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Abstract

The main goal of this paper is study a fractional order Sobolev-Morrey type spaces and obtained integral estimates
for the generalized derivatives of fractional order of functions in this spaces. Also, we study a smoothness of
solution of one class of high order fractional quasielliptic equations.
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1. Introduction and preliminary notes

In this paper in connection with the investigation of differential equation of higher fractional order of type

D (agp () DPu) = 3" Dfo, (1.1)

(a,D)<L,(B,D<1 (a,)<1

where x = (x1,...,x,),a = (@1, ...,@,), B = (B1,....0,), and e}, 8; > 0 (j = 1,...,n) we introduce the new form
of description of norm of the spaces Wf, (G) and W;yu,,” (G), when I = (I,...,1,),1; > 0, j = 1,..,n. Also,
such approach were studied in (A. M. Najafov, 2010) and (A. M. Najafov, 2013). In other words the norms
of the Sobolev and Sobolev-Morrey spaces of fractional order’s the generalized derivatives of fractional order
Dﬁ" f= Dl[.l"]D{f‘;.] f ([I;] is the integer part, {;} is the non-integer part of the number /;) expression by the ordinary
Riemann-Liouville fractional derivatives of functions. But in the papers (T. I. Amanov, 1976; N. Aronszajn and
K. Smith, 1961; A. Calderon and A. Zygmund, 1961; A. D. Jabrailov, 1972; P. I. Lizorkin, 1963; P. I. Lizorkin,
1972; A. M. Najafov, 2005a,b; A. M. Najafov and A. T. Orujova, 2012; Yu. V. Netrusov, 1984; L. N. Slobodetskiy,
1958a,b; H. Triebel, 1986) and etc the Sobolev and Sobolev-Morrey type spaces the generalized derivatives of
fractional order expression by the differences of derivatives of functions. Also, we study the differential properties
of functions from spaces W[’,Wm (G) (GeR"1€(0,0)", pe[l,0), ac[0,1]",7 €[l,o0]) with parameters
in terms of embedding theory and some properties of fractional order Sobolev-Morrey type spaces is proved. As
application of obtained results we study a smoothness of solution of one class of higher order fractional quasielliptic
equations (1.1).The fundamental difference of this work from earlier work is to obtain estimates for generalized
derivatives of fractional order.

The Holder continuity of solutions of integer order quasielliptic equations with continuous or Holder continuous
coefficients of the leading derivatives was considered in (E. Guisti, 1967). In (L. Arkeryd, 1969), L,— estimates for
solutions were studied, under the condition that the coefficients of leading derivatives are infinitely differentiable,
and in (L. A. Bagirov, 1979; S. V. Uspenskii, G. V. Demidenko and V. G. Perepelkin, 1984) some other problems
of the theory of quasielliptic equations were considered. In (R. V. Guseinov, 1992) and (A. M. Nadzhafov, 2005)
the theorems were proved claiming that the solution belongs to the Holder class inside the domain, and in (P. S.
Filatov, 1997) local "interior” Holder estimates were obtained for solutions to a quasielliptic type equation in the
case when the right-hand side satisfies the anistropic Holder condition. In this paper, as in (R. V. Guseinov, 1992)
and (A. M. Nadzhafov, 2005), we study the Holder continuity of a solution without any smoothness conditions on
Aop (X).

In recent years, different problems of partial fractional differential equation were studied in (A. M. Nakhusheyv,
2001; M. Kh. Shkhanukov, 1996; A. V. Pskhu, 2010; A. A. Kilbas, H. M. Strivastava and J. J. Trujillo, 2006; J.
Oztiirk, 2010; F. M. Nakhusheva, 2005) and others.
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Let G be a domain of R", ¢ > 0. Given x € R", we put

L ) ={y: [y = x| < (/2 1,j= 12,00}, G (1) =GN I ().

Definition 1 Denote by W' (G) the space of locally summable functions f on G having the weak derivatives

P>, T

Dﬁ”f on G (i = 1,2,...,n) with the finite norm

n

Wi = W1l + D PEAL e (1.2)

i=1
where (1 <17 < 00),

%

=
AL, ety = A, ..o = SUP { f [[’]11 117G, ()
xeG o

T 1/t
dt
— 1.
t} , (1.3)

[t]; = min{1,1}, Dﬁ”f = DEI’]D[JZ}f, [;] is the integer part, {l;} is the non-integer part of the number l; . The partial
generalized fractional derivatives fo;] in S. L. Sobolev’s sense are understood in the following sense:

jﬂm@wﬁwmw=ewj}m@Wﬂﬁmm
G

G

for ¢ € C7 (G). The symbol D[Jrlii} and D[_l;.] are the ordinary Riemann-Liouville fractional derivatives of order
{I;} (0 < {l;} < 1) in the domain are understood as (A. M. Najafov, 2010) and (A. M. Najafov, 2013)

» 1 O [ f (X1, X2, ooy Xic1s Sis Xit 15 ooes Xp)
(P r) 0=+ -

(1 — (L) 6x; (x; — sp)!
G

dsi,

, 1 O [ (X1, X2, eeey Xi1s Sis Xig1s oees Xn)
P Y N
(PEN® =i an (55~ 5 '

G"

. . . . . . i —(0 .
where x is the inner point of the domain G. T (@) is a gamma function, the sets G and G " are determined as
G = {(xl,xz, wees Xic 1y Sis Xig15 s Xn) € G 2 Xj = const(j # 0);5; < xi},

— (@) L.
G = {(xl,xz, ey Xiz15 Sis Xig 15 -y X)) € G 1 Xj = const (j #1); 5; > xi}.

It should be noted that ordinary Riemann-Liouville fractional derivative on the segments and the real line are
reminded in the monograph (S. G. Samko, A. A. Kilbas and O. N. Marichev, 1987).

Note that, the fractional order Sobolev space Wll) 0.3¢.00 G) = Wzlr (G) was introduced in (A. M. Najafov, 2010)
and (A. M. Najafov, 2013). In the case [ € N",7 = o0,a = (a, ..., a) the Sobolev-Morrey spaces W[l,,a,%,m G) =

W,’,’a,% (G) were defined and studied by (V.PIlyin, 1971).
Observe some properties of Ly, .. - (G) and w! (G).

p.a,sx, T

1. The following embeddings hold for arbitrary s¢; > 0and 0 <a; <1(j=1,2,...,n):

Lpaser (G) = Lyas (G), W, (G)—>W,, (G);

p.a,x,T
ie.,
WA,..c <CIAlL,...c (1.4)
and
”f”Wé\a'%(G) <C ||f||W;.a.%.r(G) . (1.5)

2. The spaces L, 4 ;.- (G) and w! (G) are complete.

p.a,»,T
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3. For every real ¢ > 0,

_1 _1
||f||p.a.v;¢,r:G =crT ||f||p.u,x,r:6 ’ ||f||Wﬁau«T(G) =cr- ||f||W[’;a%T(G) N

4. The following relations are valid for every s¢; > 0(j = 1,2,...,n) :
@ Wil o =Nl Wy,
O Ilye 2 WA Wt 62 Il -

@ = fllwi) s

5. If G is a bounded domain, p<q, b < lpa , j=1,...,n,and 1 <1y < T < oo then

Lq,b,;t,‘rl (G) — Lp,a,%,Tz (G) .

To prove the main theorems, we need some auxiliary inequalities in the lemmas below. Assume that M (-, y,7) € C7°

is such that
SM)y=suppM c Iy ={y:|yl<1/2,j=12,..,n},

0<T<1,A=(y,...,4,)and A; >0, j=1,2,...,n Put

V=uU {y:(y/r')es an).

O<r<T

Clearly,V c I7.. Let U be an open subset of G. Henceforth we always assume that U + V C G. Let

Gr-(U) = UUGT” X)) =WU+ I~ (x)NG.
X€E
Note thatif 0 < »; < A;(j=1,2,..,n)and 0 < T < 1 then I1 C I~ and so

U+VcGr-(U)= 0.

Lemmallet] <p<qg<r<o,0<x<4;(j=12,.,n,0<t<T<1,0<p<o0,1<1<00,0<py<

T,v=01.,v)v;20j=12,..,n® € L,4,. . (G) and

Wi = Ail; — Z[vj/l + %,aj)(l/l?—l/q)]

n
A9 (x)zf,—l—w—\v,dlwlfq)( + )M[y p(t ),pl(t x)]dydt,

R~

0
T
. ol x
A (x) = f g1 A f D (x + y)M[XA ( - ),p/(ﬂ,x)]dydt,
n

I3
Rn
where . .
a ¥ ¥
prux) = 2opux), = DA A=) i
- 4
Then ,
; "é“.f
sup |A”][ e Cil®lpasrolell 7 (i >0)
xeU
» 2
ﬁupHA(')” < C2 Dl 500 O]}
xeU

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

Here U, (;c) = {x : 'xj - ;cj' < %p”/’, j=12, ,n} and C; and C; are constants independent of ®, p,n and T
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Proof. Given x € U and applying the generalized Minkowski inequality, we obtain

n
i =1-|Al- ili
450,10 < € [P E il

where

A
F(x,1) = f@ (x +y)M[%,M,p'(r‘,x)] dy

R

Estimate the norm ||F (-, t)“q,pr(x) . By Holder’s inequality (g < r),

n

(-1
IF CDllgu, ) < N COllg e 0 P =}

1 1 1
Let y be the characteristic function of S (M) . Observingthat | < p <r < oo, s <r (— =1-—-+ —), and
s p r

[@M] = (D |M")7 (01 x)77 (MI)>7
and applying Holder’s inequality [~ + [— — — |+ [~ — = | = 1], we obtain
r p T s r

1_1

IF (Ol S SUD f |<I>(x+y>|Px(y:ﬂ)dy] x
RII

X€U 3 (x)

r

sup f | (x + y)IP dx f
xeV

U, (x) R

s

dy| ,

pl(thx) .
225 )

Since Q1 (x) C Qy= (x) for arbitrary 0 < 7 < land 5¢; < 4;(j = 1,2, ...,n), given x € U we have

n

i

>
f @ e+ )17 x (2 1Y) dy < f @I dy < @I, . ,t7
R Q< (x)

ForyeV

n
2 %ja;

f | (x + y)IP dx < f 1D ()P dx < |DIF .o [P}

U, (%) Q) (x+)

f M[X p(t*,x),p,(ﬂ’x)]

o
R}X

s

dy =t |M|§

It follows from (1.12) — (1.16) that
IF Gy Dl o) <

n n 1 n
A= l—% Z(/l —%-a-) ?72%/“j 1_% S 3
< C“q)”p,a,;{;Q =1 J (p ),»:1 JT 4 [p]ljfl p(q )],:1 J

Using (1.4) (1 < r < 00), inserting (1.17) in (1.11), we arrive at (1.9) . Similarly, we prove (1.10).
Corollary 1 Putting r = o for 0 < p < lorr = g for p > 1 in (1.17), we infer

T

Sup IF ¢ Dllg.u, ) < ClIPllp g ses0 [0]}

xeU
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or
I COllgpsev < ClIPRllp a0

hence, using (1.4) for 1 < 171 < 7 < 00 we obtain

IF G Ollgpearir < ClIDlp gm0 (1.18)

Lemma2let] <p<g<o00,0<<2;(j=12,.,n,0<T <1l,v=0U1,.,v),v; 20, j=12,..,n1<

T1 <1y < oo, u; > 0 and
n

Hio = Aili — Z [V]/l + (/l %Jaj) 117]

J=1
Then the function A(Ti) (x) defined by (1.7) satisfies the estimate

1A |, e erir < 1Plpaserio (1.19)
where b = (by,...,b,) and b; is an arbitrary number satisfying the inequalities
0<b;<1ifpp>0,
0<b;<lif pp=0,

0Sbj<l+m=aj+M
n(4) = %))

if Mio < 0. (1.20)
n (/l] — %jaj)

2. Main Results

Now we reduce main result of this paper.

Theorem 1 Assume that an open set G C R" satisfies the flexible A—horn condition ( 0. V. Besov, V. P. llyin and

S. M. Nikolskii, 1996), A € (0,00)", 1 < p < g < 0,3 = ¢, where % = 1rnax/l— vy = (vl,...,vn),vj > 0,
<j<"l ]

j=1.,nl1<1t <1 <oo,u; >00=1,..,n),u and ;o are defined in Lemmasl and 2, and f € W pa%ﬂ (G).

Then D" : WII, aser; (G) = Lypser, (G) Jie. there exists generalized mixed derivatives of fractional order D" f and

the following inequalities are valid:

1D"fll 6 < Cy [T“° Wpasesic + 27 DL, ] @

J=1

||va||qb%72 G = C2 ||f||W1

P.a,>.T|

Mo = i — Al = Z[vj/l + %ﬂ,)(%-é)];

here T <min (1, T),Cy — Cy4 are constants independent of f and Cy and Cs are also independent of T.

@ (P<g<e), (2.2)

where

In particular, if y;9 > 0, i = 1, ...,n then D” is continuous on G and

sup[D"f| < C
xeG

Tt IIfII,,L,m,G+z:T”"JIIDVf||pMT1 G] (2.3)

where D’ f = DD £, and

! o" f(s)ds
' —{v}) 0x10x;...0x, o (x— S){v}

(DLf) (%) =
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) o 1 5" f(s)ds
(DLf)(x) = (=1) F(l—{V})@xlammaxnf(s—X)MI

Eln)

where ds = ds;dsy - -ds,; TA =N =T ={wmD).TA={v)); (x=" = = s)" ... (x, = s,),

Proof. First of all,observe that,since 3¢ = cs using the property 4, we can assume that f € W}’) azn (G) and
substitute 3¢ for sc everywhere in (2.1)-(2.3) and for y; in (1.6). We will prove these very inequalities (the greater
x, the greater ;). Existence of the generalized mixed derivatives of fractional order D” f under the conditions of

the theorem follows from (A. M. Najafov, 2010) and (A. M. Najafov, 2013).

Indeed, if y1; > 0 then A;l; — v : | > 0, for p < .0 < a < 1 and 5 < A. Since f € W', (G) = W}, .. (G) —
W,’, (G), by Theorem 1 (A. M. Najafov, 2010) and (A. M. Najafov, 2013) the generalized mixed derivatives of
fractional order exists on G andD" f € L, (G). Then it is obtained integral representation for generalized mixed
derivatives of fractional order of functions from Sobolev spaces of fractional order defined on the n-dimensional
domains in R" and satisfying flexible horn conditions (The domains satisfying flexible horn condition introduced
in (O. V. Besov, V. P. Ilyin and S. M. Nikolskii, 1996):

T
n
va (x) = f;};) + ffzt—l—lfll—\v,/uwl[l[x
i=1

0 Rt %
ot x
><L§V>[IXA, (ﬂ ) or (ﬂ,x)]Df' f(x+y)dydt, (2.4).
y P x
f;f _ T—lﬂl—lv,zllff(x_'_y) Q(v){%’ (Tﬂ ))dy (2.5).

Rr

where 0 < T < min (1, 7o) the functions Q® (-, y) and Ll(.y) (-,¥,z) are of the class Cj’ (R") with support in /; and
the support of (2.4), (2.5) is contained in the flexible horn x+ V (4, x,0) ¢ G. Using Minkowski’s inequality hence,
we obtain that

10" fllyg < £, + D A9 (2.6)
i=1

From (1.17) for U = G,t =T as p — oo and r = g we derive
17706 < €17 Wfllpazzric @.7)
and from inequality (1.9) for U = G as p — oo, which we may apply, since y; > 0,i = 1, ..., n, we find that

a7l < o [[Dif] 28)

p.a,x.11;G

Consequently,

10" Fllio < Co | T Wl pazemi + D TIPS

=1

p,a,2.71;G

Similarly, using (1.18) and (1.19), we establish (2.2).

Assume now that y;o > 0,i = 1,...,n. Show that then D"f is continuous on G. From (2.4),(2.5), and (2.8) for
q = oo and y; = ;o > 0 we derive

n
”va_ DVfTA”q;G < ZTﬂi ||D?f||p,a,;t.‘r1;G
i=1

Hence, the left-hand side of the inequality tends to zero as T — 0. Since DY f7. is continuous on G, in this case the
convergence of L, (G) coincides with uniform convergence; consequently, the limit function D” f is continuous on
G. The theorem is proved.
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Theorem 2 Suppose that the conditions of Theorem 1 are satisfied. Then for u; > 0,i = 1, ...,n, the generalized
mixed derivatives of fractional order D" f satisfies the Holder condition on G in the metric of L, with exponent B
more exactly,

1A (Y. G) D" flly < Cllfhw,....or I° -

where € is an arbitrary number satisfying the inequalities

0
0<e<1 it s,
Ay
0
0<e<1 if=1,
Ao
0 0
0<e<t it <,
0 Ao

with,u0 =miny;,i=1,..,n,and lg = maxd;,j=1,..,n.

If wip > 0 then

sup|A(y,G) valq;G <C ”f”w;“”(g) e,
xeG T

where g satisfies the same conditions as &, but with ;o instead of u;.

Now, consider the problem of smoothness of solutions of higher order fractional quasielliptic equations (1.1).
Suppose that p = 2,4 = (44, ...,/ln),/ljfl =1; > 0,j = 1,...,n, and the coeflicients aqp (x) = agy (%), dep (x) are
bounded, measurable in G, and such that

(1) g (D éabs = Co Y. Kal®, Co = const.
(@, D)=(B,D)=1 (@,)=1
We suppose that f, € L, (G) for (o, 1) < 1 and f, € L, ,,. (G) for (o, 1) = 1.
A work solution to (1.1) in G is a function u (x) € Wé (G) such that

Z f (=1 ayp5 (x) DPuD® = Z f (=D f,D*0dx

(,)<1,(B.D)<1 G (a,)<1 G

ol
for every function 9 (x) € W, (G).

Theorem 3 If% + A <L, v=(1,...v),v; 20, j=1,..,n, then every weak solution to (1.1) in Wé (G) belongs
to the space C ., (Gd) ,Ed cG.

Remark 1 Note that Theorem 1, Theorem 2 and Theorem 3 in the case when ! = (I}, L, ..., 1,,) , (lj eN, j=1,2,...n)
were proved by the author (A. M. Nadzhafov, 2005).

Theorem 4 Let the domain G C R" such that there exists p = const > 0, for any point xy € G and the number
r < 1, there exists a parallelepiped 11, (xl) c II, (x9) N (R"\G) and u (x) is solution of equation (1.1) from the

space Wé G). If % + v, Al < 1, then u (x) belongs to the space C,., (5) .

Proof. 1t is sufficiently in this case, to let all a,g (x) = 0,except for ones for which |a, 4| = |3, 4] = 1. Let xy € dG,
and all f, = 0in Il (xp), u (x) = 0 outside of G.

From the variational principle it follows that

A (x), Iy (x0)) < AE(x)u(x),II; (x0)) .
AsfB(x)=0in 1'[% (xp), then

A (), TT, (x0)) < A (1 (x), T (x0) \ITg (x0)) +
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P Z b_2+2l(l,/u (Dau (x))2 dx.

o I<1 Mo\ (x0)

As ulnpb(xl) = 0, where I1,,;, (xl) c I, (xg) \Hg (xp) , then we have

A (), T, (x0)) < gA (), TT, (x0) \T (x0))
and hence it follows

1 k
A(u (0,1, (xo)) < (1 _ 5) A (). 0, (x0)) .

Therefore :
6 -0
AT < (3) AW, 6), 2.9
if § < b,Vxp € 0G, fp (x9). Let0 <6 < 1,x € G, f, # 0 and us consider two cases:
a) xg € G\/S;
b) xo ¢ GY°.

a) In this case for all 6 < b, assuming that b = /6. We have

IA

5\ET
A (). 05 (x) < C (E) A@(x).G) + Cob®

< Cg(g)E_UA(u(x),G)+ 1.

b) In this case there is a point x; € dG, such that I, 5 (x') D I j5(x0). Letb > 2 Ve, up ,1 - solution of equation

(1.1)in I, (xl) N G form the space Viofé (Hb (xl) N G) , for which inequality

A (0,15 (x")) < Cad". (2.10)

The function u (x) — u, 1 is a solution of equation (1.1) in I, (x1 ), where f, = 0. From inequalities (2.9) and (2.10)
we have

A (u (), 1L, 5 (xl)) < Cs5A (u — up 5 Iy 5 (xl)) + Cs5A (Mb,xl,nzﬁ (xl)) <

Vo) 7 S\
<2Cs (7 A=y, 10y 5 (x1)) + 2C7b* < Cs (E) Au(x),G),

é-o
A1), T g5 (x0) < A (1), T, 5 (1)) < C(g) Aw®,G).

Consequently
S\
A(u(xLH(s(xO»SC(E) AW®,G).

1
2

1 1
d db
fn_ffuz(x)dx —USCI — < 00.
0 7 0 bl=z7

1T, (x0)

This implies that u € Ly, ;. (6) C Lygsr (5) and also Df"u € Logser <6) , i =1,2,...,n, then it follows that

ue Wéwm (6) Then in this case the conditions in theorems 1 and 2 are satisfied. Thus by theorems1 and 2 it

follows that u € Cy., (G).

The theorem is proved.
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