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Abstract

In this paper, some discrete nonlinear inequalities in two variables are established. The inequalities given here can be used
as tools in the qualitative theory of certain finite difference equations.
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1. Introduction

In the study of ordinary differential equations and integral equations one often deals with certain integral inequalities.
The Gronwall-Bellman inequality and its various linear and nonlinear generalizations are crucial in the discussion of
existence, uniqueness, continuation, boundedness, stability and other qualitative properties of solutions to differential
and integral equations. The literature on such inequalities and their applications is vast; see Agarwal(2005), Bainov and
Simeonov(1992), Cheung(2004, 2006), Cheung and Ren(2006), Dragomir and Kim ( 2003), Lipovan (2000), Pachpatte
(2004a,b), Salem and Ralan (2004), and the references given therein. To handle difference equations, some discrete
Gronwall-Bellman type inequalities are needed. During the past few years, some investigators have established some
useful and interesting discrete Gronwall-Bellman type inequalities, see Cheung (2004, 2006), Cheung and Ren (2006),
Salem and Ralan (2004). Cheung, W.S. (2004) had proved

Theorem A Suppose u : 2 — R.is a function on a 2-dimensional lattice Q, If k > 0 is constant and a,b : Q — R, w €
C(R,,R,) are functions satisfying

(i) wis nondecreasing with w(r) > 0 for r > 0; and

(ii) for any (m,n) € Q,

m—1 n—1 m—1 n—1

Wr(m,n) < K + Z Z als, Huls, H)+ Z Z b(s, Huls, Ow(u(s, 1)),

s=my t=ng S§=mg t=ngp
then u(m, n) < {CDII[(D](k + A*(m, n)) + B*(m, n)]} for all (m, n) € Qy, »,), Where

m—1 n—1 m—1 n—1 !

A*(m,n) := Z Za(s, 1), B*(m,n) := Z Zb(s’ D, Pu(r) = %’
1

s=my t=ng sS=my t=ngp

and (my,n;) € Q is chosen such that ®(k + A*(m,n)) + B*(m,n) € Dom(cl)l‘l) for all (m,n) € Qqp, »,). Very recently,
Cheung and Ren (2006) established the following

Theorem B Suppose u € F,(Q), If ¢ > 0, > 0 are constants and b € F,(Q), ¢ € C(R,,R,) are functions satisfying
(1) ¢is nondecreasing with ¢(r) > 0 for r > 0; and

(ii) for any (m,n) € Q,

m—1 n—1

Wmn) < e+ YY" bls, Dpu(s, 1),
then o
u(m, n) < {@;'[@u(c) + B (m,n)]}

for all (m,n) € Qun, ), where B*(m, n) is defined as in Theorem A, ®,(r) := f " ‘fi x and (my,n;) € Q is chosen such
| el @

that ®,(c) + B*(m,n) € Dom(®,") for all (m,n) € Qs )

Motivated by the results in Cheung and Ren (2006), the main purpose of this paper is to establish some new discrete
nonlinear inequalities in two variables.
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Throughout this paper, I := [my, M] N7Z and J := [ny,N] N Z are two fixed lattices of integral points in R, where
mo,ng € Z, M,N € Z U {oo}. Let Q := I x J ¢ Z* R, := [0, c0),and for any (s, 1) € Q,the sub-lattice [my, s] X [ng, 1] N Q of
Q will be denoted as €. If U is a lattice in Z(respectivelyZz), the collection of all R-valued functions on U is denoted
by F(U),and that of all R, —valued funcctions by F,(U). For the sake of convenience, we extend the domain of definition
of each function in F(U) and F.(U) trivially to the ambient spaceZ(respectivelyZz). So for example, a function in F(U) is
regarded as a function defined on Z(respectivelyZ?) with support in U. As usual, the collection of all continuous functions
of a topological space X into a topological space Y will be denoted by C(X, Y). If Uis a lattice in Z, the difference operator
Aon f € F(Z) or F,(Z) is defined as Af(n) := f(n+ 1) — f(n), n € U,and if Vis a lattice in Z?, the partial difference
operators A; and A, on u € F(Z*)or F,(Z?) are defined as

Au(m,n) ;= u(m+ 1,n) —u(m,n), (m,n) €V,
MAou(m,n) ;== u(m,n + 1) —u(m,n), (m,n)eV.
For any ¢, ¢ € C(R,,R;) and any constant 8 > 0, define

C ds o ds
(I)B(r) = fm, ‘Pﬁ(r) = W, r> O,
1 1
p(0) 1= Tim Dp(r),  Wy(0) 1= Tim Wy(r).

Note that we allow ®g(0)and ¥3(0)to be —co here.

2. Main results

Theorem 2.1. Suppose u € F(Q), If ¢ > 0, > 0 are constants and b, h € F,(Q), ¢ € C(R;, R,) are functions satisfying
(i) ¢ is nondecreasing with ¢(r) > 0 for r > 0; and

(ii) for any (m,n) € Q,

m=1 n—1
Wmn) <c+ YN bis, z)[z D" b, plu(, 0'))] (1)

S=my 1=n T=my O=N(

Then

u(m, n) < {@;'[®e(c) + Bm,m1) ", )

for all (m, n) € Qqp, »,), where

3)

m—1 n—1
B(m, n) := Z Zb(s t)[z Zh(‘r o,

s=myq t=ng T=my =Ny

(D;Iis the inverse of @, and (m,n;) € Q is chosen such that ®,(c) + B(m, n) € Dom((D;l)for all (m, n) € Qg ny)-

Proof. It suffices to consider the case ¢ > 0, for the case ¢ = 0 can be arrived at by continuity argument. Denote by g(m, n)
the right-hand side of (1). Then g > 0, u < g” “ on Q, and g is nondecreasing in each variable. Hence for any (m, n) € €,

n—1 m t
Ag(m,n) = gm + 1,n) = g(m,n) = ) b(m, t)[Z > hiw o, a))]

1=ngy T=mgy oO=ny (4)
-1 n—1 m I3
< Z bm. 1) Z Z hr. o) (x, a))] < p(g"/"(m.n— 1) 3 b(m.1) [Z 2. fﬂ}
by (4),
g(m+1,n) 1
Ar(®q 0 g)(m, 1) =Dq (g(m + 1, 1)) — Oy(g(m, ) = f a4
g(m,n) QD(S )
1 @(g"(m.n - 1)) BN
P P tznob( [Zm: (,Z " U)] ®
n—1 m t
<N bom, z)[z >, 0)]
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for all (m, n) € Q. Therefore

m—1 m—1 n—1 s t
DA @y 0 g)(s,m) < Y Y b, t){z >, o')] = B(m,n).

S=m s=my t=ng T=my O=ng

On the other hand, it is elementary to check that

m—1

D AI@, 0 9)(s,1) = Dy 0 g(m, 1) = Dy © gy, ),

S=mg

thus

@, o g(m,n) < ®, o g(mg, n) + B(m,n) = Oy(c) + B(m, n).

Since @, is increasing on Dom @, this yields

g(m,n) < ®,'[D,(c) + B(m,n)] (6)

for all (m, n) € Qun, 1)

1/a

Using (6) in u < g'/* , we have the required inequality in (2). This completes the proof of Theorem 2.1.

Remarks 1.

1, (r,o)=(s,1)

0. (o) #(s.0)° Theorem 2.1 reduces to Theorem B.

(1) When A(t,0) = {

1
)
For example, ¢ =constant> 0, ¢(r) = r*, ¢(r) = r* In(1 + r¥),etc., are such functions (see Constantin, A. (1995)). In such
cases @, (c0) = oo and so we may take m; = M,n; = N. In particular, inequality (2) holds for all (m, n) € Q.

(i) In many cases the nondecreasing function ¢ satisfies flw ds = oo.

Theorem 2.2. Suppose u € F,(Q), If &k > 0, p > 1 are constants and a,b,h € F,(Q),p € C(R,,R,) are functions
satisfying

(1) ¢is nondecreasing with ¢(r) > 0 for r > 0; and

(ii) for any (m,n) € Q,

m—1 n—1 m—1 n—1 K

Wmm) < k+ Y )" als,Huls,0+ > > bls,Du(s, 0| Y 2 h(r, )p(u(r, o)) | (7)

§=my t=ng sS=my t=ngp T=my O=Nny

Then

}1/(P—l) ®)

wm, n) < @)1 [0, (K=" + A, n)) + B(m, m)]

for all (;m, n) € Qqp, »,), Where

m—1 n—1 m=1 n-1 S ‘
AGmn) = > > als, 1), Bomm) = Y " bis, t)(z >, 0')],

and (my,n;) € Q is chosen such that (I)p,l(kl‘l/ﬁ + A(m,n)) + B(m,n) € Dom((I)zll) for all (m, n) € Qup, n,)-

Proof. Similar to the proof of Theorem 2.1, it suffices to consider the case k > 0, for the case k = 0 can be arrived at by
continuity argument. Denote by f(m, n) the right-hand side of (7). Then f >0, u < f 1r on Q, and fis nondecreasing in
each variable. Hence for any (m,n) € Q,
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Ay f(m,n) =f(m +1,n) — f(m,n)

= Z a(m, Hu(m, 1) + Z b(m, Hyu(m, 1) [Z Z h(t, P)e(u(, a’)))

n—1 ] n—1 . m ! ) 9
< > atm0f" (m,n+ Y bm,0)f 7 (m,1) [ D > i oe(f (x, a))] )
n—1 n—1 m t
<f*" (m,n—1) [Z am,1)+ > b(m, 1) [Z > b oe(f7 (@, 0'))]}

Alf(m, l’l) n—1 n—1 v,
T D atm,1+ > bom, t)(z D b e(f (. 0'))]

t=nqy 1=ngy T=mgy 0=ng

Therefor, for any (m, n) € Q,

m—1 m—1 n—1 m—1 n—1
Z f/pl(J;(i n) Z Za(s N+ Z Zb(s t)[z Z h(z, )£ (x, a-))]

s=my t=ng s=my t=ngp T=my =Ny

(10)
m—1 n—1
=A(m, n) + Z Z b(s, t)[z 2 o a))]
On the other hand, by the nondecreasing property of f in each variable, we have
’"Zl Arf(s,n)
5L (s,n=1)
__fnm  fm—lm)  fem—lm)  fm-2n)
frm-1n=1 frm-1ln=1) frm-2n-1) frm-2,n-1)
fmg+1,n) — f(mo,n)
S mo,n= 1) f (o= 1) an
__ fmn L 1 ~ 1 _ flmg,n)
_f]/l’(m—l,n—l)+ ; fom S’n)[fl/ﬂ(m—s—l,n—l) frm-s,n—=1]1 7 (mo,n—1)
fonm)  fGmg.n)
CfYrm=1n=1)  fY (mo,n~1)
f(m,n)

S AL — e N TR O I
fl/ﬂ(m—l,n—l) S mm)

for any (m, n) € Q. Hence we obtain

m—1 n-1 K t
f P(m n) < K +A(m,n)+ Y, 2 b(s, t)( > h(T,O’)(p(fl/” (T,O')))
s=myg 1=ngp T=mo O=ngo
for any (m,n) € Q. In particular, since A(m,n) is nondecreasing in each variable, for any fixed (m,71) € Qg 1),

1 1 1 m—1 n—1
o mn) = [f?(m,n) . (k1 FrAGm) S S b r)( S S hmoe(f (. o-»)

s§=myg t=ng T=mgy O=nq

for all (m, n) € Qpz.Now by applying Theorem 2.1 to the function f , (m, n), we have

u(m,n) < f% (m,n) < {@;ll[d)p_l(kl’yp + A(m, nn)) + B(m, n)]}l/(p_l)

for all (m, n) € Q). In particular, this gives
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(i, ) < (@31 1@, (K7 + AGn, ) + B, )]} .

Since (i, 1) € Q(, u,) 1s arbitrary, this concludes the proof of the theorem.

Remarks 2.
L, (r,o)=(s,0)

(H)When p =2, h(r,0) = {o (T, 0) # (s,1)

, Theorem 2.2 reduces to Theorem A.
(ii) Similar to the previous remark, in mamy cases ®,_;(c0) = oo and so in these situations, inequality (8) holds for all
(m,n) € Q.

Theorem 2.2 can easily be applied to generate other useful discrete inequalities in more general situations. For example,
we have

Theorem 2.3. Suppose u € F.(Q), If k > 0, p > g > 0 are constants and a,b,h € F,(Q),¢ € C(R,,R,) are functions
satisfying

(1) ¢is nondecreasing with ¢(r) > 0 for r > 0; and

(ii) for any (m,n) € Q,

m—1 n—1 m—1 n-1 s t
Wm,m) <k+ )N als,ul(s, 0+ ) D bls.oul(s,n| Y Y o, o)) (12)
s=my t=ny s=my t=ng T=my =N

then

} 1/(p=4)

wm, n) < (@1 [®, (k'™ + A(m,n)) + B(m. n)] (13)

for all (m,n) € Qqy, n,), where A(m,n), B(m,n) are defined as in Theorem 2.2, and (m;,n;) € Q is chosen such that
®,,_o(k'~? + A(m,n)) + B(m,n) € Dom(®;! ) for all (m,n) € Qp, ny).-

Proof. For any r > 0, define
Y(r) = (r). (14)
Then clearly ¢ satisfies condition (i) of Theorem 2.2. By (12)

u’(m,n) < k + ”i nii a(s, Hul(s, )+ ”i rf: b(s, Hul(s,t) [2 Z[: h(t, o)(ui(r, 0'))]

s=mg 1=ng s=my 1=ng T=my O=Nn(

for any (m,n) € Q.

Writing v = u9, this becomes

vg(m, n)<k+ 75‘: "Z‘l a(s, tyv(s, 1)+ ”’Z‘l S b(s, tH)v(s, 1) [i 2 h(t, oW ((r, 0'))].

§=myg t=ngp S=my t=ng

Since 77 > 1, it follows from Theorem 2.2 that

14 -1
% }

vim,n) < {¥,) ¥y, (K77 + A(m,n) + Bom,n)] = 10y, [Womny, (K" + AGm,n)) + B(m, n)]}”"’

for all (m, n) € Qy, »,)- Now it is elementary to check by the definition ¢ in (14) that ¥ r— (r) = ®,_,(r), thus we have
q

v, n) < (@1, [0, (5 + AGm, ) + Bm, my]}"""

for all (m, n) € Qy, n,), OF

u(m, n) = v (m,n) < [, [®,_,(K'*> + AGm,m)) + Bom,m]) """

Published by Canadian Center of Science and Education 131



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 2, No. 3; August 2010

for all (m,n) € Qqp, ), Where (m;,n;) € Q is chosen such that (D,,,q(kl‘% + A(m,n)) + B(m,n) € Dom((D;lq)for all
(m, n) € Q(ml,m).

An important special case of Theorem 2.3 is the following

Corollary 2.4. Suppose u € F.(Q), If k > 0, p > 1 are constants and a,b,h € F,(Q),¢ € C(R,R,) are functions
satisfying

(1) is nondecreasing with ¢(r) > 0 for r > 0; and

(ii) for any (m,n) € Q,

m=1 n—1 m=1 n—1 s t
wWmm) <k+ » Y a(s, 0wt~ (s, 0+ ) bis, 0w (s,0| DY b opu(r, o) | (15)
Then
u(m,n) < (I)l_l[(Dl(kTIJ + A(m,n)) + B(m,n)] (16)

for all (m, n) € Qy, »,), Wwhere A(m, n), B(m, n) are defined as in Theorem 2.2, and (m;, n;) € Q is chosen such that
@1(kl/ﬂ + A(m,n)) + B(m,n) € Dom(d)fl) for all (m, n) € Qe ny)-
In particular, we have the following useful consequence.

Corollary 2.5. Suppose u € F (Q), If k > 0, p > 1 are constants and a,b,h € F.(Q) are functions such that for any

(m,n) € Q,
m—1 n—1 m—1 n—1 s t
Womn) <k+ Y Y als, 0w~ (s, 0+ 30 b(s, 0w (s,0| DT hm o, o) |,
s=my 1=ngp s=my 1=ngp T=my O=n

then u(m, n) < (kll7 + A(m, n)) exp(B(m,n)) for all (m, n) € Q, where A(m, n), B(m, n) are defined as in Theorem 2.2.

3. Application

Consider the following difference equation

A1z’ (m, n) =z~ (m, n)a(m, n)

m n 17
+ 27 o, MO, n,20m,m), Y Y N, 0,27, 0)) a7
T=my o=n
Satisfying
z(m,ng) = f(m), z(mo,n) = g(n), f(mo) = g(ny) = 0. (18)
Where p > 1, a € F(Q)are given.
The following theorem deals with the estimate on the solution of problem (??)-(??).
Theorem 3.1. Suppose that
M(p,q, j.k) < b(p,q) lkl, (19)
N(p,q,k) < h(p, )p(lk)), (20)
lfm)P + g’ <k for some k=0,(m,n)eQd (21)
Where b, h € F.(Q),p, ®; are as defined in corollary 2.4.
If z(m, n)is any solution of (17)-(18), then
|z(m, n)| < <D1‘1[CD1(I<71’ + A(m,n)) + B(m,n)]. (22)
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Proof. It is easy to see that the solution z(m, n) of the problem (17)-(18) satisfies the equivalent equation

m—1 n—1
) =f7m) + g+ Y > 2 (s.0ats, 1)

m—1 n—1 T K t (23)

+ Z Zz”_l(s, HM(s,t,z(s, 1), Z Z N(t, 0, z(t,0)))

From (23), (18), (19), (20), (21), we have
m—1 n—1
lztm, I <k+ > " als, Dlz(s, !

o - o

+ 3 D bl 0P| Y Y b odellas 0D |

Now a suitable application of the inequality (16) given in corollary 2.4 to (24) yields (22).
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