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Abstract

We consider (strong uniform) continuity of the limit of a pointwise convergent net of lattice group-valued functions,
(strong weak) exhaustiveness and (strong) (a)-convergence with respect to a pair of filters, which in the setting of
nets are more natural than the corresponding notions formulated with respect to a single filter. Some comparison
results are given between such concepts, in connection with suitable properties of filters. Moreover, some modes of
filter (strong uniform) continuity for lattice group-valued functions are investigated, giving some characterization.
As an application, we get some Ascoli-type theorem in an abstract setting, extending earlier results to the context
of filter (@)-convergence. Furthermore, we pose some open problems.
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1. Introduction

In this paper we deal with (strong) filter ()-convergence for nets of lattice group-valued functions defined on
abstract topological spaces, (strong) filter exhaustiveness and (strong uniform) continuity. The concept of strong
uniform continuity is related to the problem of finding a topology finer than that of pointwise convergence in
connection with preservation of continuity of the limit function, and was introduced in Beer and Levi (2009) and
recently investigated by several authors (see also Caserta, Di Maio and Hol4 (2010), Caserta, Di Maio and Koc¢inac
(2011) and the literature therein). The concept of (a)-convergence or continuous convergence of real-valued
function sequences has been known in the literature since the beginning of the last century (see also Carathéodory
(1929) and Hahn (1922)). In Zygmund (1968) it is proved that the linear means of the trigonometric series of a
real-valued function f, continuous on [0, 27] and summable with respect to a suitable positive kernel, (@)-converge
to f. In general, (strong) filter (@)-convergence for function nets is different from the corresponding notion given
for sequences, since the set of the indexes of the function net can be larger than the set on which these functions are
defined (see also Gregoriades and Papanastassiou (2008)). We give a characterization of (strong) (a)-convergence
in terms of (strong) filter exhaustiveness, without requiring special hypotheses on the involved filter, like in the
classical case (see also Boccuto, Dimitriou, Papanastassiou and Wilczyniski (2011)). This leads to considering a
concept of (weak) filter exhaustiveness with respect to a pair of filters. We give some characterization of (strong
uniform) continuity of the limit function and investigate some modes of (strong uniform) continuity of lattice
group-valued functions with respect to a pair of filters in the context of nets, extending some results proved in
Baldz, Cervetianskij, Kostyrko and Salt (2002). Moreover we give some comparison results between filter (o)
convergence with respect to a pair of filters and usual (@)-convergence with respect to one filter and between
filter exhaustiveness with respect to a pair of filters and usual exhaustiveness with respect to a single filter, and
illustrate some differences between strong filter (@)-convergence and filter (@)-convergence, and between (strong)
exhaustiveness and (strong) weak exhaustiveness. Some related results have been proved in Caserta, Di Maio and
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Hol4 (2010), Gregoriades and Papanastassiou (2008) for the classical case, in Caserta, Di Maio and Kocinac (2011)
for the statistical convergence and in Athanassiadou, Boccuto, Dimitriou and Papanastassiou (2012), Athanassi-
adou, Dimitriou, Papachristodoulos and Papanastassiou (2012), Boccuto and Dimitriou (2011, 2014), Boccuto,
Dimitriou, Papanastassiou and Wilczynski (2011) in connection with filter/ideal continuous convergence for func-
tion sequences, where exhaustiveness is intended with respect to one filter. In this setting, we investigate also
some property of the filter ¥ of all subsets of N having asymptotic density one. As an application of filter (a)-
convergence and the related notions of filter exhaustiveness, we give an abstract Ascoli-type theorem, where the
involved concepts of closedness and compactness are formulated in terms of suitable convergences of nets, without
assuming necessarily the existence of a structure of Hausdorff topology. In this framework, we extend some results
proved in Athanassiadou, Boccuto, Dimitriou and Papanastassiou (2012), Boccuto and Dimitriou (2014), Gregori-
ades and Papanastassiou (2008) and Kelley (1955). Furthermore, we consider filter (weak) exhaustiveness and filter
(@)-convergence with respect to a triple of filters, in relation with the problem of finding necessary/sufficient con-
ditions for filter continuity of the limit of a function net. Furthermore, we consider filter (weak) exhaustiveness and
filter (@)-convergence with respect to a triple of filters, in relation with the problem of finding necessary/sufficient
conditions for filter continuity of the limit of a function net. Finally, we pose some open problems.

2. Preliminaries
We now give the notions, which will be useful in the sequel in proving our main results.

A lattice group (or (£)-group) is an abelian partially ordered group R = (R, +, <) closed with respect to the opera-
tions of finite supremum and finite infimum, and such that a + ¢ < b + ¢ whenever a, b, c € Rand a < b. A lattice
group R is said to be Dedekind complete iff every nonempty subset of R, bounded from above, admits supremum
in R (see also Boccuto and Dimitriou (2015)).

Throughout the paper, we denote by R a Dedekind complete (£)-group. A sequence (0 ,), in R is called an (O)-
sequence iff it is decreasing and /\ 0 = 0. A net (x)ea in R is order convergent (or (O)-convergent) to x € R

p
iff there exists an (O)-sequence (0p), in R such that for every p € N there exists 4 € A with |x; — x| < o, for all
l € A, > A, and in this case we will write (O) IAHR X = X.

€

If X is a topological space and x € X, then we say that a function f : X — R is continuous at x iff there is an
(0)-sequence (0p,), (depending on x) with the property that for each p € N and x € X there exists a neighborhood
U, of x with |f(x) — f(z)| £ o, whenever z € U, (see also Boccuto, Dimitriou, Papanastassiou and Wilczynski
(2014)).

Let X = (X, D) be a uniform space, where D denotes the set of the entourages. If 0 # B C X, then a function
[+ X — Ris strongly uniformly continuous on B iff there exists an (O)-sequence (o), such that for every p € N
there is D € O with |f(8) — f(x)| < o, whenever x € X, 8 € B and (x,5) € D.

Let (A, >) be a directed set. A filter ¥ of A is (A)-free iff ¥ # 0,0 ¢ ¥ and M, € F for each 1 € A, where
My:={CeAN:¢=>2}.

We denote by Fofin the filter of all subsets of N whose complement is finite, by 7, the family of all finite subsets
of N, by ¥ the filter of all subsets of N having asymptotic density 1, by 7 the family of all subsets of N with
asymptotic density 0 and by 7 the class{A c Aand A D M, : 1 € A}.

Some filters ¥ of N have the property that there is a partition of the type N = U Ay, such that
k=1

I ={A c N : A intersects at most a finite number of A;’s}, (D
where I denotes the dual ideal of # (see also Boccuto, Das, Dimitriou and Papanastassiou (2012)).

Remarks 2.1. (a) Observe that the ideal Jg, satisfies condition (1): indeed it is enough to take A; = {k} for each
ke N.

(b) If 7 is as in (1), and (A;); is any sequence of subsets of N, with A; ¢ I for all j € N, then there exists a

disjoint sequence (B)); in I, with B; C A; for every j € N and U B; ¢ T (see also Boccuto, Das, Dimitriou and
=1
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Papanastassiou (2012), Remark 4.15 (b)).

(c) We now see that the ideal 7 does not fulfil condition (1). To this aim, it is enough to show that for every
partition (Ag); of N there is a set belonging to 7 which intersects infinitely many A;’s. Set g(1) = 1: there is
ki € N with 1 € Ay,. At the second step, take a natural number g(2) greater than g(1) + 3 and belonging to Ay,,
where k; is a suitable integer strictly greater than k;. At the n + 1-th step, if we have chosen g(n), let g(n + 1) be
an integer greater than g(n) + 2n + 1 and belonging to A ,,, where k; < k < ... < k, < ky41. It is not difficult to

check that the set A = {g(n) : n € N} has asymptotic density smaller or equal than that of the set of squares, that is
0, and thus A € 7. Moreover, by construction, A intersects infinitely many A’s.

Let X be any Hausdorff topological space, x € X and # be a (A)-free filter of A. A net (xy)en F -converges to x
(shortly, () alr}\l Xy =xor(F) liin xy =x)iff {1 € A: x, € U} € F for each neighborhood U of x.
€.

Let & be any nonempty set. A family {(x¢)a : € € E} in R (ROF)-converges to {x; : ¢ € E} iff there is an (O)-
sequence (0 ), such that for each p € N and ¢ € = we get {/1 €A |xpe— x| o',,} € ¥. We say that the function
net /3 : X > R, 1 € A, (ROF)-converges to f : X — R iff the family {(fi(x)): x € X} (ROF )-converges to {f(x):
x € X} (see also Boccuto and Dimitriou (2015), Boccuto, Dimitriou and Papanastassiou (2012a-b), Candeloro and
Sambucini (2015)).

Let (X, D) be a uniform space, @ # B C X, E = (&, >) be a directed set and S be a (2)-free filter of E. We say that
the pair of nets z¢, x¢, £ € B, satisfies condition HI) with respect to S iff x¢, zz € B for each & € Z, and for every
D € Dthereis aset F' € S with (xg,z¢) € D whenever ¢ € F.

Let S and 7 be any two fixed (E)-free filters of E. A function f : X — R is said to be strongly (S, F)-uniformly
continuous on B iff there is an (O)-sequence (07p), in R such that for every pair of nets z¢, x¢, £ € Z, satisfying
condition H1) with respect to S, we have:

H2) for each p € N there is F* € F with |f(xg) — f(z¢)| < o) foreach & € F*.

Let X be any Hausdorff topological space. We say that f : X — R is (S, ¥ )-continuous at x € X iff there is an
(0)-sequence (0p,),, in R such that, for every net (x;)zcz S-convergent to x, the net (f(x;))zez (ROF)-converges to
f(x) with respect to (op),.

Let (X, D) be a uniform space and @ # B C X. A net of functions f; : X — R, 4 € A, is said to be strongly
¥ -exhaustive on B iff there is an (O)-sequence (0,), such that for any p € N there exist D € D and A € ¥ such
that for each 1 € A and x € X, 8 € B with (x,8) € D we have |fi(x) — f1(B)| < 0.

We say thatanet f; : X — R, A € A, is strongly weakly ¥ -exhaustive on B iff there is an (O)-sequence (), such
that for each p € N there is D € D such that, for every x € X and 8 € B with (x, ) € D, there is A € ¥ (depending
on x and B) with |f(x) — f1(B)| < o, whenever 1 € A.

Let x € X. We say thatanet f; : X — R, 1 € A, is F -exhaustive at x iff there is an (O)-sequence (0p), with the
property that for any p € N there exist a neighborhood U of x and a set A € ¥ such that foreachd € Aandz € U
we have | fu(z) - fa(0)] < 0.

Anet fy : X = R, 1 € A, is weakly F -exhaustive at x iff there is an (O)-sequence (0,,),, such that for each p € N
there is a neighborhood U of x with the property that for any z € U there is A, € ¥ with |fi(z) — fu(x)| < o)
whenever 4 € A.

When we deal with (@)-convergence for nets of functions, it is advisable to consider (strong weak) exhaustiveness
with respect to a pair of filters.

Let S and ¥ be as above, (X, D) be a uniform space and @ # B C X. Anet f; : X —> R, 1 € A, is said to be
strongly (S, F)-exhaustive on B iff there exists an (O)-sequence (07,), in R such that, for every pair of nets x;, z,
¢ € B, satisfying H1) with respect to S and for any p € Nthere are S € S, F € F with |fi(xs) — fa(z2)| < o, for
everyé €S andd e F.

The net f; : X — R, A € A, is strongly weakly (S, F)-exhaustive on B iff there exists an (O)-sequence (0p), in
R such that, for each pair of nets x¢, z¢, £ € B, satisfying H1) with respect to S and for every p € N there is a set
S € S such that for each € € § there exists Fe € ¥ with |fi(xg) — fa(ze)l < o), whenever A € F.
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Let X be any Hausdorft topological space and x € X. A net f3 : X — R, 1 € A, is said to be (S, F)-exhaustive at
x € X iff there exists an (O)-sequence (07,,),, in R such that, for every net x, £ € Z, S-convergent to x and for any
p€Nthereare S € S, F € F with [fi(xs) — fa(x)| < o foreveryé € S and A € F.

The net f; : X — R, A € A, is weakly (S, )-exhaustive at x € X iff there exists an (O)-sequence (o), in R such
that, for each net x;, £ € E, S-convergent to x and for every p € N there is a set S € S such that for each ¢ € S
there exists Fz € # with | fi(xz) — fa(x)| < o, whenever A € Fp.

Let® # BC X. We say thatanet f) : X — R, 1 € A, (F)-uniformly converges on Bto f : X — R iff there exists
an (O)-sequence (0p,),, such that for every p € N there is F € ¥ with |fi(x) — f(x)| < o, foreachx € Band 1 € F.

Let ¥ be a fixed (N)-free filter of N. We say that a sequence (f,), in RX (¥ c)-converges (filter continuously
converges) to f € RX at x € X iff there exists an (O)-sequence (0p)p such that for each sequence (x,), in X with
(F)lim x, = x we get (ROF)1lim f,(x,) = f(x) with respect to (07,),.

Let now A and E be two directed sets, S and ¥ be a (E)-free filter of = and a (A)-free filter of A, respectively.
We say that anet f) : X —» R, 1 € A, (S,F a)-converges to f : X — R at x € X iff there exists an (O)-sequence
(0p)p in R such that, for every net x;, &€ € E, S-convergent to x and for each p € N there are § € S, F € ¥ with
[fa(xg) = f(x)| < 0, whenever £ € S and A € F.

Let (X, D) be a uniform space and § # B c X. We say that a sequence (f,), in RX strongly (¥ ¢)-converges to
f € RX on B iff there exists an (0)-sequence (o), such that for each pair of sequences (x,),, (z4), in X satisfying
condition H1) with respect to ¥ we get (OF ) lim (f,(x,) — f(z,)) = 0 with respect to (o).

Anet f : X = R, A € A, is said to be strongly (S, F a)-convergent to f : X — R on B iff there exists an
(0)-sequence (0p), in R such that, for every pair of nets x;, z¢, ¢ € Z, satisfying condition H1) with respect to S
and for each p € Nthere are § € S, F € ¥ with |fi(z¢) — f(xz)| < o, whenever £ € S and 1 € F.

Anet f) : X - R, 1 € A, is said to (strongly) (F a)-converge to f : X — R at x € X (resp. on B) iff it is (strongly)
(S, F @)-convergent to f : X — R at x € X (resp. on B) for every directed set Z = (E, >) and for each (E)-free filter
S of E.

3. The Main Results

We begin with a characterization of (strong) (S, ¥ @)-convergence of function nets in terms of (strong) (S, ¥ )-ex-
haustiveness.

Theorem 3.1. Let (X, D) be any uniform space, ) + B C X, E = (E,>) and A = (A, =) be two directed sets, S
and F be a (E)-free and (N)-free filter of E and A, respectively, and f, : X — R, 1 € A, be a net of functions,
(F)-uniformly convergent to f : X — R on B. Then (f)), is strongly (S, F a)-convergent to f on B if and only if
(f). is strongly (S, F)-exhaustive on B.

Proof: We begin with the “if”” part. Let (0,,),, be an (O)-sequence in connection with strong (S, #)-exhaustiveness
on B and x;, z¢, € € E be two nets in X, satisfying condition H1) with respect to S. Let (0';)13 be an (0)-sequence,
associated with (#)-uniform convergence of the net (f3), to f on B. Put 7, := 0, + 0';‘,, p € N. We claim that the
(0)-sequence (1,,),, satisfies the condition of strong (S, F a)-convergence.

Pick arbitrarily p € N. There are two sets S € S, F € ¥, with
[fa(ze) — falxo)l < o forallé €S and A € F. )
By (¥)-uniform convergence of (f;); to f on B, there is F* € ¥ with
[fa(xe) — flxe)] < o'[*7 forallé e Sand A € F*. (€))]
From (2) and (3) it follows that foreachA € FNF* € ¥ and £ € § we get
Ifa(ze) = f(xo)l < |fa(ze) = Lol + 1 fa(xg) = fxpl < 0 + 0 = 7),

that is the claim.

We now turn to the “only if” part. Let (7,), be an (O)-sequence, associated with strong (S, ¥ @)-convergence and
Xe, Zz, € € E be two nets satisfying H1) with respect to S. Let (a';),, be an (0)-sequence related to (¥ )-uniform
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convergence on B, and put o7, = 7, + 07, p € N. We prove that the (O)-sequence (), fulfils the condition of
strong (S, ¥ )-exhaustiveness of (f3),4.

Take arbitrarily p € N. There are two sets S € S, Fy € ¥, with
|fa(ze) — f(xp)l < T, foreach & € Sy and A € Fy,. 4
Let F* be as in (3). From (3) and (4) we obtain

Ifa(ze) = falxe)l < 1faze) = fxl + 1falxe) — fFOl S T + 07 = 07

whenever 1 € Fo N F* € ¥ and € € Sy. This ends the proof. O

By proceeding similarly as in Theorem 3.1, it is possible to prove the following

Theorem 3.2. Let X be a Hausdor(f topological space, x € X, Z, A, S and F be as in Theorem 3.1, and f, : X — R,
A € A, be a net of functions, (ROF )-convergent to f : X — R. Then (f)), is (S, F @)-convergent to f at x if and
only if (f))a is (S, F)-exhaustive at x.

We now relate (strong) weak (S, ¥ )-exhaustiveness with (strong uniform) continuity of the limit function.

Theorem 3.3. Let X, R, E, A, S, F be as in Theorem 3.1, 0 #+ B C X be fixed, and ) : X - R, 1 € A, be a
function net, (ROF)-convergent to f € RX.

Then (f)), is strongly weakly (S, F)-exhaustive on B if and only if f is strongly (S, S)-uniformly continuous on B.

Proof: We begin with the “only if” part. Let (07,), be an (O)-sequence associated with strong weak (S, ¥ )-exhau-
stiveness of (f3), on B, choose arbitrarily two nets x, zz, € € E, satisfying condition H1) with respect to S and a
positive integer p, and let S € S be related to strong weak (S, F)-exhaustiveness. Pick arbitrarily & € §, let F¢
be according to strong weak (S, #)-exhaustiveness, and take A € F¢. By (ROF)-convergence of (f31), to f (with
respect to a suitable (O)-sequence (0';)1,), there is a set F' ; € F with

[falxe) = F(xl V1 falze) = fzo)l < 0 ®)

for every A € F;. From (5) and strong weak (S, ¥ )-exhaustiveness of (f;), we obtain

|f(xe) = [zl < 1fa(xe) — f(xl + 1fa(xe) = fazol + 1 fa(ze) = fze)l S 0p + 207,
forevery 1€ Fe N F; € ¥ and{ € §, that is strong (S, S)-uniform continuity of the limit function f on B.

We now turn to the “if”” part. If f is strongly (S, S)-uniformly continuous on B, then there is an (O)-sequence (7,,),,
such that for any p € N and for each pair of nets x, z¢, £ € E, fulfilling condition H1) with respect to S there exists
asetS € S with

If(ze) — f(xe)l <7, forevery£€S. (6)

Pick arbitrarily & € S. By (ROF)-convergence of the net (f3)a to f (with respect to (07,),) there exists a set F’ é eF
such that '

[falxe) = F(xl V1 falze) = fzo)l < 0 (7

whenever A € F :; From (6) and (7) we deduce

[fa(xe) = fazol < |falxe) = F(xl + 1f (xe) = [l + falze) — [l < Tp + 207,

foreach A € F é, getting strong weak (S, ¥ )-exhaustiveness of the net (f;),. This ends the proof. O

Analogously as Theorem 3.3 it is possible to prove the following

Theorem 3.4. Let X, R, E, A, S, ¥ be as in Theorem 3.2, x € X be fixed, and f; : X — R, 1 € A, be a net,
(ROF)-convergent to f € RX.

Then (f)), is weakly (S, F)-exhaustive at x if and only if f is (S, S)-continuous at x.
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We now show some differences between filter («)-convergence and strong filter («)-convergence, and between
strong filter exhaustiveness and strong weak filter exhaustiveness.

Examples 3.5. (a) In general, (S, ¥ a)-convergence is strictly weaker than strong (S, F @)-convergence. Indeed,
let E = (E, >) be any directed set, A = N be with the usual order, X = [0, 1] be endowed with the usual metric,
R =R, f,(x) = x" foreachn € Nand x € [0, 1], f(1) = 1 and f(x) = 0 for every x € [0, 1). We prove that for every
(E)-free filter S of E and for each (N)-free filter ¥ of N the sequence (f,), (S, @)-converges to f, but does not
strongly (S, F @)-converge to f on B := [0, 1). Indeed, if x¢, £ € Z, is any net in B, S-convergent to xy € B, then
Jalxe) = xg and f(xp) = 0, and there exist S € S and xo <y < 1 with x; < y whenever ¢ € §. Choose arbitrarily
e > 0. Since 0 < y < 1, there exists n’ € N with y* < & for each n > n’. Hence for such n’s and ¢ € S we get
0< xg <y" < &. Thus (f)x (S, F @)-converges to f on B. On the other hand, pick any pair of nets x;, z¢, £ € E, in
B, with (S) li;n xe = (S) liér:n z¢ = 1. Then we get f(x,) = 0 for each £ € Z. Now we claim that

o1
forevery S € Sand F € ¥ there are & € S, n’ € F with Zp > 3 (8)

1" 1
Choose arbitrarily S € Sand F € ¥. As lim (1 - —) = —, there is ny € N with
n n e

1" 1
(1——) >§ for every n > ny. 9

n

Let n’ be any integer greater than ny and belonging to F. Since (S) lign z¢ = 1, in correspondence with n’ there is

1 1
Sy eSwithze >1- — whenever§ € S,y. Let & € § NSy, Since zz > 1 — —, taking into account (9) we get
S n 7 n

"> 1 ! "’>1
Z§’ n’ 37

that is (8). Thus, the sequence (f;,), does not strongly (S, ¥ a)-converge to f on B.

(b) We now see that, in general, strong weak (S, ¥ )-exhaustiveness is strictly weaker than strong (S, ¥ )-exhausti-
veness. Let 2 = (£, >) be an abstract directed set, A = (A, >) =]1, +oo[ be directed by the usual order, X = R be
endowed with the usual distance, B = [—1, 1], v be the Lebesgue measure on R, and R be the space of all bounded
v-measurable real-valued functions defined on R, with identification up to v-null sets, where order convergence is
equal to almost convergence dominated by an element of R, and thus it does not have a topological nature (see also
Boccuto and Dimitriou (2015)). For every real number a, let a be that function which associates to every element
x € X the constant a. Let S, ¥ be any fixed (Z)-free filter of = and any fixed (A)-free filter of A, respectively, and
let us define f) : X = R, 1 € A, by

0, ifxe]—o00,-1/2]U{0}U[1/A, 400,
falx) =

A, otherwise.

1
It is not difficult to see that the net (f3), (ROF )-converges to 0 with respect to the (O)-sequence 0, := —, p € N,
14

and so from Theorem 3.3 it follows that (f)), is strongly weakly (S, ¥ )-exhaustive at every point x € R. We now
prove that (f}), is not strongly (S, #)-exhaustive at 0. First of all observe that, if (c7,), is any (O)-sequence in R,
then there is a positive real number M’ with o,(x) < o1(x) < M’ for each p € N and x € X. Set z; = 0 for each
& € E, and let xg, £ € E, be any sequence of elements of [-1, 1], with 15C1Er£1 xg = 0 in the usual sense. This implies

that (S) lgin_l xg = 0, and hence x¢, z¢, € € E, satisfy condition H1) with respect to S. Choose arbitrarily S € S. We
e=

claim that
for every £ € E there is & € S with & > &, (10)

Indeed, if (10) is not true, then there exists &, € E with & # &, whenever £ € S. Thus, since S is a (E)-free filter of
E, then the set M, 1= {¢£ € E: £ > £,} belongs to S, and hence O = § N M., € S: this is absurd. So the claim is
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proved. Analogously to (10), it is possible to prove that for every (A)-free filter ¥ of A and for each F' € ¥ there
isA’ € F with A’ > M’. Since lfin) x¢ = 0 in the usual sense, by virtue of (10) there exists & € S with |xz| < 1/4".
fem )

Hence we get
[ (xe) = far Gl = 1 far (xg) = fr O] = | fu(xe)l = A > M,
and thus

1£3(xe) = f1ze)l £ o

This proves that the net (f)), is not strongly (S, ¥ )-exhaustive at 0. O

We now give a characterization of (strong uniform) continuity of lattice group-valued functions with respect to
a pair of filters, extending Balaz, Cerveﬁanskij, Kostyrko and Salat (2002), Theorem 3 and Boccuto, Dimitriou,
Papanastassiou and Wilczynski (2014), Theorem 4.6.

Theorem 3.6. Let (X, D) be a uniform space, (2, >) be a directed set, f : X - R, 0 # BC X, 8| and S, be any
two fixed (E)-free filters of E. Suppose that for every point x € X there is a nety;, & € E, in X with (S1) li§n Ve = X
Then the following results hold.

(a) If S1 \ Sz # 0, then f is strongly (S1, Sa)-uniformly continuous on B if and only if f is constant.

(b) If S1 € S and Dy, ¢ € 5, is a decreasing net in D with the property that for every U € D there is € € E with
D C U, then f is strongly (S1, S»)-uniformly continuous on B if and only if f is strongly uniformly continuous on
B.

Proof: (a) The “if” part is straightforward.

Concerning the “only if” part, pick arbitrarily x, y € R with x # y, and let us show that f(x) = f(y). Otherwise, for
every (O)-sequence (0p,),, in R there is p € N with

If(x) = fO) £ o (11)
(see also Boccuto, Dimitriou, Papanastassiou and Wilczynski (2014)). By hypothesis, there is a set C € S; \ S,.
Note that C # 0 and C # E. Let (yz): be a sequence, with (Sl)lié{nyf =x. Putz; = ys for é € C, zz = y for

£ € E\C, x; = xforeach ¢ € E. Itis not difficult to check that x, z¢, & € Z, fulfil condition H1) with respect to
S;. Thanks to strong (Si, Sz)-uniform continuity, also condition H2) (with respect to S,) is satisfied, that is

{EeB:|f(x) = fz) < o,} €S, forevery peN. (12)

But E5 :={¢é € E : |f(x¢) — f(z2)| £ 05} € C, and hence E; ¢ S,, which contradicts (12). This proves (a).

We now turn to (b). We begin with the “if” part. Let x¢, x¢, £ € E, be two nets, satisfying condition H1) with respect
to S;. This means that for every D € D, {¢ € E: (xg,z¢) € D} € Sy. Let (0p,), be an (O)-sequence in R, associated
with strong uniform continuity of f on B. Fix now arbitrarily p € N and choose D € D, in correspondence with
strong uniform continuity. By hypothesis, we have

({eB:(xz)eD)C{E€E |f(xe) - flza)l S0} €851 C Sy,

obtaining the assertion.

We now turn to the “only if” part. Suppose that f is strongly (S, S»)-uniformly continuous on B, but not strongly
uniformly continuous on B. By hypothesis there is p € N such that for every £ € = there are x¢, zz € B with
(x¢,2¢) € Dg and | f(xg)— f(ze)l £ op. The nets xg, z¢, € € E, fulfil HI) with respect to Sy and H2) with respect to S,
by strong (S, S»)-uniform continuity of f. But this contradicts the fact that {£ € E : [f(xz)— f(z) < o5} =0 ¢ So.
This completes the proof. O

By an analogous argument as in Theorem 3.6 it is possible to prove the following
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Theorem 3.7. Let X be a Hausdorff topological space, f : X — R, (E, >) be a directed set, S| and S, be two fixed
(E)-free filters of 2, x € X be such that there is a net y;, £ € 5, in X with (S) lién Ve = X

Then the following results hold.
(a) If S1\ Sz # 0, then f is (S1, S»)-continuous at x if and only if f is constant.

(b) If S| € Sy, (T, Q) is the set of all neighborhoods of x and Dy, £ € B, is a decreasing net in T, such that for
every U € D there is ¢ € Ewith Dy C U, then f is (S1, S)-continuous at x if and only if it is continuous at x.

Now we compare filter (a)-convergence with respect to a pair of filters with usual filter continuous convergence
with respect to a single filter. The following result extends Gregoriades and Papanastassiou (2008), Proposition
3.2.2, and we use the tool of transfinite induction, similarly to Boccuto, Dimitriou, Papanastassiou and Wilczyniski
(2011), Theorem 3.3.

Theorem 3.8. Let (X, D) be a uniform space, (Uy)i be a decreasing base of elements of D, 0 + B C X, ¥
be an (N)-free filter of N, satisfying condition (1) and f, : X — R, n € N, be a function sequence, strongly
(F @)-convergent to f € R* on B. Then (f,,), is strongly (F ¢)-convergent to f on B.

Conversely, if ¥ satisfies condition (1) and f, : X — R, n € N, strongly (F c)-converges to f on B, then (f,),
strongly (F @)-converges to f on B.

Proof: The first part is straightforward.

We now turn to the last part. Fix a directed set Z = (&, >) and a (E)-free filter S of Z. Let J and I be the dual
ideals of S and ¥, respectively, and (o), be an (O)-sequence associated with strong (¥ ¢)-convergence of (f,,), to
f. Take any two nets xg, z¢, £ € E, satisfying condition H1) with respect to S. We claim that (o), is the required
(0O)-sequence for strong (S, ¥ @)-convergence of (f,,), to f.

If it is not the case, then there exists p € N such thatforany A € 7 and E € J therearen e N\ Aandé € E\ E,
with

fa(ze) = fxe)l £ op. (13)
Fix k € N. By HI) there is a set EX € [ with (xg, z¢) € Uy whenever ¢ ¢ E*. Let us consider Af = 0: so there are
n{ € Nand ¢ € 2\ EX with |fos (zet) = f o) £ o).
We now proceed by transfinite induction. Assume to have chosen nz and §;§ for B < @, where « is an ordinal of
first kind, and that AX = {n;; :B<a}el. Thereexistn', € N\ALand & e 2\ Ef with (g ze ) € Us
and Ifnﬁﬂ(zfgﬂ) - f(x§§+l)| j<_ 0. In this case, set Af‘m =AU {n a+l} When « is an ordinal of second kmd if we

have chosen nllg and fg for B < a, set Afl = U Aé. This procedure ends at some countable limit ordinal oy, since
B<a

otherwise we would obtain a strictly increasing sequence {AX : @ < w;} of subsets of N. Hence, Ak ¢ 7. Put

Py = Aak for every k € N. By virtue of Remark 2.1 (b) there is a disjoint sequence (By); in Z with Bk C Py for

all k € N and U B ¢ I. Let X be any fixed element of B, and for eachn € Nsetv, = w, = xifn ¢ U By and
k=1 k=1
V, = xf,ﬁ’ w, = Zehs ifne By, n= nﬁ (note that the integer k is uniquely determined, since the B’s are disjoint, and

thus the v,,’s and the w,,’s are well-defined).

The sequences (v,,),, (w,), satisfy property H1) with respect to 7. Indeed, it is not difficult to see that
k-1
neN:@uLw) ¢ U}l B
j=1
k-1
and U Bj € I for every k € N. Moreover we get
=1

[neN:Ihow) - fol £ o) = JBe e T,
k=1
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obtaining a contradiction with strong (¥ c¢)-convergence. This ends the proof. O

Analogously as in Theorem 3.8, it is possible to prove the following

Theorem 3.9. Let X be a Hausdorff topological space, x € X, (Uy)y be a decreasing base of neighborhoods of x,
F be an (N)-free filter of N, and f, : X — R, n € N, be a sequence, (F )-convergent to f € RX at x. Then (f,), is
(F¢)-convergent to f at x.

Conversely, if F satisfies condition (1) and f, : X — R, n € N, is (F c)-convergent to f at x, then (f,), is
(F @)-convergent to f at x.

Example 3.10. In Theorems 3.8 and 3.9, in general condition (1) cannot be dropped, even when R = R. To this
aim, we first construct a partition (Py); of N, such that the asymptotic density of Py is 7% for every k. We will
define a function ¢ : N — N as follows.

At the first step, set ¢(1) = 1 and y; = {1}.

ét the second step, let us consider the number 2 and the finite sequence ¢, = {1,2,1}, and put 5(2) = 2 and
¢(3) = 1. Note that ¢, is formed by the terms of ¢, 2 and the members of ¢, again.

At the third step, let us take the number 3 and the finite sequence formed by ¢, 3 and ¢, again, namely y3 :=
{1,2,1,3,1,2,1}, and set ¢(4) = 3, ¢(5) = ¢(7) = 1, ¢(6) = 2

Proceeding by induction, at the k-th step the sequence ¥ will be formed by the elements of 1, the integer k and
again the numbers of ;. In this way, we construct a function ¢ with ¢(2*~") = k and ¢(n+2""") = ¢(n) whenever
n= 1,...,251 — 1. Thus, by the induction technique, it is possible to define ¢ on the whole of N, and we will get
#(N) =N

Now, for every k € N, set

Pei=¢ (k) =" +n2tneNU{O}). (14)

By construction, we have that U P; = N, the P;’s are disjoint and the asymptotic density of Py is 27* for every k.
k=1
Moreover, again by construction, we get
f(Pnfl,....n}H
n

<271 forall k,n € N. (15)

Let (Ax)x be any sequence of subsets of N with null asymptotic density and such that Ay c P, for each k. Choose

arbitrarily € > 0. There exists ky € N with < &. In correspondence with %, for every k € [1, ko] there is

2k0—1 0
n; € N with
Arn{l,...
Al nh < -2 Whenevern > M.
n 2k0
Set ng := max{ny, ..., ny} and pick arbitrarily n > ng. We have
H((Uy A) N {L,....m}) _ TR AL m)
n n
ﬂ((UIio:kO.H Ak) n {17 o ’n}) < E + ﬁ((UI‘:O:kO.;.] Pk) n {19 ce 7n})
n 2 n
& Py N{1,.. & S| s 1 s ¢
= — + —<— —:— —<—+—:’
2 n =2 ) AR TR A
k=ko+1 k=ko+
o #(PcN AL, .., . . o
since the k’s which form the sum Z M are at most finite, because there is a k* € N with min P;, >
n
k=ko+1
n for every k > k*. Thus we obtain
(U a) 01,
lim =0.

n n
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So we have found a partition (Py); of N with P ¢ I for every k € N, and such that
U Are Ty (16)
k=1

whenever (Ay)y is a sequence in ' with Ay C Py for all k € N.

Let now X = (0, 1] be endowed with the usual metric, F = Fy, (Py)r be as in (14), f = 0 and f, = X(
nePy,n keN.

]if

11
k+17%

We prove that (f,,), (Fsc)-converges to f at 0. Let (x,), be a sequence F-convergent to 0, set
By:={neN:x,>1and f,(x,) #0} ={n e N: x, > 1 and f,(x,) = 1},

1 1
B,: = {neN:m<anEandfn(xn)¢0}=
1 1
= {neN:m<xn§%andfn(xn)=1}, k>1.

Note that By € I, By C Py and By € I, k € N. Thanks to (16), we get
(neN: fix) # 0} = (neN: fux) = 1} = JBee I,
k=0

and hence () lim f,(x,) = 0. Thus (f,), is (Fgc)-convergent to f at 0.

In order to prove that (f,), does not (S, Fya)-converge to f at 0 for any directed set (E, >) and for any (Z)-free

filter S of Z, it is enough to show that for every set {x; : £ € Z} C (0, 1] and D € F; there are ¢ € Z and n € D with
1 1

Ja(xg) = 1. Indeed, pick arbitrarily ¢ € Z and D € F. There is k € N with x; € (m, z] Let P, be as in (14).

As Py ¢ I, then PN D # 0. For every n € P, N D we have by definition f,(x;) = 1, getting that, in Theorem 3.9,

in general condition (1) cannot be eliminated.

We now give the following comparison between (strong) ¥ -exhaustiveness and (strong) (S, ¥ )-exhaustiveness.

Theorem 3.11. Let (X, D) be any uniform space, 0 # B C X, A and E be two directed sets, S and F be a (E)-free
filter of E and a (N)-free filter of A, respectively, and f, : X — R, A € A, be a function net, strongly F -exhaustive
on B. Then (f)), is strongly (S, ¥ )-exhaustive on B.

Conversely, if D¢, € € B, is a decreasing net in D, such that for each U € D there exists £ € E with Dg C U, and
(f. is strongly (S, F)-exhaustive on B, then (f)), is strongly ¥ -exhaustive on B.

Proof: We begin with the first part. Let (07,), be an (O)-sequence, related to strong  -exhaustiveness, and xg, z¢,
¢ € E, be any pair of nets, satisfying condition H1) with respect to S. Then for any D € D there exists aset S € S,
with

(x¢,z¢) € D whenever £ € S. amn

Pick arbitrarily p € N and let us associate with p a set F' € ¥ and an element D € D in connection with strong
¥ -exhaustiveness. In correspondence with D, let S € S be related to (17). For every £ € S and A € F we have
|fa(xe) = falze)l £ 0p, getting strong (S, F)-exhaustiveness of (f3), on B.

We now turn to the last part. Suppose that (f3), is strongly (S, F)-exhaustive on B, but not strongly ¥ -exhaustive
on B. Then there is p € N such that for every & € E there are x;, zz € B with (x¢,z:) € D, and for every € € E and
F € ¥ there is a A € F with

|f1(xe) = falze)l £ o5 (18)
Observe that the nets xg, z¢, ¢ € E, fulfil condition H1) with respect to S. By strong (S, #)-exhaustiveness of the
net (f3)4, there are So € S and Fyy € F, with |fi(xz) — fu(ze)] < o for each ¢ € S and A € Fy. This contradicts
(18) used with F = Fj and ends the proof. O

Similarly as Theorem 3.11 it is possible to prove the following
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Theorem 3.12. Let X be a Hausdor{f topological space, x € X be fixed, (T, C) be the set of all neighborhoods
of x; A\, B, S, F be as in Theorem 3.11, and f) : X — R, 1 € A, be a net, F-exhaustive at x. Then (f)), is
(S, F)-exhaustive at x.

Conversely, if D¢, € € &, is a decreasing net in T, such that for every U € T there is ¢ € Ewith D C U, and (f3)a
is (S, F)-exhaustive at x, then (f)), is F -exhaustive at x.

As an application, we give a result, which extends some classical versions of Ascoli theorems related to exhaustive-
ness (see also Athanassiadou, Boccuto, Dimitriou and Papanastassiou (2012), Theorem 3.7, Caserta, Di Maio and
Kocinac (2011), Theorem 4.7, Gregoriades and Papanastassiou (2008), Theorem 3.1.1) and some other Ascoli-type
theorems, where the topological space on which the involved functions are defined is not necessarily metrizable
(see for instance Gregoriades and Papanastassiou (2008), Theorems 3.2.19, 3.2.20, and Kelley (1955), Theorems
7.6,7.18 and 7.21). The approach which we use in investigating the concepts of filter (@)-convergence and exhaus-
tiveness with respect to a pair of filters, and consequently (strong uniform) continuity, is very natural to formulate
some concepts of “filter closedness” and “filter compactness” in connection with convergences, which are not
generated by any Hausdorff topology. Note that in the space L°([0, 1], Z,v) of all measurable functions on [0, 1]
with respect to the o-algebra X of all Borel subsets of [0, 1] and the Lebesgue measure v, with identification up to
v-null sets, order convergence coincides with almost everywhere convergence, which is not topological. Further-
more, there are Dedekind complete vector lattices without any Hausdorff vector topology for which every bounded
monotone increasing sequence converges to its least upper bound (see also Boccuto and Dimitriou (2015)).

Given a topological space X, a nonempty set ® ¢ RX and a convergence (o) on ®, we say that @ is (o7)-compact
iff every net (f3)ea in ® admits a subnet (f), )ea, (07)-convergent to an element f € @, and that ® is (0)-closed iff
f € @ whenever (f)ea is a net in @, (o)-convergent to f € RX. The (0)-closure of @ is the set of the functions
f € RX, having a net (f)aea in @ (0)-convergent to f. A set @ is (o)-closed if and only if it coincides with its
(o)-closure.

We now give the following abstract Ascoli-type theorem. A similar result was given in Boccuto and Dimitriou
(2014), Theorem 3.8, where it dealt with uniform convergence on compact sets instead of («)-convergence.

Theorem 3.13. Let X be a Hausdor{f topological space, S and ¥ be as above.
If® c ¥ c RX, where @ is (S, F a)-closed and ¥ is (ROF)-compact, and

H’) every net (f1)iea, (ROF)-convergent in ®, has a subnet (f )cen, (ROF)-convergent (in RY) and (S, F)-ex-
haustive,

then @ is (S, F a)-compact.
Moreover, if © is (S, F a)-compact, then ® satisfies condition H').

Proof: We begin with the first part. Let ® C R¥ be (S, Fa)-closed, and (f).ea be a net in ®. Since ® ¢ ¥
and ¥ is (RO¥F )-compact, (f1).ea has a (ROF )-convergent subnet (f), )ea. By condition H”), (f), )kea has a sub-
subnet ( f,{K[ )zen, (ROF)-convergent to a function f € R¥ and (S, F)-exhaustive. By Theorem 3.2 the net ( f)K[ zen
(S, F @)-converges to f. Since @ is (S, F @)-closed, we get f € ®. Therefore, ® is (S, F @)-compact.

We now turn to the last part. Let ® be (S, F @)-compact and (f;),; be a (ROF )-convergent net in @. Then it admits
a subnet (f3, )xen, (S, F @)-convergent to a function f € RX. By Theorem 3.2, ( Sa)ken (ROF)-converges to f and
is (S, F)-exhaustive. This ends the proof. O

Remarks 3.14. (a) Note that the equicontinuity used in the classical versions of the Ascoli theorem is strictly
stronger than property H’) in connection with filter exhaustiveness, even when R = R, § = Sz and F = F, (see
also Gregoriades and Papanastassiou (2008), Remark 3.2.17). Moreover observe that, in the classical case, the
equiboundedness of the involved set ® implies the existence of a compact subinterval [a, b] of the real line such
that @ is contained in the set [a, b]¥, which is compact with respect to the pointwise topology by virtue of the
Tychonoff theorem.

(b) Let R = R, (pw) be the pointwise convergence on RX, and for every x € X set ®[x] := {f(x) : f € ®}. If
m, the ordinary closure of ®[x], is compact in the usual sense, and ¥ := erxm, then ® c ¥ and ¥ is (pw)-
compact, thanks to the Tychonoff theorem, and so Theorem 3.13 is an extension of Gregoriades and Papanastassiou
(2008), Theorems 3.2.19 and 3.2.20.
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4. Concluding Remarks

In our setting, a related question, which arises naturally, is to find some necessary and/or sufficient conditions under
which the limit function of a suitably pointwise convergent net is constant, or (S, #)-continuous. In this framework,
it is advisable to consider the following extensions of the concepts of (S, ¥ )-exhaustiveness and corresponding («)-
convergence. We now formulate these notions in connection with continuity; it is possible to argue analogously, if
we deal with strong uniform continuity.

Let X be any Hausdorff topological space, x € X, (&, >) and (A, >) be two directed sets, ¥ and 7, be two (E)-free
filters of E, 73 be a (A)-free filter of A, and f; : X — R, A € A, be a function net. We say that (f)), is (1, T2, F3)-
exhaustive at x € X iff there exists an (O)-sequence (0,), in R such that, for every net x;, £ € Z, F-convergent to
x and for any p € N there are F, € F, and F3 € F3 with |fi(xg) — fa(x)| < o, for every € € F, and A € F3. The net
fa: X = R, A€ A, isweakly (F1,F2, F3)-exhaustive at x € X iff there is an (O)-sequence (0 p,), in R such that, for
each net x¢, £ € E, ¥-convergent to x and for every p € N there is a set F, € %> such that for each & € F, there
exists F¢ € F3 with | f3(xg) — fa(x)| < o, whenever A € Fp.

Thenet f; : X — R, A € A, (F1, F2, Faa)-converges to f : X — R at x € X iff there exists an (O)-sequence (o),
in R such that, for every net x¢, £ € E, F-convergent to x and for each p € N there are I, € %5, F3 € F3 with
[fa(xg) = f(X)| £ o, whenever & € F and A € F3.

With the same techniques as in the previous sections, it is possible to prove the following characterization of (weak)
filter exhaustiveness in terms of filter (@)-convergence and filter continuity of the limit function.

Theorem 4.1. Let f; : X = R, 1 € A, be a net of functions, (ROF3)-convergent to f : X — R, and x € X. Then
(for is (F1,F2, Faza)-convergent to [ at x if and only if (f))a is (F1, T2, F3)-exhaustive at x. Moreover, (f3), is
weakly (F1, T2, F3)-exhaustive at x if and only if f is (Fi, F2)-continuous at x.

Acknowledgement: Our thanks to Prof. W. Wilczyiiski for carefully reading the manuscript and suggesting some
modifications which improved the exposition of the paper.

Open problems: (a) Prove similar results for sequences/nets of functions/measures with values in some other
abstract structures and/or with respect to other kinds of convergence.

(b) Establish some other comparisons/relations between different types of (strong weak) filter exhaustiveness for
nets of functions/measures (see also Boccuto and Dimitriou (2015)).
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