x;F(2, 1)
=xep1ha {1} + oo+ X h{xg}
= ha{x 4+ 1}-
Thus

F(Tl+ 1, k + 1) = hn+1{xk+1} .

By the initial condition and Corollary 1,
F(nl k) = hn{xk}'
This completes the proof. 1
4.1 Relation between h,{x,} and e,{x;}
From (23.2) and Proposition 4, h,, ; 1{x;}
= € {xk + n} hn{xk} - ..+ (_1)n -1 en{xk + n} hl{xk} + (_1)11 €n+ 1{xk + n}

Since hy {x;} = eo{x,} = 1, the above recurrence relation can be written:

n
D D el in- i} - iad =0. (24)
i=0
We use (24) in Topic 5.
4.2 Common Occurrences of the Compositions in the Recurrence Expressions from (23.1) and (23.2)
(a) The initial condition of (23.1) is:

F(L,ky = (k). (25.1)
From Propositionl,
0 = F2,k = F@B,k = F4k =
That is,
0=(k+1),(k)y — (k+1),. (25.2)
= (k+2)(k+11(k); - (k+2)y (k+ 1= (k+2), (k)y +(k+2);. (25.3)

= (k+3)1(k+2)y (k+ 1)y (k)y = (k+3); (k+2),(k+1),
= (k+3); (k+2)2 (k)1 + (k+3)y (k+2)3 — (k+3); (k+ 1), (k)
+(k+3), (k+1); + (k+3)3(k); — (k+3),. (25.4)

The process to find the successive results is recursive substitution. We get: (i) (25.2) from (23.1) and (25.1); (ii) (25.3)
from (23.1), (25.1) and (25.2); (iii) (25.4) from (23.1), (25.1), (25.2) and (25.3); and so on. (25.1) contains only one
bottom index: 1. Two sets of bottom indices in two terms of (25.2) are: (1, 1) and 2 such that 1 + 1 = 2. Four sets of
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bottom indices in four terms of (25.3) are: (1, 1,1), (1,2), (2,1)and3suchthatl+1+1 = 1+2 = 2+1 =
3. Eight sets of bottom indices in eight terms of (23.4) are: (1,1,1,1), (1,1,2), (1,2,1), (1,3), (2,1, 1), (2,
2), (3,1)and4 suchthatl+1+1+1 = 1+1+2 = 1+2+1 = 143 = 2+1+1 = 2+2 = 3
+1 = 4.Thus1, 2, 4and 8 sets of bottom indices in 1, 2, 4 and 8 terms of (25.1), (25.2), (25.3) and (25.4) involve
with 1, 2, 4 and 8 compositions of 1, 2, 3 and 4 respectively. In this way 2"~ terms of (25.n) can involve with 2" ~1
compositions of n.

(b) The initial condition of (23.2) is:  F(1,k) =

hi{x} = exfxi}. (26.1)
Then from (24) which is the consequence of (23.2) and Proposition 4, the recurrence expressions are:
ho{xi} = er{x 1} e} — ex{xe 44} (26.2)
hs{xi} = er{Xisz} er{xisa} el } — er{xiia} ea{xpyq}
—ex {12} er{xi} + es{xps2} - (26.3)

hafxi} = ex{xx 13} ex{xp 4 2} ex{xe + 1} e (o}
— er{xp st er{xi s o} el 4 1} — el 4 3} ea{xi 4 2} en{xi}
+ e1{x 43} es{op + 2} — ex{xi s} er {1 1} er{i }
+ex{xp+ 3} e 1} + esfxeis}e{n} — exr s} . (26.4)

1, 2, 4 and 8 sets of bottom indices of the notation: e in 1, 2, 4 and 8 terms of (26.1), (26.2), (26.3) and (26.4) involve
with 1, 2 , 4 and 8 compositions of 1, 2, 3 and 4 respectively. In this way 2"~ terms of (26.n) can involve with
2" =1 compositions of n.

We further notice that ‘k’ occurs inside the parenthesis of (25.1); and as the bottom index of X in (26.1). Two sets of
parenthesis in two terms of (25.2) contain two sets of integers: (k + 1, k); and k + 1; which are also two sets bottom
indices of the notation: x in two terms of (26.2) in the same order. Four sets of parenthesis in four terms of (25.3)
contain four sets of integers: (k + 2, k + 1, k); (k + 2, k + 1); (k + 2, k); and k + 2; which are also four sets bottom indices
of the notation: x in four terms of (26.3) in the same order; and so on.

5. Divisibility of h,{k} by an Odd Prime

We establish here two theorems regarding divisibility of h,{k} by an odd prime p. The famous Lagrange’s Theorem in
classical number theory is important to prove the theorems.

Lagrange’s Theorem: Let p be an odd prime and x an integer, and let
+Dx+2) ... x+p-1) =xP 1+ xP 7?4+ Lt x+ (p—1)!
Then the coefficients ¢;, ..., ¢, _, areall divisible by p.

Lagrange’s Theorem in short form: If p is an odd prime and n an integer with 1 <»n <p — 2 then e, {p — 1} =
0 (mod p).

Theorem 1: An odd prime p divides h,{k} ifk+n=p, n>1k>2.

Proof: Substituting 1, 2, ..., k for xq, x,, ..., x; respectively, we get the reduced form of (24):
n
Palk} = D (D Vel +n= 13 hy (K. @7)
i=1

When k + n=p, n>1k>2then 1 <n<p- 2 By Lagrange’s Theorem, the coefficients: e;{k +n—1}, ..,
ex{k +n — 1} on the right of (27) are all divisible by p ifk + n =p, 1 <n < p - 2. The theorem follows at once.l

We can enunciate Theoreml in an alternative form.
Alternative form of Theorem 1: If p is an odd prime then h;{p — 1}, h,{p — 2}, ..., h,_,{2} are all divisible by p.
Theorem 2: An odd prime p divides h,{k}ifk+n=p+1,n>1 k>3.
Proof. From (1.1),

hotk} = ho{k — 1} +k h, _4{k}. (28)
Let us verify divisibility of the right hand side of (28) by p. By Theorem1, p divides:
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(i) hp{k —1}ifn+(k -1)=p, n>1, k-1>2 and
(ii) hp_{k} if(n -1 +k=p, n-1>1 k=>2.
p divides kh, _,{k} ifn=1and k =p.

It follows that p divides both the terms on the right of (28); and hence divides h,{k} ifk+n=p+ 1 rn>1 k>3. This
completes the proof. 1

Alternative form of Theorem 2: If p is an odd prime then hy{p}, h,{p — 1}, ..., h, _,{3} are all divisible by p.

(1) and (21); (2) and (3); (2.1) and (2.2); (3.2) and (8); (11.1) and (11.2); (15) and (18); (19) and (20); (22.1) and (22.2);
(25.n) and(26.n); Theorem 1 and Theorem 2 in pairs are comparable or analogous. The math formulas or laws under
each pair are alike in some ways. In fact the polynomial, which is specified by the pair of adjectives: homogeneous and
symmetric, is rhythmical for its involvement with many pairs of comparable relations.
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Annexure

The following inequalities may be relevant when we speak of comparable relations for h,{k}.
6. Inequalities between h, {k} and hy {n}
We have: 1" < n' wheren>1; 23 < 32; 2%=42; and for other positive integer-values of n and k, the general rule is: k™ >
n* for n > k. These are the inequalities between the monomials of single variables: k™ and n* for n, k € A The inequalities
between h, {k} and h, {n} can be comparable with the inequalities between k™ and n*. We have: h, {1} = 1% and hy{n} =1
+ ... +n. Hence h,{1} < hy{n} for n > 1. We can get different integer-values for h,{k} by using the counting formulas: (3.2) &
(2). Surveying the values, it is found that there is no single formula for the inequalities between h, {k} and h; {n} whenn € (2, 3);
or when k € (2, 3); and rather exists a general rule when n, k >4, n # k. The rules for the inequalities are shown in Conjecture 2.
Conjecture 2: Foralln, ken,

h,{2} <  hy{n} if3<n<9,

h,{3} < hy{n} if4<n<5,
and in all other cases, the general rule is: h, {k} > hy {n}; more precisely:

h, {2} > hy{n} ifn>10,

h,{3} > hz{n} ifn>§6,

ho{k} > h{n} ifn>k=>4.
The inequalities between the monomials of single variables give an idea about existence of the flowing math problem.
Letn = ab; = a,b, = azb; = ..., where n,ay, by, ay, b,, ... are all positive real numbers. Which one among the monomials of
single variables: afl, bfl, aé’z, b§2, ... is the greatest? A math rule with respect to the problem is guessed and stated in Conjecture 3.

Conjecture 3: Let n=a-b where n, a, and b are all positive real numbers. Then the greatest value of a®? for any given n is

3"/3 ;thatis,a=3andb = g for the desired greatest value.

Conjecture 3 further gives an idea about existence of the following math problem.
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Let a positive integer n has m partitions: n = a;+a, + ... = by+ b+ = ... = ... . If we replace the plus signs (+) by the
multiplication dots (*) then we get the products: a;.a,. ...; by.b,. ...; and so on. Now the problem is: Which product is the
greatest? A math rule is guessed regarding the problem and stated in Conjecture 4.

Some integers are of the kind: 3k for k = 1 then others are of two kinds: 3k — 1 and 3k — 2. Excluding the preliminary case of the
first three natural numbers: 1, 2 and 3; Conjecture 4 is stated below for other natural numbers.

Conjecture 4: (i) If the number is of the kind: 3k for k > 2, then the greatest product is 3 with respect to the partition: 3 +3 +3 + ...;
(i) if the number is of the kind: 3k — 1 for k > 2, then the greatest product is 2 - 3%~ with respect to the partition: 2 + 3+ 3 + 3

+ ..., and (iii) if the number is of the kind: 3k — 2 for k > 2, then the greatest product is 22 - 3¥~2 with respect to the partition:
242+3+3+3+...

The roles of 3 in Conjecture 3 and Conjecture 4 are remarkable.
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