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Abstract

A sequence of four compositionsof 3is;: 1+ 1+ 1,1+ 2,2+ 1, 3. By the replacement of the plus signs (+) and
commas (,) by the multiplication dots (-) and plus signs (+) respectively, the sequence becomes the summation
series: 1-1-1 + 1-2 + 21 + 3, which is equal to 8 or 6™ number in the famous Fibonacci sequence. It is a curious fact
that the sum of a positive integer n and the products of summands corresponding to the compositions of n is equal
to (2n)-th Fibonacci number. We establish the proposition after obtaining a special order of the compositions of n;
and then obtain some other results. The results show that Fibonacci sequence has close connection with the special
order of the compositions of n. Two Fibonacci identities, which we derive from a special recurrence relation, are
useful to prove two theorems. The relationships are stated first in the theorems and are then shown in the
consequences of the theorems.
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1. Introduction

Partitions of a positive integer n including permutations of the parts or summands are called compositions of n.
For example, eight compositionsof 4 are: 4,3+ 1,1+3,2+2,2+1+1,1+2+1,1+1+2,1+1+1+1.0n
the other hand, the famous Fibonacci sequence is defined by a linear recurrence relation: F,,,, = F, + F,_1
for n > 1 with the initial conditions:F, = 0 and F; = 1. Fibonacci sequence is the following sequence of integers:
0,1,1,2,3,5,8, 13, 21, 34, 55, 89, 144, .... There exists a definite order of the compositions of n, which has
close connection with the Fibonacci sequence. We use the following simple notations for compositions of n to
establish the relationship.

1. Compositions of n = C(n).

2. All C(n) = {C(n)}. Only for the mathematical representations, we use the notation: {C(n)} to mean all C(n).
Otherwise we use an adjective to specify C(n).

3. Number of all C(n) = NC(n). We know: NC(n) = 2",

4% + ...+ % _1 + {C(x;)} for x; + ... + X, = n denotes some C(n) under which the compositions start with the
common summands: Xy, ..., X; _1 in succession.

We use the symbol of equivalence (=) between {C(n)} and its implication; and similarly between x; + ...+ X, _1
+ {C(x;)} and its implication.

Examples: {C(3)} =1+1+1,1+2,2+1,3.
NC(3) = 4.

2 +5+ {C(3)} denotes some C(10) suchthat2+5+ {C(3)} =2+5+1+1+1,2+5+1+2,2+5+2+1,2+
5+3.

Main Results:

(a) We obtain a ‘significant order of the compositions of 7’ or in brief ‘SOC(n)’. The rule for SOC(n) is stated
below.

Under SOC(n) for n > 2, the summands of 1% C(n) are all 1; the last C(n) is n itself; and if any k™ C(n) is x; + ...
+ X, then (k + 1)‘h C(n)isxg + ...+ X _o+ (X, _1 + 1) + the sum of x,— 1 summands which are all 1. The number of
summands of k™ and (k + 1)™ C(n) under SOC(n) are r and r + X, — 2 respectively.
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Example: We use the symbol of equivalence (=) between SOC(n) and its implication.

SOC(5)=1+1+1+1+1,1+1+1+2,1+1+2+1,1+1+3,1+2+1+1,1+2+2,1+3+1,1+4,2+
1+1+1,2+1+42,2+2+1,2+3,3+1+1,3+2,4+1,5
(b) By the replacement of the plus signs (+) and commas (,) by the multiplication dots (-) and plus signs (+)

respectively in SOC(n), we can find a summation series of 2"~ * terms. Denoting the summation series by [1C(n),
we show:

(i) [IC(n) = F,, such that the sum of the terms of odd places and the sum of the terms of even places of
[IC(n)are F,,_, and F,, _, respectively. For example, when SOC(4) =1+1+1+1,1+1+2,1+2+1,1+
3,2+1+1,2+2,3+1,4then(i) [IC(4) =11441+142+124+13+2411+22+341+4=210rFg;(ii)
the sum of the terms of odd places of [[C(4) =14414+1241+24141+341=8orFg and (iii) the sum of the
terms of even places of [[C(4) =142+13+22+4=13orF;.
(i) The 1% term, the sums of 1% 2, 1% 22, ... 1¥ 2" =2 and all 2"~ terms of [[C(n) for n > 2 are F,, F,,
Fs, .., Fpy_, and F,, ; and the 2" term, the sums of 2" 2, 2" 22 .. 2" 2"-2 terms of the series
are F, Fs, ..., Fo,, — 1 in SUCCESSION.
(c) Two Fibonacci identities:
Fon = X120 i Py + 1

and

Fon_q1 = Z?;ol iFZ(n—i)—l + 1
have the important roles to establish the relationships. We obtain the identities from a special recurrence relation.

In the description of the relationships, the basic results are stated first in two theorems; other results are the
consequences of the theorems.

2. Ordered Compositions
By the notations, we can write for n> 2,

{Cm}=1+{Ch-1} 2+{Cn-2)} ... (n-1) +{C(D)} n 1)
(1) is an initial sequential arrangement for all C(n) such that the arrangement is composed of n sets of C(n). The
last two sets of C(n) are (n — 1) + {C(1)} and n. Obviously these are two particular C(n) as: (n— 1) + 1 and n
respectively. When n = 2 then {C(2)} =1 + 1, 2; and when n > 3 then besides the last two sets as two C(n), we
can further obtain the sequential arrangements for other sets of C(n) of the type: a + {C(h — @)} where these
arrangements have the same form as that of the initial sequential arrangement for all C(n). For instance,

2+{C(n-2)}=2+1+{C(n-3)},2+2+{C(n-4)},...,2+(n-4) +{C(2)},
2+(n-3)+1, 2+ (n-2);
where C(n) in the 1% set on the right have 1% two common summands 2 and 1; C(n) in the 2" set have 1% two
common summands 2 and 2; and so on provided that the last two sets are two C(n) of 3 and 2 summands as: 2 +
(n—-3) +1and 2+ (n - 2) respectively. Subsequently we can obtain the sequential arrangements for the sets of
C(n) of the type: a + b + {C(h — a — b)} in like manner. Thus carrying out the operations of obtaining the

sequential arrangements for the successive sets of C(n) recursively where the last two sets in each arrangement
are found as two C(n), finally we can find a definite order of all C(n). For instance,

{CE)}=1+{C@Y} 2+{C(3)}, 3+{C(Q}, 4+1,5
=1+1+{CO)}1+2+{C(2)} 1+3+1,1+4,2+1+{CQ)},2+2+1,2+3,
3+1+1,3+2,4+1,5

=1+1+1+{C(2)}, 1+1+2+1,1+1+3,1+2+1+1,1+2+2,1+3+1,1+4,2+1+1+1,2+1+2,
2+2+1,2+3,3+1+41,3+2,4+1,5

=1+1+4+1+1+1,1+1+1+2,1+1+2+1,1+1+3,1+2+1+1,1+2+2,1+3+1,1+4,2+1+1+
1,2+1+2,2+2+1,2+3,3+1+1,3+2,4+1,5.

For convenience, we name 5 sets of C(5), which is shown in the 1% step, as the ‘basic’ or ‘initial exposition’ of
all C(5); and name the sixteen C(5), which are yielded in a definite order in the last step, as the ‘final exposition’
of all C(5). Thus the expression on the right of (1), which is composed of n sets of C(n), is the initial exposition
of all C(n); and 2"~ *C(n) in a particular order, which can be yielded finally by recursive exposition, is the final
exposition of all C(n). The particular order of all C(n) is named as ‘the significant order of compositions of n’ or
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in brief SOC(n). SOC(n) is the final exposition of all C(n).

We can use also the phrases: ‘initial exposition’ and ‘final exposition” in the expositions of a set of C(n). In the
process of recursive exposition to find SOC(n) starting with (1), we find in general a set of C(n) in the form: x;
+ ...+ X _1 +{C(x,)} for x; + ... + X, = n such that the initial exposition of this set of C(n) is:

Xpt oo+ X+ 1+{Cx—D} X+ ...+ X1 +2+{C(%—2)} ..., ... Xs+ ...+ X1+ (%—2) +{C(D}, X1
Xt (=D)L XX X

Following (1), we can write:
1+{Ch-D}=1+1+{Ch -2} 1+2+{Cnh-3)} .. (1.1
1+1+{C(n-2)}=1+1+1+{C(n-3)}, 1+1+2+{C(n-4)}, ... (1.2)
1+1+1+{Ch-3}=1+1+1+1+{Ch-4)}, 1+1+1+2+{C(nh-05} .. (13

(1.1) is the initial exposition of 1 + {C(n — 1)}. The exposition starts with 1 + 1 + {C(n — 2)} of which the initial
exposition (1.2) starts with 1 + 1 + 1 + {C(n — 3)} of which the initial exposition (1.3) startswith 1 +1+ 1+ 1 +
{C(n—4)}; and so on. It follows that SOC(n) starts with the longest C(n) of which the summands are all 1. n as a
C(n) is written at the last of (1). Consequently n as a C(n) appears last in SOC(n). Hence the sum of n summands,
which are all 1, is the first C(n); and n itself is the last C(n) in SOC(n). For example, the first and last C(5) in
SOC(5)are1 +1+ 1+ 1+ 1andb5 respectively. Similarly x; + ...+ x, _1 + {C(x,)} for x; + ... + X, = n, which
represents a set of C(n), has the final exposition with the first C(n) as: x; + ... + X, _1 + the sum of x, summands
which are all 1 and the last C(n) as: x; + ... + X,.

In the process to find SOC(n), when a set of C(n) appears in the form: x; + ... + x, + a + {C(b)} for x; + ...+ X,
+ a + b = n, then the next set of C(n) appears in the form: x; + ... + x, + (2 + 1) + {C(b — 1)}. Let these two sets
of C(n) be denoted by S, and S, respectively. Since S; and S, are the consecutive sets of C(n), it follows that the
last C(n) in the final exposition of S; and the first C(n) in the final exposition of S, are two consecutive C(n)
under SOC(n). The last C(n) in the final exposition of S; is: X; + ...+ X, + a + b; and the first C(n) in the final
exposition of S, is x; + ...+ x¢ + (a + 1) + the sum of b — 1 summands which are all 1. Hence under SOC(n),
when a C(n) appears in the form: x; + ... + X, + a + b, then the next C(n) appears in the form: x; + ...+ x+ (a +
1) + the sum of b — 1 summands which are all 1, where these two consecutive C(n) are composed of k + 2 and k
+ b summands respectively. The forms of S; and S, can be: a + {C(b)} and (a + 1) + {C(b — 1)} respectively for
a + b = n so that the last C(n) in the final exposition of S; is a + b and the first C(n) in the final exposition of S, is
(a + 1) + the sum of b — 1 summands which are all 1. Hence under SOC(n), the forms of two consecutive C(n)
can be: (i) a + b and (ii) (a + 1) + the sum of b — 1 summands which are all 1, where these two consecutive C(n)
are composed of 2 and b summands respectively. The rule for appearances of successive C(n) under SOC(n) is
clear from the above demonstration.

Rule for SOC(n): Under SOC(n), the summands of the 1* C(n) are all 1; the last C(n) is n itself; and for n >r >
2, if any k™ C(n) is: x; + ... + x,then (k + 1)™C(n) is: X, + ... + X,_p + (X,_1 + 1) + the sum of x,— 1 summands
which are all 1 such that if r > 3 then the first r — 2 summands of k™ C(n) appear also in (k + 1)™ C(n) in the
same order, but if r = 2 then such common summands of k™ C(n) and (k + 1)" C(n) cannot exist. The number of
summands of k™ C(n) and (k + 1)" C(n) under SOC(n) are r and r + x, — 2 respectively.

Remarkl. The number of the compositions of n is a familiar result. It is easy to obtain the result from (1) also.
From (1), we get: For n >2, NC(n) =NC(n—1) + NC(n—2) + ... + NC(1) + 1

Then we have the successive results as shown.

{C(1)} = 1. Hence NC(1) = 1.

{C(2)} =1+ {C(1)}, 2. Hence NC(2) = 2.

{C(3)} =1+{C(2)}, 2+ {C(1)}, 3.

Hence NC(3) =NC(2) + NC(1) +1=2+1+1=22

Similarly NC(4) = NC(3) + NC(2) + NC(1) +1=22+2+1+1=2°.

Proceeding thus, we get: For n>2, NC(n) =2""*.

Furthermore NC(1) = 1 = 2°. Hence for n>1, NC(n) = 2" 1.
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3. A Recurrence Relation and Fibonacci ldentities
For some numbers: a, b and S,, we define an n™ order recurrence function S, by a linear recurrence relation:
Sy = X't (a+ib)S + (a +nb) 2

n-1-i

(2) can generate some Fibonacci identities. We show here the generation of two particular identities which are
needed to establish two theorems that involve with the required relationships. The following Fibonacci formula
is useful to obtain the identities.

Fn+m = Lan + (_1)m+1 Fn—m (3)

(3) is the formula (15a) in ‘List of formulae” in the book, Fibonacci and Lucas Numbers, and the Golden Section:
Theory and Applications by Steven Vajda. (3) involves with Lucas number L,,. Lucas sequence is similar to
Fibonacci sequence and defined by a linear recurrence relation: L,,, = L, + L,_, for n > 1 with the initial
conditions: L, =2 and L, = 1.

From (2), we get:
Sp+1=0aS, +(@a+b)S,_1 + ..+ (a+nb)Sy+ (a+ (n+1)b)
=aS,+aS,_.1+ .. +@+m-Db)Sg+(a+nb)+ b(Sp_1+ .. +S; +1)
=S41 =aSy + Sy + b (Sp_1 + . + Sy +1) (4.1)
Similarly
Spsz2 = ASpy1 + Spy1+ by + oo+ Sy +1) (4.2)
From (4.2) and (4.1), we get:
b(Sp_1+ ..+S +1) =
Sn+2 = ASp41= Spse1— bS8y = S —aS, — S,
SSp12=(@+2)Spy1 + (b-a-1)5, (5)
(5) is a second order linear recurrence relation.
Casel: Whena=b= S, =1,
(i) from (2), we get: S, =3= F, andS,=8= F; ;
(ii) from (5), we get: S, 12 = 3Sp 41— Sn-
Then S; =3S,— S, = 3F,— F, = Fy ;
S, =35 —S,=3F;— Fs= Fy ;

In general
Sp = Fongo (©)
In the solution, we use a Fibonacci formula:
Fonya = 3Fpnyp — Fop (7

(7) is a particular Fibonacci relation from (3) obtained by the substitutions of 2n + 2 and 2 for n and m
respectively. From (6) and (2), we get:

Foniz = Fop + 2Fpp_p + .. +nF, + (n+1)

S Fp = XI5 iFmopn+n (8)
Case 2: When the triplet (a, b, S;) is (1, 1, 1), then from (2) and (5), we get:
S =1=F;; S, =2=Fg;and S, ., =385, .1 — S,.Fromthese results, we get the solution for S, as:

Sn = Fan—4 ©)

by the application of the Fibonacci formula:

Fonys = 3Fmi1 — Fonoa (10)
(10) is another Fibonacci formula from (3) obtained by the substitution of 2n + 1 and 2 for n and m respectively.
From (2) and (9), we get
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Fop_q1 = Z?;ol iFZ(n—i)—1+ 1 (11)

(8) and (11) are the required identities. (2) can yield some more Fibonacci identities and also some Lucas
identities for the particular values of the triplet (a, b, Sy).

4. Ordered Fibonacci Numbers from the Summation Series Involving Ordered Compositions
4.1 Two Theorems

Theorem 1. If [[C(n) for n > 2 denotes the summation series such that [] C(n) = product of the summands
of 1 C(n) in SOC(n) + product of the summands of 2" C(n) in SOC(n) + ... + product of the summands of
(2"~1 = 1)" C(n) in SOC(n) + n, then [[C(n) = F,, . If the initial condition is defined as: []C(1) = 1, then
the result in general is: forn>1, [[C(n) = F,,.

Proof: It follows from (1) and the definition of [] C(n) that for n > 2,
[Ic(n) =TIC(n—-1) + 2[[Cn—=2) + ... + m—DIICA) + n (12)
The initial condition is: [[C(1) = 1 = F,. Then from (12), we get:
[Ic2) =McA)+2=1+2=3=F, ;
[cE) =T1¢c@) +2J1c1) + 3=3+2+3=8=F, .

We assume that the theorem is true for the first n natural numbers for any given n. Then from (12) and (8), we
deduce that

[IC(n+1) =TICn) +2[IC(n—1) + ..+ nJI[CD)+n+1

= FZTL + 2F2n_2 + ... + nFZ + n+ 1 = F2n+2
Hence we have the theorem by induction. 1

Theorem 2. If [IC(n) * for n > 2 denotes the summation series obtained by changing the same sign of the series
[1C(n) forn >2 by alternating signs starting with + sign, then [[C(n) ¥ = —=F,y,_5 .

Proof: From the definition of [T C(n)*, we have
[c@)t =1-1-2;
[McE* =1-1-1-1-2+2-1-3 = [[c)* + 21 - 3;
e#*=(1-1-1-1-1-1-2+1-2-1-1-3)+(2-1-1-2-2)+3-1-4
= [Ic(3)* + 2[[C(2)* +3-1- 4;andsoon.
Ingeneral forn>3, [IC(n)* =
[ICn—1D* + 2[[C(n—=-2)2 + ..+ (n-2)JICR)* + n—-1)-1 —n
S>Mcm* =Tcn—-DE +2[ICr-2) + .. +(m=2)JIC)*t -1 (13)
Now we follow the rules of induction.
MW MCE?* =-2=-F
(2) Assume the theorem is true for all n € A/with 3 <n <m. Then from (13) and (11), we deduce that
[TIcCm+1D* =[[cm)?* + 2[[cm—D* + ..+ m—-DIIC)* -1
= —Fm-3 + 2 —Fpp_s + ..+ (m-1)-—F -1

= —Fom-1
Hence by inductive process, we establish:

forn>3, [IC(M)* = —F_3.
Againwe have [[C(2)* = —1= —F,.

The results together prove the theorem. 1
4.2 Consequences of the Theorems
Theorem1 and Theorem 2 lead to find some relationships among [ C(n), [1C(n)* and Fibonacci sequence.

Consequencel. Let the successive 2"~ 1 terms of [[C(n) for n > 2 be denoted by i, iy, ..., i, where
r= 2""1 Thenforn>2,
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[IC(m) + [TCM)* = 2(iy + i5 + o + 0, )
= Fpp — Fop_z = 2Fp_,

[Icm) - TIC)E = 2(iy + iy + . + i)

= Font+ Fon_3 = 2Fp
Hence

i1+i3+...+ ir_lezn_z (14.1)

i2+ i4+... +iT= an_l (14.2)

(14.1) and (14.2) imply that the sum of the terms of odd places and this of even places of [][C(n) forn=>2 are
F,,_,and F,,_, respectively.
Consequence 2. By Theoreml, [[C(n) = F,, and has an expansion of 2"~ 1 terms. Again from (12), we get:
[ICn) = 1-TI[C(n—1) +...;
1-[IcC(n—1) = 12-[[C(n—2) +..;
12-TIcC(n—2) = 13- [[C(n—3) +...;and so on.
It follows that the sum of all 2"~ 2 termsof [[C(n—1) = F,,_, = the sum of 1% 2"~ 2 termsof [[C(n);
the sum of all 2"~ 3 termsof [[C(n —2) = F,,_, =thesumof 1% 2"~3 termsof [[C(n) ;and in this way,
the initial condition is: the sum of 2 termsof [[C(2) = F, = the sum of 1 2 termsof [] C(n). In general from
Theorem 1 and (12), we get: for n—2 >k > 1, the sum of all 2* termsof [[C(k+1) = F, (k +1) = the sum of
1% 2% termsof []C(n). Furthermore the first term of [[C(n) =1"=1= F, . In other words the 1% term, the
sums of 12, 1% 22, ... 1% 2" =2 and all 2"~ terms of [[C(n) forn>2are F,, F,, Fg , ..., Fpp_, and

F,, in succession. Consequently the 2" term, the sums of 2"2, 2" 22 ... 2" 27~2 terms of [[C(n) forn >
2are (F,—F,, Fg—F,, Fg—Fg,...,Fpy — Fyp,_,) Or (Fs3, Fs,...,F,, _ 1) insuccession.

In like manner from Theorem2, we can find that the sums of 1% 2, 1% 22, ..., 1% 2"~2 all 2"~ ! terms of
[IC(n)* forn>3are —F,,—Fs,... — Fyp _s,— Fpy 5 and the sums of 2™ 2, 2™ 22 ... 2" 27-2 terms of
[IC(m)* forn>3are —F, , —F,, ..., — F,, _, successively.

Consequence 3. LetA= iy + iz +...4+i,_; andB= i, + i, +...+1i, .
From (12) and (13), we get:

[IC) + [IC(m* =1 -[[I[C(n—1) + [[C(n—1D*] + ..

Then we have

1-[[ICn—1) + [ICn—1D*] = 12-[[[C(n—2) + [[C(n—2)*] + ...
12-[[ICn—2) + [IC(n—2)*] = 13- [[IC(n—3) + [IC(n—3)*] + ..

13- [I1CB) + [IC3)*] = 1" 72+ [[IC(2) + [TC()*] + ..

Again from Consequence 1,

A=~ (TIC@) + TICO*E) = iy + iy + o+ iy = Fp, , where =271,
Then

“(MC—1)+TIC—D*) = iy + ig +...+ig_y = Fp_, Where s =2""2,

S(MC@W + TIC@*) = iy +is + is + iy = F;

~(ICB) + IC®*) = iy + i3 = Fy

This implies that the 1% term, the sums of 1% 2, 1% 22 .., 1272 all 2"~ ! terms of A are
Fy,Fy Fgy ooy Fop — 4y Fon— 5 ; and then the 2™ term, the sums of 2™ 2, 2™ 22 ... 2" 2"~ 2 terms of A are
Fy, Fs, F,, ..., F,, _5 successively.
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Similarly the 1% term, the sums of 1% 2, 1% 22, ... 1% 2"-2  all 2"~! terms of B are
Fs,Fs,Fy, ..., Fyp _ 3, Fyn _1; and the 2" term, the sums of 2"%2, 2™ 22 ... 2" 27-2 terms of B are F,, F,,
Fg, ..., F,, _, successively.

From the consequences of the theorems, it follows that both [[C(n) and [] C(n)* have the sets of terms in the
definite orders such that the sums of these sets of terms represent ordered Fibonacci numbers with some
repetitions. Thus it is a remarkable fact that there exists a special order of the compositions of a natural number n,
which has very close connection with the famous Fibonacci sequence.
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Annexure

SOC(n) for n = 6 and for n = 7 are listed below. The list can be useful to examine some important results that are
established in the paper.
SOC6)=1+1+1+1+1+1,1+1+1+1+2,1+1+1+2+1,1+1+1+3,1+1+2+1+1,1+1+2+
2,1+1+3+0,1+1+4,1+2+1+1+1,1+2+1+2,1+2+2+1,1+2+3,1+3+1+1,1+3+2,1+
4+1,1+452+1+1+1+1,2+1+41+2,2+1+2+1,2+1+3,2+2+1+1,2+2+2,2+3+1,2+4,3
+1+1+1,3+1+2,3+2+1,3+3,4+1+1,4+2,5+1,6.
SOC(7)=1+1+1+1+1+1+2,1+1+1+1+1+2 1+1+1+1+2+1,1+1+1+1+3,1+1+1+2
+1+1,1+1+1+2+2,1+1+1+3+1,1+1+1+4,1+1+2+1+1+1,1+1+2+1+2,1+1+2+2
+1,1+1+2+3,1+1+3+1+1,1+1+3+2,1+1+4+1,1+1+5/1+2+1+1+1+1,1+2+1+1+
2,1+2+1+2+1,1+2+1+3,1+2+2+1+1,1+2+2+2,1+2+3+1,1+2+4,1+3+1+1+1 1+
3+1+2,1+3+2+1,1+3+3,1+4+1+1,1+4+2,1+5+1,1+6,2+1+1+1+1+1,2+1+1+1+
2,2+1+1+2+1,2+1+1+3,2+1+2+1+1,2+1+2+2,2+1+3+1,2+1+4,2+2+1+1+1,2+
2+1+2,2+2+2+1,2+2+3,2+3+1+1,2+3+2,2+4+1,2+53+1+1+1+1,3+1+1+2,3+
1+2+1,3+1+3,3+2+1+1,3+2+2,3+3+1,3+4,4+1+1+1,4+1+2,4+2+1,4+3,5+1+1,
5+2,6+1,7.
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