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Abstract

In this paper, we study the solution of nonlinear equation & 0% u(x) = f(x, 0% 'L¥ok u(x)) where & 0% is the product
of the Otimes operator and Diamond operator where ¢ is positive constants, k is a positive integer, p + ¢ = n, n is the
dimension of the Euclidean space R", for x = (x1, x, ..., X,) € R",u(x) is an unknown function and f(x, O*"1.L*0k u(x))
is a given function. It was found that the existence of the solution u(x) of such equation depending on the conditions of f
and Dk’lLkoi‘.lu(x).
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1. Introduction

The operator ¢ has been first by A. Kananthai (1997) and is named as the Diamond operator iterated k times and is

defined by
L 2 P 2\
k = — —_— —
¢ = [Z 6x2] _Z 0x2 ’ @
i=1 i Jj=p+1 J
p +q = n, nis the dimension of the space R", for x = (x1, x,...,x,) € R" and k is a nonnegative integer. The operator ok
can be expressed in the form ¢% = A¥0F = OXAF where A% is the Laplacian operator iterated k times defined by
s e )"
k
A=(—+—+...+— 2)
axt  0x} 0x2
and OF is the ultra-hyperbolic operator iterated k times defined by
k
kL 0? i 0? i 3 ik
a2tz " tae a2 a2 a2 S
oxy  0x5 X5 Bx[m 8xp+2 0xpiq
Next, W. Satsanit has been first introduced ® operator and ® is defined by
. k
PN ()
0 0
k
i ; ox; j; . ox ;
k 2
P 2 ptq 2 )4 2 p 2
0 0 0 0
=1 9% S 9% =1 % i=1 9%
5 2h(52)1
9.2 a2
S 0% )\, 0x;
1 k
= o (A2 - Z(A +0)(a - \Z\))
3 1)
= |[Zoa+ -0 4)
4 4
where ¢, A and O are defined by (1), (2) and (3) with k = 1 respectively.
Consider the nonlinear equation
®“ux) = f(x, 07 Lu(x) )
where ®" is the operator iterated k times is defined (4), and L* is the operator iterated k times is defined by
3 1
b= (Sa?+ O 6
( 1 1 ) (0)
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and O is the ultra-hyperbolic operator iterated k — 1 times defined by (3). Let f defined and have continuous first
derivatives for all x € Q U 9Q, where Q is an open subset of R" and dQ denotes the boundary of Q and f be a bounded
function, that is

lf (e, O LA ux) <N, xeQ )
with the boundary condition
O'Lu(x) =0, x e Q. )
Then, we obtain
u(x) = RE_ () (REL(x) # (1R (x0)) * (S ()" % W(x) )

as a solution of (5) with the boundary condition

u(x) = (RE(x) * (1R () # (S ™)™ s (RYf, ) (x)™ (10)

forx € 0Q, m = %, n > 4 and nis even dimension for k = 2,3,4,5, ..... and W(x) is a continuous function for x € QUIQ.
The function Rg(k_z)(x) defined by (15) with @ = 2(k — 2) and , R}, (x) is given by (20) with y = 4k.

The purpose o this work to extend the ¢* operator defined by (1) to be

2 2\k

1 (& &2 (AL g

k|2 _ -

{(Za) 27 "
i= i Jj=p+1 J

Where ¢ is positive constant and & is a non-negative integer

Now, we study the nonlinear equation of the form
® 0¥ u(x) = fx, O LFOE u(x)) (12)

with f defined and having continuous first derivative for all x € Q U 9Q where Q is an open subset of R” and Q2 denoted
the boundary of Q , f is bounded on Q that is |f| < N, N is constant ,¢¥ defined by (11) and O defined by (3) and L*
defined by (6).

We can find the solution u(x) of (12) which unique under the boundary condition Dk’lLko"gl u(x) = 0 for all x € Q. By
(R.Courant, 1996 p.369) there exists a unique solution W(x) of the equation OW(x) = f(x, W(x)) for all x € Q with
the boundary condition W(x) = 0 for all x € dQ where W(x) = OF'L¥ok u(x). Moreover, if we put p = k = 1 in
Dk\]’g] M(x) = W(x), we found that M(x) = If (x) = Nf (x) * W(x) is solution of the inhomogeneous wave equation where
12H (x) and NZH (x) are defined by (18) and (19) with @ = 8 = 2 respectively.

Before going that points , the following definitions and some concepts are needed.
2. Preliminaries

Definition 2.1 Let x = (x, X, ..., X,,) be a point of the n-dimensional Euclidean space R”. Denoted by

U=(x%+x%+...+xf,)—xi+l—xiﬂ— —x§,+q (13)
w=c%(x%+x%+...+xi)—x§+, —xlz,+2—‘..—x12,+q (14)
where p + g = n. The interior of forward cone defined by
I'y={xeR":x; >0, v>0,w> 0}. For any complex number «, define the function
v
Rﬁ(u): K@ forxely,, (15)
0, forx ¢TI,
and
w? f r
SHw) = { Kipe TOTTE (16)
0, forx ¢TI,
where the constant K,(@), K,(8) is given by the formula
7T D259 (e)
K () = 2 2 . )

NG =)
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The function R (u), g (w) is called the ultra-hyperbolic kernel of Marcel Riesz and was introduced by Y. Nozaki (1964,

p-72). It is well known that Rff (u) and S (w) is an ordinary function if Re(e) > n and Re(8) > n and is a distribution if
Re(@) < nand Re(B) < n. By putting p = 1 in (13), (14) and (17) using the Legendre’s duplication of

I(22) = 2 TG + %)

then (15) and (16) reduce to

If(x):{z’”_(z‘l)’ forxeT,, (18)
0, forxe¢l,,
and o
N = {y'”“”’ et (19)
0, forx¢ T,
respectively, where
Hy(@) =272 1IN0 ),
U=X] = X5 =X — o — X
and
@ =72 L)
w=clxi— x5 —x3— .. - Xk
The functions 77 (x) and Nﬁ’,{ (x) are precisely called the Hyperbolic kernel of Marcel Riesz.
Definition 2.2 Let x = (x, x2, ..., X,,) be a point of R” and the function R;(x) and Lf,(x) is defined by
R(x) = ;i (;) (20)
and pon
L = 5 = @1
where
X:x%+x§+...+xﬁ
and
Y=+ x5+ + xi) + ()cf7+1 + x[2,+2 +..+ x]27+q)
ST (2
Py(y) = 7L1“(2) (22)

n—y
(=)
v is a complex parameter and #n is the dimension of R”.

Definition 2.3 Let ¢; be positive number, p + ¢ = n and k is a nonnegative integer. The ultra-hyperbolic operators iterated
k times O and OF are defined by

L (# & & & & o\
"= — 4+ — 4+ e+ — — —_ . —
(6X% 3}% axi 6x§+1 6Xi+2 6x§+0]

and

v (1 (& @ A
(3R 5E) -

i=1 Jj=p+1 J

The Laplacian operators iterated k times A* and AIZI are defined by

(2,2, L Y
8x% 8x§ T Xk

(1 (& @ AN

J=p+1 77

and
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Lemma 1 Given the equation
Ou(x) = 6 (25)

and
Of v(x) = 6. (26)

Where OF and Df] defined by (3) and (13) respectively, x € R" and 6 is the Dirac-delta distribution. Then we obtain

u(x) =R§(x) . v(x) =S§x)
are an elementary solution of (15) and (16) respectively where Rfk(x) and ka(x) are defined by (15) and (16) with
a=pf=2k.

Proof. (S.E. Trione, 1987, p.11).

Lemma 2 Given the equation
Afu(x) =6 27

and
A% V(x) = 6. (28)

Where A and A’C‘] defined by (2) and (24) respectively, x € R" and § is the Dirac-delta distribution. Then we obtain
wx) = DR, v = (DL ()

are an elementary solution of (17) and (18) respectively, RS, (x) and LS, (x) are defined by (19) and (20) withy = p = 2k
Proof. (W.F. Donoghue, 1969, p.118).

Lemma 3 Let S ,(x)and Rg(x) be the function defined by (13) and (14) respectively. Then
Sa(x) #Sp(x) = S gup(x)

and
Rp(x) * Ro(x) = Rpia(X)

where a and B are a positive even number.

Proof. (Aguirre Manuel A., 2008, pp.171-190). (|

Lemma 4 The function R_y(x) and (=1)*S _y(x) are the inverse in the convolution algebra of Rox(x) and (-DFS (%),
respectively.That is

R_21(x) * Ror(x) = R_gp12k(x) = Ro(x) = 6(x)

and
(=DFS _op(x) # (=1 S a4 (x) = (=S _ppaan(x) = S o(x) = 6(x)

Proof. (S.E. Trione, 1987, p.123), (W.E. Donoghue, 1969, p.118, p.158), and (A. Kananthai, 2000, p.10).
Lemma 5 Given P is a hyper-function then

Ps*(p) + ks*V(p) =0

where 6® is the Dirac-delta distribution with k derivatives.
Proof. (I.M.Gelfand, 1964, p.233).

Lemma 6 Given the equation
Ofu(x) = 0. (29)

Where OF is defined by (3) and x = (x1,%2,...,%,) € R" then u(x) = (RY )(U))(’”) is a solution of (29) where

2(k-1
(RZk_l)(v))(m) is defined by (15) with m - derivatives and @ = 2(k — 1), m = %, n > 4 and n is even dimension.
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Proof. We first to show that the generalized function 6" (> — s%) where 1> = x{ + x; + ... + x; and s* = xp gt xp ot

Lo+ xiw , P + q = nis asolution of the equation
Ou(x) = 0. (30)

Where O is defined by (3) with k = 1 and x = (x1, x2,...,x,) € R"

aé(”’)(r2 — %) = 2x,6" V(2 - %)

ﬁé(m)(’] _ S2) — 26(m+1)(r2 _ SZ) + 4xi26(m+2)(r2 _ SZ)
X

i

05" (r* - Zp: 6—2 "M@ - 57)
= 2;5<m+t‘>(r2 - 5) + 476" - §)
=2ps" V(1 = §°) + 407 = )PP - 57)
+ 4526 (2 — )
=2ps"™D (2 = §7) — 4(m + 2)6 V(0 - 57)
+ 4526 (2 — )

= (2p — 4(m + )6V = §°) + 4576 (P - 57).
By Lemma 1 with P = r2 — s%. Similarly,

p+q 2

> 0 =62 - ) = (=2 + 4(m + 2))5" V(G - 5)
J=p+1 0 J
+4r26mD (2 — ).
Thus
82 P+q 62
05™ (2 - §) = Z g(so’”(# -H- ) @(s(m)(ﬂ - )

i=1 Jj=p+1

= 2(p + q) - 8(m +2)8" V(1 = 57) — 407 — s - 5P)
= (2n = 8(m +2)5" V(7 = 57) + 4(m + 2)6" V(- 57)
= (2n —4(m + 2))6" V(i - 52).
If 2n — 4(m + 2) = 0, we have 06" (r2 — s2) = 0. That is u(x) = 6" (r*> — s?) is a solution of (29) with m = %%, n > 4 and

2
n is even dimension. We write
Cfu(x) = OO u(x) = 0

From the above proof we have O 1y(x) = 6> — s*) with m = %%, n > 4 and n is even dimension. Convolving the

2
above equation by Rz(k 1)(x), we obtain

Rg(k—n(x) « O () = RZk—L)(x) * M2 — §%)

ok~ l(Rz(k () * u(x) = (R2(k 1)(u))("‘), where v = (r* — s%)
o xu(x) = u(x) = (Rz(k 1)(U))(m)-

Thus u(x) = (R, .. (v))™ is a solution of (29) with m = =% n > 4 and n is even dimension.

2(k—-1) 2

Lemma 7 Given the equation
Of u(x) =0 (31)

where Dk,] is defined by (23). Then we obtain u(x) = ( 2k 1)()c)) as a solution of (31) where ( 2k 1)(x)) is defined by
(16) with m derivative and B = 2(k — 1), m = =4 1> 4 and n is even dimension.

Proof. The proof of Lemma 7 is similar to the proof of Lemma 6.
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Lemma 8 Given the equation
L'G(x) = 6(x) (32

where LF = (%A2 + %D2)k, A and O is defined by (2) and (3) with k = 1 respectively. Then we obtain G(x) is an elementary
solution of (32) where

G(x) = (RGO * (1R () * (€)™ (33)
and
Cx) = —R4 (x) + (1)R<x) (34)

C*(x) denotes the convolution of S it self k—times (C*"(x))k denotes the inverse of C*(x) in the convolution algebra.
Moreover G(x) is a tempered distribution.

Proof. From (32), we have

LF = (§A2 + lmz)k G(x) = 6(x)
=(3 7 =

or we can write

3 2 1 2 3 2 1 2 1
— + -0 — + -0 .

Convolving both sides of the above equation by RH (%) = (- 1)2R (%),

k-1
(3A2+%D2) (R (x) = (- l)R(x))( A +411D) G(x) = 6(x) * R (x) * (=1)’R4(x)

or

k-1
( AYRY 0+ (=1)R§(0) + 5 Dz(RH(JC) * (= 1)2R4(X))) (i +i52) G(x) = 6(x) * R{ () * (=1)*R§(x).

By properties of convolution, we obtain

3 1 3 1\t
(ZAZ«—UZRz(x)) « RY(x)) + ZD%RZ’ (x)) * (—1)2Ri(x>) * (ZAZ + Zmz) G(x) = 6(x) * RH (x) * (=1)*R4(x).
By Lemma 1 and Lemma 2, we obtain

3 H 2 pe 3 1 2k_1 H 2 pe
R (x) + ( 7Ry (x) ] * A +4D G(x) = Ry (x) * (=1)"Rj(x)

keeping on convolving both sides of the above equation by Rf (x) = (-1 )ZRZ(x) up to k — 1 times, we obtain

CH) % G = (R * (~D2RE(0))
the symbol *k denotes the convolution of itself k—times. By properties of R,(x), we have

wk
(RY () # (=1PR5(0) ™ = Ri(x) * (1™ R, ().
CH(x) + G(x) = (R (x) * (=1 RS, ()
G(x) = (RIG(x) * (—1)R4 () # (C™* ()™

is an elementary solution of (32) where R «(X) and R, (x) are deined by (15), (20) with a = y = 4k respectively.

Lemma 9 Given the equation

Bu(x) = f(x, u(x)) (35)

where f is defined and has continuous first deivatives for all x € QU IQ, Q is an open subset of R" and 02 is the boundary
of Q. Assume that f is bounded, that is |f(x,u)] < N and the boundary condition u(x) = 0 for x € 0Q. Then we obtain
u(x) as a unique solution of (35).
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Proof. We can prove the existence of the solution u(x) of (35) by the method of iterations and the Schuder’s estimates.
The details of the proof are given by Courant and Hilbert, (R.Courant, 1966, pp.369-372).

3. Main Results
Theorem

Consider the nonlinear equation
&0k u(x) = f(x, 0" LYof u(x)) (36)

Where O, <>’C‘l are defined by (3) , (11) respectively and the operator L* is defined by (6). Let f be defined and having
continuous first derivatives for all x € QUAQ , Q is an open subset of R” and JQ2 denotes the boundary of Q2 and n is even
with n > 4. Suppose f is bounded function, that is

|f(x, Dk’lLkof.lu(x))l <N 37
for all x € Q and the boundary condition
OF 1 LROE u(x) = 0 (38)
for all x € 9Q. Then we obtain
u(x) = R, (0 % G(x)  (~1FLE (x) S () * W(x) (39)

as a solution of (36) with the boundary condition
u(x) = G(x) % (= 1! L5, (x) * SH(x) * (R, (@)™ (40)

forall x € 9O, m = (n—4)/2, W(x) is a continuous function for x € Q U 9Q, and G(x) defined by (33). The
function L5, (x), S gk(x) are defined by (22), (16) with p = 2k, 8 = 2k respectively and (Rzk_z)(v))(’") is defined by (15) with
a = 2(k — 2). Moreover, for k = 1 we obtain

M(@) = (RE(0) * (C 1R, (0) % (€7 (0) * (DS a() % u(x)
as a solution of the inhomogeneous equation
00, M(x) = W(x).
Where O and O, are defined by (3), (23) with k = 1 respectively and u(x) is obtained from (48). Furthermore, if we put

p =k = 1 then the operator O and O reduces to

e L i 1 & & >

— — and —— —
oxt  oxk 0x3 ox2 2 oxt  Ox3  0x 0x2

respectively and the solution M(x) = IZH (x) * N2H (x) = W(x) which is the inhomogeneous wave equation

0 0? 0 0? 1 6 9* 0? 0
Z A A T M) = W
( ) [ 292 a2 a2 axg) (=W

ox? 6x% 8x§ (9_16,%
Where I2(x) is defined by (18) with @ = 2 and N3'(x) is defined by (19) with 8 = 2. Proof. We have

®k<>’f.]u(x) = DDk’ILkOf.lu(x)
= f(x, O LRof u(x)). 41)

Since u(x) has continuous derivative up to order 6k for k = 1,2,3, ... and 0! L"<>’j1 u(x) exists as the generalized function.
Thus we can assume

OF T LROK u(x) = W(x) , VxeQ. (42)
Then (41) can be written in the form
@0k u(x) = OW(x) = f(x, W(x)) (43)
by (37)
lf, W)l < N, xeQ (44)
and by (38), W(x) =0, x € dQ or
O LROE u(x) =0, Vx € 0Q. (45)

We obtain a unique solution of (43) which satisfies (37) by Lemma 9. Since
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Rf(k_])(x) , (=DFL5, (x) and S% (x) are the elementary solution of the operators 0! | A% ‘and Of respectively, and by
Lemma 8, we have G(x) is an elementary of the operator L¥ where G(x) defined by (33), i.e.

O'RY () = 6, AL (DL () = 6 (46)

and
O&Ishx) =6 , L'Gx) =6 (47)

From (42)
O LRK u(x) = W(x).

Convolving the above equation by Rzk_l)(x) # G(x) * (=1)FLS, (x) = S ¥ (x), we obtain
(O L0k u(x)) = (R ,(2) = G(x) # (~DFLE (x) % S5 ()
= (Rbf 1) (%) G(x) % (= 1DFL5(x) + S5 (x)) = W().
By the properties of convolution, we obtain
(ORI () % (LGQ)(Ok, (1) Ly SH) % u(x)
= (RE_1) () % G(x) % (=1 L5, (x) # SH(0) 5 W()

or
60 6 u(x) = (R, () * G(x) % (~DFLS(x) % SH(x)) * W(x)

Thus
u(x) = (RY,_)(x) % G(x) # (= DFLE (x) * SH(x)) * W(x) (48)

as a solution of (36).

Next, consider the condition (45). From
O LRoE u(x) = 0. (49)

By Lemma 6, we have
LEof u(x) = RSy ()™, (50)

Where m = % , n >4 and n is even dimension. Convolving both sides of (50) by G(x) * (- l)kLgk(x) # S gk(x). We obtain
(G(x) % (~1F LS (x) + SH(3)) + LAOF u(x) = G(x) # (=1L (x) S5 () + (RE, ) @)™
By the properties of convolution, we obtain
(LG () # (0, (= 1DFLE (0 # ST(0) * u(x) = G(x) # (=1 L5, (x) % S5, (x) * (REfy ) ()™
By Lemma 8 and Lemma 1, Lemma 2, we obtain
&% 6 % u(x) = (G(x) * (=DFLS(x) # S5 (0)) * R, (x)™
Thus for x e 0Q and k = 2,3,4,5,.......
u(x) = G(x) * (~DFLE(x) * S B (x) * (RE_p) ()™ (51)
as required. Now, for k = 1 in (48), we have
u(x) = 6(x) * G(x) * (=1)L5(x) * S2(x) * W(x). (52)

By Lemma 8, we have
x—1
G(x) = (RY(x) + (-1)R§(0) = (C"' () .

Taking into account (52), we obtain
u() = (R () * (DPRE0) + (€1 0) ™+ (=D'L500) # SH () = W) (53)

as a solution of (36) for k = 1.

Convolving both sides of (53) by

(R0 % (=1P°R 4 () # (€™ (1)) # (= DL 5(x).
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By Lemma 4, we obtain
(R™,(x) % (= 12R () % (C* () # (=1L ()  (x) = RE(x) 5 SH () + W(x).

By Lemma 1, we obtain
M(x) = (RM(x) + (=12R4(x)) 5 (€7 () 5 (—1LE 5 () * u(x) (54)

as a solution of the inhomogeneous equation
00, M(x) = W(x). (55)

Now, consider the boundary condition for k = 1 in (38), we have
Locu(x) =0 or O, Ay Lu(x) =0
for x € Q2. Thus by Lemma 6, for k = 1 we obtain
Licu(x) = 6" (x) (56)

for x € 9Q where 5" (x) = § g’ (x). We convolved the above equation by G(x) * (—1)L5(x) where G(x) is defined by (33)
with k£ = 1 and (=1)L5(x) is defined by (22) with p = 2, we obtain

G(x) * (=DL5(x) # (Lagu(x)) = 6™ (x) * G(x) * (~1)L5(x).
By properties of convolution
LG(x) * Ap(=1)LE(x) * u(x) = 6™ (x) * G(x) * (~1)LE(x).
By Lemma 8 and Lemma 2, we obtain,
8(x) * 8(x) * u(x) = 6" (v) * G(x) * (=1)L5(x).

It follows that
u(x) = 8" W) * G(x) * (=1 L5(x). (57
By (33) with k = 1, we have
G = (RI) * (~17R;) * (€7 (0)
Taking into account (57), we obtain

u(x) = 6" @) * (RY (x)  (~1)°R§(x)) * (C*' (x) s (“DLS@) for x € 0. (58)

Now consider the case k = 1, p = 1 and ¢ = n — 1 that is from (56), R (x) reduced to I (x) where %/ (x) is defined by
(18) with @ = 2 and S (x) reduced to N¥(x) where N’ (x) is defined by (19) with 8 = 2 and then the operator O defined
by (3) reduces to the wave operator

3

5

Ao ax3 oxd 0x2

and then the solution M(x) reduced to
M(x) = I (x) = N (x) = W(x)

which is the solution of inhomogeneous wave equation
0*0,, M(x) = W(x).

or

> & & i 1 6* > & &
(—2——2——2 ———— 2l 252 32 32T 72 | M) = W)
Ox;  O0x; 0x; x;) \cyOxp  0x5  Ox; X5
Where ¢ is a positive constant. U
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