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Abstract

A characteristic finite element algorithm based on domain decomposition is structured in this paper to approximate
numerically multi-dimensional semiconductor transient problems of heat conduction. Finite element approxima-
tion is presented for the electric field potential equation, and a domain decomposition discretization with charac-
teristic finite element is put forward for the electron concentration equation, hole concentration equation and heat
conductor equation. An optimal order error estimate in L> norm is derived for the coupled system by using some
techniques such as variation, domain decomposition, the method of characteristics, the principle of energy, negative
norm estimates, induction hypothesis, prior estimates theory and other techniques of partial differential equations.
Finally, experimental data consistent with theoretical convergence rate are shown. This type of numerical method
is of high computational efficiency and can successfully solve this international problem.

Keywords: Numerical simulation of semiconductor device, domain decomposition, characteristic finite element,
optimal order estimates in L?> norm, numerical experiments

1. Introduction

Because of the great development of semiconductor device industry described by an initial-boundary value system
of diffusion type of nonlinear partial differential equations, numerical simulation must be of high order accuracy
and quite efficient, and traditional numerical methods are not considered in actual computation. Then some new
modern discretization techniques are introduced to solve multi-dimensional problems with complicated and irreg-
ular geometric regions (He & Wei,1989; Shi, 2002; Yuan, 2009, 2013).

Numerical simulation of semiconductor device begins at the use of the sequence iteration presented Gummel
successfully in 1964 (Gummel, 1964). Considering actual computations, Douglas and Yuan put forward a useful
finite difference method for simplified one-dimensional and two-dimensional models (constant coefficient, without
consideration of temperature) and give the precise theoretical results firstly (Douglas & Yuan, 1987; Yuan, Ding
& Yang, 1982). Then Yuan applies the method of characteristics respectively with finite element and mixed finite
element to solve two-dimensional problems with variable coefficients and gives optimal order error in H' norm
and L? norm (Yuan, 1991, 1993, 1991). In view of applications, Yuan discusses the effect of heat conduction to
semiconductor device and gives the characteristic finite difference and upwind fractional steps finite difference of
three dimensional problem on uniform partition and the convergence rate in discrete /2 norm (Yuan, 1996, 2000,
2005, 2008). In numerical simulation of modern semiconductor device, the computation scale is huge, and the
discretization consists of tens of thousand or several millions nodes, so a powerful parallel tool is introduced
(He & Wei,1989; Shi, 2002; Yuan, 2009, 2013). For the simplest parabolic equation, Dawson, Dupont and Du
take the lead in discussing Galerkin domain decomposition method and theoretical analysis (Dawson & Dupont,
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1992, 1994; Dawson, Du & Dupont, 1991; Dawson & Du, 1990). On the discussion how to simulate three-
dimensional semiconductor transient problem of heat conduction efficiently, the authors state a type of domain
decomposition with modified characteristic finite element and analyze the convergence and optimal order estimates
in /2 norm by using the techniques such as variation, domain decomposition, characteristics, energy norm, negative
norm estimates, mathematical induction hypothesis and prior estimate theory and technique of partial differential
equation. Numerical data of experimental example are shown consistent with theoretical convergence rate and
by which it illustrates that this procedure is more efficient and applied successfully to solve international famous
problems (He & Wei,1989; Shi, 2002; Yuan, 2009, 2013; Bank, et al., 1985; Jerome, 1994; Seidmann, 1986;
Lou, 1995). It is most valuable in model analysis, numerical method, principle research, theory and application of
semiconductor device simulation.

This paper is organized as follows. In the first section, mathematical model, physical interpretation and some
related research are introduced. Some notations and primary work are given in the second section. In the third
section, the authors present the procedures of domain decomposition and modified characteristic finite element. In
the fourth section, the authors attempt to give convergence analysis. We examine numerically the accuracy and
parallelism of the scheme by an example. Some conclusions and discussions are stated in the last section. In this
paper M and & express general positive constant and general positive small constant, respectively, and they have
different meanings at different places.

2. Mathematical Model and Physical Background

The mathematical model of semiconductor transient problem of heat conduction is described by an initial boundary
value system of four partial differential equations (Yuan, 1996, 2000, 2005, 2008; Bank, et al., 1985; Jerome,
1994; Seidmann, 1986; Lou, 1995), where the potential is defined by an elliptic equation, the concentrations of
electron and hole are defined by convection-diffusion equations and the temperature is defined by a heat conduction
equation. Electronic field potential is generated by the intensity in the electron equation, the hole concentration
equation and the heat conduction equation, and becomes a system with initial and boundary conditions, which is
defined on three variables spatial domain Q as follows,

Ay =a(p-e+NX)), X= (x],xz,x3)T €Q, teJ=(0T], (D)

% = V- (D(X)Ve — u(X)V¥) = Ri(e, p. T), (X.0) € Q% J, )

‘;—’t’ = V- (Dy(X)Vp + up(X)pVis) = Rale, p. T),  (X.1) € Qx J, 3)

p()ﬂ%—f = AT = {(D,(X)Vp + up(X)pV) — (De(X)Ve - (X)eVi)} - Vi, (X.1) € QX J, )

where the electronic field potential ¥, electron concentration e, hole concentration p, and temperature 7 are
unknown functions. All the coefficients of (1)-(4) are greater than a positive number and less than another
positive number. The number @ = ¢/& denotes the quotient of two positive constants, electronic load ¢ and
dielectric coefficient €. The relation of diffusion coefficient D (X) and mobility ratio uy(X) is formulated by
Dy(X) = Uruy(X)(s = e, p), where Uy means the quantity of heat (unit: volt). N(X), a given function, is the dif-
ference of the donor impurity concentration Np(X) and the acceptor impurity concentration N4(X). The values of
N(X) vary quickly as X lies nearby semiconductor knot P-N. R;(e, p, T)(i = 1,2) represents the recombination rate
influenced by the electron concentration, the hole concentration and the temperature. p = p(X) is the coefficient of
heat conduction. Let gradient operator and Laplace operator of a function be denoted by V = (%, %, %)T and
2 2 2
A= 5’7% + % + ;Tg'

Initial-value conditions are stated as follows,
e(X,0) = eg(X), p(X,0) = po(X), T(X,0) = To(X), XeQ. 4)
Boundary-value conditions are defined by

i
Ay

B de
o Oy

T

_op
oQ Oy

= =0, (X,1)edQxJ, (6)
s Oy

0Q

where 0Q denotes the boundary of Q, and v is the outward unit normal vector of Q.
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Neumann boundary value conditions determine a family of electric field potential functions differed by a constant.
So an additional condition is supplied to get a unique formulation

f wdX =0, tel, (7a)
Q

A compatibility condition is given,

f(p—e+N)dX=0, tel (7b)
Q

In general, the problem (1)-(7) is supposed to be positive definite,
© 0<D, <D(X)<D", 0< s SusX) s, s=e,p; 0<p, <pX) <p", (8)

where D., D*, u., u*, p. and p* are positive constants. R;(e, p, T)(i = 1,2) are Lipschitz continuous in gy-neighbor

centered by (e, p, T).

Assume that exact solutions of (1)-(7) are regular,

e 0*p T

—, =, = e L™(J; L*(Q)). 9
o o2 o <L) ®

(R) Y e L (J; WHNQ), e, p, T € L (J; WH(Q)),

3. Notations and Preparations

For simplification, let the computational domain Q = {(x;,x,x3)|0 < x; < 1,0 < x» < 1,0 < x3 < 1} be
decomposed into two cuboids Q; = {(x1,x2,x3)|0 < x1 < 1/2,0 < x, < 1,0 < x3 < 1}, Qp = {(x1, %2, x3)|1/2 <
x1 < 1,0 < x, < 1,0 < x3 < 1}, whose interior boundary is I' = {(x, x2, x3)lx; = 1/2,0 < x, < 1,0 < x3 < 1},
as in Fig. 1. We use approximation of derivatives of delta function at several points in this work, and for further

(1/2,1,1)

X3

0 (1/2,0,0) X

Figure 1. Sketch of domain decomposition partition €, Q,, T’

reference we define two special functions ®, and @4 as follows (Dawson & Dupont, 1992, 1994; Dawson, Du &
Dupont, 1991; Dawson & Du, 1990).

1-x, 0<x <1,
Or(x)) =4 x1+1, —-1<x <0, (10a)
0, otherwise.
(x1=2)/12,  1<x <2,
—S5x1/4+7/6, 0<x <1,

Dy(x) =14 Sx1/4+7/6, -1<x <0, (10b)
—(x1+2)/12, -2<x<-1,
0, otherwise.

Note that if p(x;) is a polynomial of degree at most one, then

f p(x)@2(x1)dx; = p(0), (11a)

00
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and if p(x;) is a polynomial of degree at most three, then

f p(x)@4(x1)dx; = p(0). (11b)

o

Definition 1: For any number H € (0, %), define a normalized function
O(x1) = Op((x1 = 1/2)/H)/H, m =2, 4. (12)

Let N, ; be a finite-dimensional finite element space H 1(Q_,-)( j =1,2), and let N;(€2) be a finite-dimensional finite
element subspace of / degree of L*(Q). Moreover, if a function v comes from N, then Vle must belong to Ny, ;.
Note that a given function v € N,(Q) has a well-defined jump [v] on T,

1 1
Mty = V(5 + 0, x2,x3) — vz - 0, x2, x3). (13)
Definition 2: Define a bilinear mapping D,(u, v),
Dy(u,v) = f D(X)Vu - Vvdxidx>dxs + /le uvdxdx,dxs, s =e,p, T, (14)
Q,UQ, Q,UQ,

where u,v € H 1(Q_,-), j=1,2,and Dy(X)(s = e, p) are all positive definite functions, Dy = 1, and A, is a positive
constant.
Definition 3: An integral operator approximating normal derivative at interior boundary is defined as follows

1 1
B(¢)(§,X2,x3) = —j(; D' (x W (x1, X2, x3)dx1, (15)

where © formulated by (12) is used.

Let (-, -) denote a product inner in L*(€; U ), and omit the subscript notation (¢, p) = (¥, p)a as Q; U Q, = Q.
Consider a function y of H'(Q;) and H'(Q,), and give a special norm,

I = D) + H' I gy s = €, p, T (16)
Note
1 1 1 1 1
(D(x1, x2, x3) B(Y), [lﬂ])r:—j(; \fo‘ D(E,xz,xs)‘f0 (D/(xl)'ﬂ(xl,xz,xs)dxl[lﬁ](z,xz,x3)dx2dx3,
1 ]
f(I)’(xl)w(xl,xz,x3)dx1:l//(xl,xz,x3)(1)(x1)|(1)—f DO Wy, (x1, X2, x3)d X
0 0
1 1 !
=—ﬁ[lﬁ](§,xz,x3)—fo D Wy, (x1, X2, X3)d X1,
we have

1t 1
(D(x1, x2, x3)BQOY), [¥Dr =ﬁf0 j(; D(z,xg,x3)[w]2(5,x2,x3)dx2dx3

(17
S ] |
+f f D(—,Xz,x3)f O Wy, (x1, X2, x3)dx1 [W]( 5, X2, X3)dx2d X3.

o Jo 2 0 2

The second term is formulated in another expression,

1l 1 1+H 1 1
f f D1/2(§,x2, x3)f D'(=, x2, x3)@(x1 Wy, (X1, X2, x3)dX1 [Y1(5, X2, x3)d X2 x5
o Jo Im 2 2

1 1 1 1 12 %+H 1 12
< f f D23, 1, ) f O (xp)dx) f D500, x5, (31, 0, 29
0 Jo 0 1y

1
. [lﬂ](i,xz, x3)dxadx3

2 1/2 1 1 1 1

S | 12
: ( f f f D(5, x2, :3)07, (xl,xz,x3>dx1dx2dx3) :
o Jo Ji-m 2
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Note that the value of D(x|, x;, x3) at x; = 1/2 is defined by

1 1.0D
D(=, x2,x3) = D(x1, X2, x3) + (x1 — 7)) 7—(£1(x1), X2, X3),
2 6)C1

2

then we have

1 1 %+H 1
f f f D5 2. 335, (1, 32, 3 )ddxi dopd s
0 Jo Ji-H

1 1 %+H 1 aD
= f f f [D(x1, %2, %3) + (X1 = 2)—— (& (x1), X2, X3) W3, (x1, X2, x3)dx1dx2dx3
0o Jo Ji-m 270x

1 pl pled
<+ M*H)f f f D(x1, X2, X305 (X1, X2, X3)dx1dx2d X3,
0o Jo Ji-H

2 () 0.3)|

where M* = max
D(x1,x2,%3)

x1 €(3—H % +H)
(x2,x3) € (0,1) X (0, 1)
Continue to find a positive constant M such that

_ 1
Dy, ) + (DsBW), [Y Dy > Enmn?, s=ep.T, (18a)
or _
I < Mo {Dy(w, ) + (DBW), WDy}, s = e, p, T. (18b)
Similarly, we have the following estimates for 0 <t < T,
1B, < MiH G, (19a)
IBW)II 2y £ MaH ™ Wrllo oo, (19b)
‘ LU Bu)(-,1) < M3H", (19¢)
oy L2(T)

where My, M,, M are positive constants, m = 2,4, and g—; denotes the normal derivative of u across interior
boundary I'.

4. Domain Decomposition Scheme Modified with Characteristic Finite Element

The parallel procedures are illustrated in this section, which consists of a finite element scheme for the electric
field potential and a domain decomposition scheme modified with characteristics for the electron concentration,
hole concentration and temperature. Firstly, rewrite the potential equation (1),

VY, V) =a(p—e+N,v), Yve H(Q),1 € J, (20a)
¥, 1) =0. (20b)

Secondly, (2)-(4) are reformulated as follows

% =V (D(X)Ve) + ot - Ve + apee(p — e + N) + eu- Vi, — Ri(e, p, T), (X,1) € QxJ, (2la)

2—‘;’ =V (Dpy(X)Vp) = ppu- Vp = appp (p — e + N) = pu- Vi, = Ra(e. p. ), (X,1) € QX J, (21b)

p(X)’Z—f =V (V1) = {(D,(X)Vp = pp(X)pu) = (De(X)Ve + pe(X)ew)} - u,  (X,1) € @ x J, 210)
where u = Vy.

Let W, = W, denote a finite element space of k degree, and let h,, be the partition step, then we have

inf ||v =il < MVl RS 22
vhew,l” w2 Vlli+1 Ay (22)
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Noting that the electric field potential changes very slow with respect to ¢, we can adopt a large step in its calcula-
tions. While in the computations of the electron concentration, hole concentration and temperature small steps are
adopted. Some notations are given as follows, At., time step of the concentration equation, At,, time step of the
potential equation, j = Aty /At., t" = nAt., t,, = mAty, " = y(t"), and ¥, = ¥(t,,). For a potential function ¥(X, 1),
define a linear extrapolation Ey" of the values at the closest two time levels to ",

Ed/” _ WO’ "< 31
L+ Y/ W =V -1, b <" <lpyr, 1" = 1y + YAL.

where the subscripts correspond to potential time levels, superscripts to concentration time levels. The extrapola-
tion can be applied for the vector function u = —Vi, that is to say Eu is defined similarly to Ey and has some same
properties.

Electric field potential equation (20) is approximated by the following finite element scheme

(V‘;l’h,m’ VVh) =a (ph,m — €hm + Nm’ vh) s vVh € Wh’ (233)
(Ynm> 1) = 0. (23b)
Then the gradient of potential is computed by U, |, = =V .

The electron concentration equation (2), hole concentration equation (3) and heat conduction equation (4) are
considered. Multiply them by w € N,(Q2), apply integration by parts, then we have weak forms of domain decom-
position as follows

(G = (- Ve + (D.Fe, o)y + (0,55 D)y = (et g

= a(pee(p — e+ N),w)g — (Ri(e, p. T), w)q. Vw € Nh(Q), (24a)
(B + G- Tl + (0,7, Tl + (0 ol + (- V)

= —a(upp(p — e+ N),w), - (Rz(e,lh T), w)q, Vw € Niy(©Y), (24b)
(5@ = (VT Voo + (5 oy

= ([(DpVp + ppp Vi) - (DeVe — HeeV)] - Vi, w)g, Yw € Ny(Q). (240)

Noting that the flow moves essentially along the characteristics, we apply a modified procedure of characteristics
for the first-order hyperbolic part of (2) and (3) to overcome numerical dispersion and oscillation. This kind of
method has a high order accuracy and a fine stability in numerical simulation and a large time step can be adopted
(Ewing 1983; Ewing, Russell & Wheeler, 1984; Douglas & Russell, 1982; Russell, 1985; Douglas & Yuan, 1986;
Ewing, Yuan & Li, 1989). Let 7 = 7(X, ) denote the unit vector in characteristic direction (—guy, —gelts, —tett3, 1)
and let 7, = 7,(X, 1) be the unit vector in (upuy, Uy, f1pus, 1)-direction. Let @, = [1 +,u§ lglz] ,8 =e,p,and
compute the characteristic directional derivative by

o 8 P
2 V., ®,——
‘or, o1 MY Por, o

Then (24a) and (24b) are changed into

+upu - V.

9 0
(d)ea—:g, w)g + (D, Ve,Vw), + (Deé, [w]) — (et - Vite, w)g
= a(ue(p —e+N),w)y — (Ri(e, p,T),w)q, Yw € Ny(Q), (25a)
op ap
(®,— (9 ,w)g + (D,Vp, V), + (D Y’ [wDr + (pu - Vi, w)g
= _“(NPP(P —e+N),w) - (Rz(e, D T), W)g, Yw € Ny(Q). (25b)

n+1 . . . . .
6§T' = %(X, 1) by a backward difference quotient in 7,-direction,

aenﬂ en+l _ en(X +/Jggn+1Al)

X) =~ >
or. X T 2w
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. apml .
and approximate T,,(X )in 7,

apn+1 (X) N pn+1 _ p”(X _ﬂpZnJrlAf)
at, AL(L + 2+ )12

Then the procedures of domain decomposition with characteristic finite element are stated as follows to approxi-

mate the concentrations (25),
e;zt+l _ AZ
AL wh)g + (DgVeZH, th)g + (DeB(eZ), [wh])r

c
= o€y (pfy — & + N), wn)g + CLEUL" - Vi, wn)g = (Ri(@}, Py T wi)g, Yoo € Ny(Q), (26a)
p}'H-l _ ﬁn

h ~ " wn)g + (D, VP, V) + (DB, [wn])y
c

= _a()uppZ(ﬁZ - éz + N)’ a)h)Q - (ﬁZEQZ+1 . Vﬂp’ w/’t)Q - (Rz(éZ9 ﬁ27 T;Z)’ wh)Q9 va)]‘l € Nh(Q)7 (26b)

(

(

where &} = e}(X2), X! = X + u EUS A, pf = pp(Xp), Xp = X =, EUS At U, = =V and U, ) =
=V, m—1. Noting that the values of )A(:.‘ and X;’ maybe lie outside the boundary 0Q, while we can use the reflection
of the boundary because of Neumann conditions (6) and define the values of & h(f(g) and ﬁZ(X;;) (Douglas & Yuan,

1986; Ewing, Yuan & Li, 1989).

m—1

Similarly, the heat conduction equation is discretized by the method of domain decomposition with finite element,

L -1
(=@ + (VT Vwn)g + (BT, [wn])y

= (((DyV P, = wpPhEUY) = (D Ve), + pee U] - EUR wp) g, Yoo, € Ni(Q).

(26¢)

The program works for a time step as follows. Firstly, given the initial approximation {ef), p), Tp}, {0, U, ) is
computed by the finite element scheme (23). Secondly, {e}l, p}q, T,l}, {ei, pﬁ, T,f}, el {e};, p;l, T;'l} are computed
in parallel by the domain decomposition scheme with finite element (26). It continues to get {¢;,1, U ,Ll} by the

values {e;;, p{;, T,{} = {en1, Pn1> T} and (23), and as a result, the solutions {ei”,pﬁz, T,{”},- - Aena, pra, Tho) are

obtained in parallel by (26). Finally, numerical solutions can be shown after a series of above computation and
they exist and are sole by the positive definite condition (C).

5. Convergence Analysis

Several subsidiary elliptic projections are introduced first in this section, and let {#} : J — N, be defined on
J=(,T],

(V('ﬁ - ), VVh) =0, Yv, € W, (27a)
(w-w.1)=0. 27b)

Let 6 = y —;, and 17 = ¥y, — i, be error functions and they are estimated as follows (Ciarlet, 1978; Wheeler, 1973),

6llo + hylI6ll; < Mgl by (28a)

20 a6 Wl \
— — M — . 2
' ot llo *hy HatHl = {”w”kﬂ " H ot k+1}h¢ (28)

Define elliptic mapping {&, p, T} : J — Nj X N, X N, as follows,

Do(e(-, 1) = &(-, 1), wy) + Ao(e(-, 1) = &(-, 1), wp) = 0, Ywy, € Ny, (29a)
Dp(p(" t) - f)(’ t)’ (/.)h) + /lp(p(’ t) - ﬁ(’ t)s (’-)h) = O’ vwh € Nh’ (29b)
Dr(T(,0) =T, 0, wp) + Ap(TC0) =TC, 0, wp) =0, Yo, € Ny, (29¢)

where the elliptic operator is coercive in H'(Q) for sufficiently large constant A,, A, and A7.

Initial approximation is given by
ey =&(0), pj, = p(0), T; = T(0). (30)
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Introduce error functions denoted by &, = e, —&é,{, =e—&, &, =pp—p, (o =p—p,n =Ty - Tando=T-T.
By Galerkin method (Ciarlet, 1978; Wheeler, 1973),
1ello + hlidells < MllellsihlH, (31a)
1Mo + hellZoll < MllpllsihE (31b)
lliorllo + Acllolly < MIT [l B (3lc)
0L, L, ‘ de I+1
2 b || 22| <M +||= b, 32
ar llo ar |, {|I€I|z+1 ol 1 (32a)
0{,, 0 op I
=22 he |22l <M = K 32b
o + N ar |, {||P||1+1 + ot |l [ (32b)
do oT
— < MI|T = ht 32
ot llo = {|| 741 + o 1+1} ¢ (32¢)

where Q = Q; U Q,, and A, denotes the spacial step of finite element space Nj(2).
Theorem 1 Suppose that exact solutions of (1)-(7) are suitably regular, y € L*(J; WF1(Q)), e, p, T € L°(J; W*!

Q)), Pe Fp 622 € L=(J; L*(Q)). Adopt the parallel procedure modified characteristic finite element (23) and

72’ 92 r
(26) on Q and Q,, and suppose that the relation of partition parameters is

At = O(h?), hy = O(h,), At. < M{'H?, W't = o(H), (33)
where M| is a positive constant and k > 1 and | > 1 are the indexes of finite element space. We have

W = nllzerwy + lle = enllz=r2@)y + 1P = Prlli=:2) + 1T = Thllz=12)

(34
M {Atc +H™2 4+ B+ H‘lhlc”},
where |1gllz;.x) = sAup llg"llx and the constant M* is dependent on s, e, p, T and their derivatives.
nAt<T

Proof. The potential function  is considered firstly, and v, — i is estimated. By (20) (¢ = t,,), (27) (t = t,,) and
(23), we have

1Vl < Ml + [l + 120*7} (35)

The electron concentration e is discussed secondly. Subtract (26a) from (24a) (t = '), and use (29a) (¢ = **!),

n+l _ ¢n
_ (e"“A—t—e” B ag(;':l —ueEQZ+1 -Ve"”,wh) + 1, (§Z+l,wh)
+(I( . [QZ(ﬁn _éz +N)_en+l(pn+l _en+l +N)] w )+ ([éZEUtHl n+l n+1] V/,l wh) (36)

— (Rl(él;l»ﬁ25 Tn) _ R1(€n+l n+l, Tn+1), wh) (/.le(EUn+l n+1) V€n+l,(l)h)

n __ ¢n n+1 n n+1
+ (‘feAtcfe , (x)h) + (é’ A 4 , a)h) + (Dg (% - B(EZ)) , [a)h])r , Ywy, € Ny,

where &" = e"(X"), &" = £"(X"), ' = {M(X?) and X = X + p EU At,.

Take wjy, = &1 as a test function in (36),

n+1 n
(§ f 7§n+l) (D Vf”“ §n+1) /16(§Z+1,§2'+1)+<De3(§3), [égZJrl])r

At.
n+1 n n
— (D B(égn+1 é_‘e) [ n+1 ) (De(ae ae ) §n+1]) (De (ai —B(e")),[ :+1])
ay I oy r
n+1 n n+1 n+1 n
n n+1 € —€ de n+l1 n+1 n+1 g ( n+1
+ (DeB(§ )’ [fe ])F + (A—lc - ot U - Ve ) ( Alc Se )
é'\_-‘r; B gﬂ n+ n+ n+ n+ n+ o pt T
+( e 1)+A (&) + a. (et er) = (Ru@p, o T
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_Rl(en+1’pn+l’Tn+l)’§g+l>+a,( e[eh(ﬁz _eh +N) _en+1(pn+l +N)] §n+l) .
+ ([éZEgZ+1 _ en+lﬂn+l] . V,Ue,é:ZH) (,ue (EQZH _ Zn-f—l) . Ve”+l,§g+l) ) ( )
The terms on the left-hand side are estimated as follows,
§n+l Ee ntl nl|2 n+l _ gnl|? 38
& zm eI = fleell*} + ZA, e+t -l (382)
(D V§n+l §n+1)+/l (§n+1 é;n+1) (D B(ge) [§Z+1])F > M(;l H|§Z+1H|§ (38b)

The terms on the right hand side of (37) are estimated later. Using (19), we have for positive constants M;(i =
1,2,3),

(DB =0, 187), < My|BE = €| oy - 16 M oy

< g e < o e - el (390
[0e" ! de de" de"
De -, n+1 <M _ = . n+1 R
( 5y 6)/} [&e ])r <M, P [ ]”L-(F)
< MoAH"? ||lent ||| < MaaeH + 2 eI (39b)
(De a;" - B(e")] : [é‘Z”]) < MHM™ eI (39¢)
L Y r
(DeB@1€1), < MsH2 P + & [l |F < MyH 20200 + e flex (39d)
Take At sufficiently small,
2At < M H?. (40)
Then |
E”éﬂ”l & ” > MH" 2||§n+1 n||2‘ (41)
An induction hypothesis is given,
OgmssltlLFil)/j] Witlloo = oi;lngax{”ge”O’“ | ”g‘”“o""’ ol ”O’m} =0 ke =0 2

Other terms on the right hand side are estimated. Note that

en+l _on 8€n+l ol el (Xt“)
A g HeEUL Ve < A, f L |G|
and @, is bounded because of (42), we have
en+l _on 0en+l a e 2
- —— —wEU! -Ve"+‘,§g+1) < M{Atc + ||er! } (43)
( At, ot = a2 LRUn2Q) ez
where J" = (", 7"*1].
It follows from negative norm estimate and induction hypothesis (42),
n+l _ n n+1 n n n
[ o)) (ke
< M{(At)l Ll e ||g”||2} +o|vertf (440)
N ot llzgm@y  ° 7 o
(o ) < e+ e e
/le{(fgﬂ’fgﬂ)+(§Z+1’§Z+1)} < M{hgml) + ||§:+1||2}’ (44c)
(Rl(éz ﬁZ Tn) _ R1(€n+1, pn+1, Tn+1)’§21+1>
< M{(At)2 + 12E 4 2D e 1P+ el + il + ||n"||2}, (44d)
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By (42), we can see that e, P, and T; are bounded, then we have

a'(ﬂe [eZ(ﬁZ _ éZ +N) - en+l(pn+l + N)] §n+1)
(44e)
< M{(A1)? + B+ B2 ||fz’“|| +lell + g}
([ézEQZ-H n+1 n+1] V,ng §n+l) (/.le(EUn+l n+l) Ven+1,§g+l)
(44f)
< M{(0? 4 3+ 2D e P+ oamall + il
Collecting (38)-(44), we derive
n+1 n+1]|2
o, {Ilf - llesll} + } o el
< M{(Ar)™! 3| + AL, Fe + 12+ 2D+ (AP + (At H
L2 I2(Q) a2 LmI2(Q) (45)

+ HZRD 4 e |+ el + flenll” + 1t + el + pamal”}

o {[merF + velF).

It continues to estimate the hole concentration. Subtract (26b) from (24b) (r = #**!), and use (29b) (r = 1),

n+l _ ¢n
(fp i &p , wh) + (D‘"szﬂ’ a,h) + (D,,B(f;’,), [wh])r

_ (pn+1At— p" 3 ﬁpan:l _HPEQZH _Vpn+l’wh) + /lp (§;+l’wh)
(,up I:ph(ph _ éz + N) n+l(pn+l _ en+l +N)] ’wh) _ ([ﬁzEQZ-H n+1 n+l] V/l wh) (46)

= (Ra@} . Ti) = Ra(e™!, p™ ', T ), 1) + (up(EUL = u™!) - V'™ )
& - ot -o ot
( A ,wp |+ A ,wp |+ (Dp (W - B(Ph)) , [wh])r, Ywy, € Ny,

where p"* = p"(XZ) and XZ =X+ u,E QZ”AIC. Test function wy, = §[”,+1 is substituted in (46), and it follows from
a similar discussion and analysis,

s le P -l || oo eI

a P’
< M{(Ar)™ % +ar |28 + 3+ 20D+ (Ar)?
O Nz 0T iz @7

+ H2R2E0 4 2t |l |1P o Jlenl P + el + 1P + ol + €nmall”)
o {[werF + o).

Finally, error equation of temperature is derived from (4),

n.n+l — v ol B
PR + (VA" wp) + (B@"), [waDr

- or + 47 (0" wi) = (DY "EU™! - D, Ve!
= - , W, o' wy) - - e
1% AL ot h T h P Ph MpPp h (48)
+/~le€; EUn+l) EUn+1 (Dpverl - 1, pn+1 n+l Develﬁl +Iueen+1£n+1) 'EnJrl]’wh)
O_n+1 —o" 6Tn+l
+ s + — B(T" y , Y € N,,.
(,0 At, wh) ( dy ) [wh])r “r "
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n+l

Take w;, = 7" as test function in (48),

e i

2T

B

22

+ B2+ R2ED 4 (Ar)? (49)
L2(JmL2(Q))

PR+ B [Pl [l + eoall” + leponall” }

Collecting (45), (47) and (49), multiplying both sides of the resulting equation by 2At,, summingonn (0 < n <
L - 1), and noting that & = fg = 7% = 0, we have

L-1
leE I+ Nl + [l + > {llifé“‘IH2 +lll P + e 17 e
n=0
|’ G| H S [ I (a2
{H LZ(J LZ(Q)) ‘ a[ LZ(J LZ(Q)) L2(J LZ(Q)) + n:O ||7T H + ”é‘:PH (50)
2112 2
eI + o all” + ,,42]At+(At)2lE op
S T g N B || I | Y or2 LPULQ)
T |
ol + (A +h2k+h§(1+l) +H‘2hz(l+') L 2L
O | 2a2c) Y }
Using Gronwall Lemma,
L-1
417 + bl + a1 + - (ke I + My I + !} e h
n=0
< M{(Ate) + by + 20D + 22D 4 gy,
Therefore, it follows from (35) and (51),
W = Fnl| < M{AL + B+ BT+ H7 R 4 2, (52)

It remains to testify the induction hypothesis (42). It is right as n is equal to 0 because of & = éfg =7’ =0.
Assume (42) holds for any positive integer n between 1 and a given positive integer L — 1. By (51) (52) and the
restriction (40), it is easy to see that (42) holds for n = L. Based on the resulting estimates (51) and (52), and (31),
Theorem 1 is proved.

The method discussed in this paper can be extended to three-dimensional case, such as Mespet model (see Fig.2)
(He & Wei,1989). The technique of domain decomposition is very important in numerical simulation of actual

5
applications, as shown in Fig.2, where computational region Q is divided into five subdomains, Q = |J Q; (He &
i=1
Wei, 1989; Shi, 2002; Yuan, 2009, 2013).
6. Numerical Example

In this section one numerical example is presented to testify the efficiency of the parallel algorithm discussed
above. Consider the following model problem,

@Jr @__ D(x, t) =f(c,x,1), 0<x<1,0<t<T, (53a)
ot 6x ox

c(x,0) = cos(2mx), 0 < x <1, (53b)
@(0, 1= @(l,t) =0,0<r<T. (53¢)
ox ox

Some related functions and partition parameters are given as follows, u = xe', D(x, ) = 0.01x%¢%, ¢ = €' cos(2rx),
f = €' cos(2mx) — 2me* x sin(27x) + 0.047e x( sin(27x) + mx cos(2mx)), H = 4h, At = 5h* and T = 0.25.
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s
ésourcc . / 74 cak

5
Figure 2. Decomposition of computational domain of three-dimensional Mespet model, Q = |J €

i=1

The computational interval is decomposed into two subintervals, [0, 1] = [0,0.5] U [0.5, 1], and interior boundary
is I' = 0.5. Absolute errors of numerical data are shown in Table 1.

Table 1. Absolute Errors

x=0.05 x=0.25 x =045 x=0.55 x=0.75 x=0.95
h=1/40 65.1989E -3 1.3641E -3 65.2575E —3 65.1989E -3 1.3641E -3 65.2575E -3
h=1/80 15.3215E -3 0.0829E —3 15.3597E —3 15.3215E -3 0.0829E —3 15.3597E -3
h=1/160 3.7531E-3 0.0051E-3 3.8745E-3 3.7531E-3 0.0051E -3 3.8745E -3

Numerical data are consistent with theoretical analysis from Table 1, and error results of approximation to normal
derivative at inner boundary, %(0.5) = ¢! sinm = 0 are shown in Table 2.

Table 2. Error results of approximation to norma derivative at interior boundary

B
h=1/40 6.2728E - 16
h=1/80 5.1736E — 15
h=1/160 7.8249F — 14

Time costs (unit: second) in numerical computation of domain decomposition method (DDM) are illustrated in
Table 3 comparing with another computation strategy, non-domain decomposition method (NDDM).

Table 3. Time costs comparison (unit: second)

DDM NDDM

h=1/40 0.4530  0.9220
h=1/80 1.0075  2.2500
h=1/160 3.9450 16.5940

h=1/320 88.6170 346.3590

From Table 3, it is easy to conclude that domain decomposition becomes more and more efficient as the partition
becomes more refined and the system of algebraic equations becomes larger and larger.

7. Conclusion and Discussion

In this paper a domain decomposition of finite element is discussed to simulate semiconductor transient problems
of heat conductor. Mathematical model, physical basic and international research are introduced in the first sec-
tion. In the second section some primary elliptic projections, notations and basic properties are stated. Then the
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procedures of domain decomposition modified with characteristic finite element are structured in the third sec-
tion. Theoretical analysis is shown and an optimal order estimate in L? norm is derived in the fourth section. In
the last section a numerical experiment is illustrated to testify the theoretical result and some advantages of this
method are concluded as follows. Firstly, this method can be applied in large-scaled numerical computation of
three-dimensional problem with complicated domain. Secondly, industrial software is made easily on this method.
Thirdly, the algorithm works on modern parallel computers and gives numerical computation of high order ac-
curacy and high efficiency in parallel for semiconductor transient problems. Finally, this paper is an expansive
argument of my early research (Yuan, 2012), and a mixed element method combined with domain decomposition
is argued firstly in the reference (Yuan, 2012) to solve the problem of semiconductor device. In this paper the
optimal error estimate in L? norm is derived in theoretical analysis but not obtained in the previous work.
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