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Abstract

We prove Calder6n-Zygmund estimates for a class of parabolic problems whose model is the non-homogeneous
parabolic p(x, )-Laplacian equation

O — div (|Du|p(x”)_2Du) = f—div (|F|P(XJ)—2F) )
More precisely, we will show that the spatial gradient Du is as integrable as the inhomogeneities f and F, i.e.

2 .
[FIPe, | fnT e LT = |FP™Y e LT forany ¢ > 1,

loc

where y; is the lower bound for p(x, 7). Moreover, it is possible to use this approach to establish the Calder6n-
Zygmund theory for parabolic obstacle problems with p(x, t)-growth.
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1. Introduction

In this manuscript, we consider nonlinear parabolic equations of the type
dyu — diva(z, Du) = f — div (IFPO7F) in Qr :=Qx(0,7), (1)

where QQ C R” is a bounded domain of dimension n > 2 and 7' > 0 is the height of the space-time cylinder Q7.
Moreover, d,u denotes the partial derivative with respect to the time variable 7, while Du denotes the one with
respect to the space variable x. Furthermore, we write z := (x, f) for points in Q7 and 9pQ7 = (Q x {0}) U (9Q x
(0,T)) for the parabolic boundary of Q7. The vector-field a(z, Du) satisfies certain nonstandard p(x, t)-growth
and ellipticity conditions which we will note above. First of all, we want to mention the aim of this paper and
the importance of nonstandard growth problems. The goal of this paper is to establish local Calderén-Zygmund
estimates for Du of solutions to the parabolic problem (1), since these estimates imply that Du is as integrable as
the inhomogeneities f and F, i.e.
[FIPSO (7T e L = [FP*9 e L forany g > 1,

loc

where v, is the lower bound for p(x, f). Moreover, we want to mention that the approach we use here, could also
be utilized to establish the Calderén-Zygmund theory for parabolic obstacle problems related to (1). Notice that
in (Erhardt, 2014) the Calderén-Zygmund estimates for parabolic obstacle problem related to the model case with
a(z, Du) = a(z)|DulP@~2Du, where u < a(z) < L satisfies a certain VMO condition, has been already proved. But
it is possible to combine the approach of this paper with the one in (Erhardt, 2014) to gain the Calderén-Zygmund
estimates for parabolic obstacle problems with irregular obstacles related to the parabolic problem (1).

1.1 Physical Motivation

The motivation of considering parabolic partial differential equations is based on the fact that evolutionary
equations and systems can be used to model physical processes, e.g. heat conduction or diffusion processes. The
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Navier-Stokes equations, the basic equations of fluid mechanics, is one important example. Also parabolic obstacle
problems are motivated by numerous applications, e.g. in mathematical physics, mechanics, control theory or
in mathematical biology. For more details and a good overview, we refer to the monograph (Scheven, 2011).
Moreover, we want to highlight the importance on nonstandard growth in applications. The following system of a
Navier-Stokes equation describes electro-rheological fluids

px

{—div((1+|8(u)|2) &) + D = f(x,u, Du),

div(u) =0,

where E(u) is the symmetric part of the gradient Du,  denotes the pressure and the variable growth exponent p(x)
is a Holder continuous function. Such fluids are of high technological interest because of their ability to change
the mechanical properties under the influence of exterior electro-magnetic field, cf. (Ettwein & Ruticka, 2003),
(Ruticka, 2000). For example, many electro-rheological fluids are suspensions consisting of solid particles and
a carrier oil. These suspensions change their material properties dramatically if they are exposed to an electric
field, see (Ruuicka, 2004). Most of the known results concern the stationary models, see for example (Acerbi &
Mingione, 2001 & 2002a,b). Moreover, the non-stationary case, i.e. the model depending on variable exponents
p(x, 1) has been studied in (Acerbi, Mingione & Seregin, 2004). Here, we are going to study similar parabolic
problems with p(x, f)-growth and we will establish a further regularity result. Other applications are the models
for flows in porous media, see (Antontsev & Shmarev, 2005).

1.2 General Assumptions

First of all, we shall consider vector-fields a : Q7 X R" — R” which are assumed to be Carathéodory functions -
i.e. a(z,w) is measurable in the first argument for every w € R” and continuous in the second one for a.e. z € Qp
- and satisfy the following nonstandard growth, monotonicity and ellipticity conditions for some growth exponent

function p : Q7 — (2, 00) and structure constants 0 < u < I < Land s € [0, 1]:
la(z, w)| <L(1 + |w])P@1, o

(a(z, w) = a(z, wo)) - (w = wo) 25 + Iwf + o) 5 lw = wol?, 3)

D, a(z, w)| <L(1 + [w[)?@2 y

Dya(z w)é - € Zp(s” + ) 5 (5)

for all z € Qr and w,wy, & € R*. Moreover, there exist constants y;,y» < oo such that the growth exponent

p:Qr — (%, o) satisfies

2
ﬁ <y1£p@) <y, and |p(z1) — p(z2)| £ w(dp(z1,22)) 6)

for any z; = (x1,41),22 = (x2,12) € Qp, where w : [0,00) — [0, 1] denotes a modulus of continuity which is
assumed to be concave and non-decreasing with lim, o w(0) = 0 = w(0). The parabolic distance is given by
dp(z1,22) := max{|x; — x2|, VIt — 1|} for z1, 20 € Q. In addition, for w(-) we assume that

lim sup w(p) log (l) =0. 7
0l0 o

By virtue of (7) we may assume that there exists 93 € (0, 1] depending on w(-) such that

1

w(o) log(—) <1 forall p € (0,R]. (8)
Y

Here, we want to mention that the monotonicity property (3) is a consequence of the ellipticity condition (5).

Finally, we suppose the following continuity assumption

la(zi, w) = aza, w)| < VLw(dp(z1,22)) [(1+ W)™+ (1 4+ w7 - [1 + log(1 + wh)] ©)

for all 71,22 € Q7 and w € R”.

1.3 Historical Background - a Short Overview
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The history of the Calderén-Zygmund theory for nonlinear problems starts in the elliptic case. The result for the
stationary p-Laplacian equation was established in (Iwaniec, 1983), while the result for the p-Laplacian system
was proved in (DiBenedetto & Manfredi, 1993). The fact, that for elliptic equations with VMO coefficients, the
Calder6n-Zygmund estimates for the gradient on L-level for ¢ > p are valid, was shown in (Kinnunen & Zhou,
1999). Notice that, VMO-type conditions are very weak assumptions on the regularity of the coefficients. General
elliptic equations, also involving nonstandard growth conditions, have been treated in (Acerbi & Mingione, 2005)
who built on previous ideas of Caffarelli and Peral in (Cafferelli & Peral, 1998) valid for homogeneous equations
with highly oscillating coefficients. For the case of higher order systems with nonstandard p(x)-growth conditions
we refer to (Habermann, 2008). In (Eleuteri & Habermann, 2010) some Calderén-Zygmund results for equations
and systems with nonstandard growth conditions, mainly for obstacle problems with p(x)-growth, were established.
The result for the parabolic evolutionary p-Laplacian system has finally been achieved by Acerbi and Mingione
in (Acerbi & Mingione, 2007) who introduced the necessary new tools for developing a local Calderén-Zygmund
theory for the time dependent, parabolic case, see also (Misawa, 2005) for the special case F € BMO. Later
on, extensions to general parabolic systems have been obtained in (Duzaar, Mingione & Steffen, 2011), see also
(Scheven, 2010). Moreover, a Calderén-Zygmund theory for obstacle problems was first established in (Bogelein,
Duzaar & Mingione, 2011) and then, Scheven extends this result to obstacle problems with VMO-coefficients
in (Scheven, 2011 & 2014). Furthermore, the Calderén-Zygmund theory for elliptic and parabolic measure data
equations are proved in (Mingione, 2007a,b) and (Baroni & Habermann, 2012), respectively. The global gradient
estimates for degenerate and singular parabolic systems are again established in (Bogelein, 2013).

In the context of nonstandard p(x, f)-growth we want to mention that the Calderén-Zygmund theory for parabolic
p(x, r)-Laplacian systems was shown in (Baroni & Bogelein, 2013), see also the monograph (Baroni, 2013), while
the Calderén-Zygmund theory for parabolic obstacle problems related to the parabolic p(x, f)-Laplacian was estab-
lished in (Erhardt, 2014), see also the monograph (Erhardt, 2013). As we already mentioned above the approach
we use here, could also applied to parabolic obstacle problems with p(x, ¢)-growth. Therefore, we are able to prove
the result in (Erhardt, 2014) for parabolic obstacle problem with irregular obstacles related to (1).

1.4 The Function Spaces
The spaces LP(Q), W'?(Q) and Wé’p (Q) stand for the usual Lebesgue and Sobolev spaces.

Parabolic Lebesgue-Orlicz spaces. We start by the definition of the nonstandard p(z)-Lebesgue space. The space
LPO(Qr, R¥) is defined as the set of those measurable functions v : Qy — R* for k € N, such that [v|’©) €
L'(Qr,R¥), i.e.

LPOQp, RY) = {v : Qr — RFis measurable in Q7 : PO dz < +oo}.

Qr

The set L") (Qr, R¥) equipped with the Luxemburg norm
”V”Lp(-)(gr) ;= inf {/l >0: f
Qr

Parabolic Sobolev-Orlicz spaces. Next, we introduce nonstandard parabolic Sobolev spaces. By W;,’ (')(QT) we
denote the Banach space

1%

A

p(@)
dz < 1}

becomes a Banach space.

WEO@Qp) = {u € [g + L0, T; W @)1 1 LP9Qy) | Du € LPOQy, )

equipped by the norm [lullysq,) = Il + 1Dullro@y). If g = 0 we write W2 (Qr) instead of W2(Qr).
Finally, we shall assume that

F e ’'9(Qr,R") and f e L (Qy). (10)

Definition 1. We identify a function u € L'(Qr) as a weak solution of the parabolic equation (1), if and only if
u € C°([0, T]; L*(Q)) N WPY(Qyr) and

f |- ¢ = 1DUP2Du - Dl dz = - f £+ o +IFIPrO2F - Dg| dz (11)
.QT QT

holds, whenever ¢ € C7°(Qr).
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Notice that the existence of a weak solution of (1) is guaranteed by the result in (Erhardt, 2013b), see also (Erhardt,
2013a).

Our next aim is to introduce the dual space of Wg (')(QT). Therefore, we denote by WP (Q) the dual of
Wg(')(QT). Here and in the following, we write (-, -)q, for the pairing between W”"(Qz)" and Wg(')(QT), see
also (Erhardt, 2013a). Furthermore, if v € WPO(Q;), we define the norm IVllweo@,y = sup{lv,whq, Iw €
W{)’(')(QT), IIWIIW(,;«)(QT) < 1}. Byw € W(Qp) := {w € Wg(')(QT)Iw, € W”(‘)(QT)'} we mean that there exists
w, € WPO(Q7), such that

e, oHq, = —f w -, dz forall ¢ € C3'(Qr).
Qr

The previous equality makes sense due to the inclusions W”O(Q7) — L*(Qr) = (L*(Q7)) — WPO(Qz) which
allow us to identify w as an element of W”(Q7) . As a consequence of this embedding, functions w € W(Qy) that
vanish on the lateral boundary also satisfy C%([0, T1; LA(Q)). More precisely, we refer the following lemma which
is established in (Erhardt, 2013a,b).

Lemma 2. Let n > 2. Assume that the exponent function p : Qr — [y1,v2] satisfies (6)-(8). Then W(Qr) is

contained in C°([0, TT; L*(Q)). Moreover, if u € W(Qr) then t — ||u(-, l)IIiz(g) is absolutely continuous on [0, T],

4 f lu(-, > dx = 2(du(-, 1), u(-, 1)), fora.e. te€[0,T],
dt Jo

where (-,-) denotes the duality pairing between W'"P*)(Q)" and Wé‘p ("Z)(Q). Moreover, there is a constant c for
which ||ullcoqo .12y < cllullwq,) holds for every u € W(Qr).

1.5 Intrinsic Geometry

Before we are able to state the result, we have to mention a very important concept in the parabolic regularity
theory. Therefore, we introduce symmetric parabolic cylinders with center in zo = (xp,%) € Qr of the form
0,(20) := Bo(xo) X (to — 0%, ty + 0%), where (ty — 0.ty + 0) € (0,T) and B,(x9) C Q denotes a ball with radius
o > 0 and center xy. To obtain the relevant (scaling invariant) local estimates we will use, in order to re-balance
the non-homogeneity of parabolic problems, certain scaled cylinders, i.e. so-called intrinsic cylinders of the form

2-p 2-p
011 (a0) 1= Byl0) x AVt where AL (1) = (10 = A %10 + A 02).

where 4 > 0 and pg := p(z9). The reason for such scaled cylinder is based on the fact (explained by the easiest
problem), that a multiple ¢ - u of a solution to d,u — div(|DulP~>Du) = 0 is no longer a solution, except ¢ € {0, 1},
p =2 oru = 0. Such kind of intrinsic cylinders were introduced in the case p =const. in the pioneering work of
DiBenedetto and Friedman in (DiBenedetto & Friedman, 1985a,b). The way we use the idea of intrinsic cylinders
goes back to Bogelein and Duzaar in (Bogelein & Duzaar, 2012). The delicate aspect in this technique relies in the
fact that the cylinders will be constructed in such a way, that the scaling parameter A > 0 and the average of |Du|"")
over Qg)(zo) are coupled in the following way:

J( |Du|P® dz ~ A.
05 (z0)

2. Strategy of the Proof and Preliminary Results
In this section, we establish the result and describe the strategy of the proof.
2.1 The statement and the strategy of the proof

First of all, we state the main result of this paper.

Theorem 3. Assume that p : Qr — [y1, y2] satisfies (6)-(8) and the assumptions (2)-(5) and (9) on the vector-field
a: Qr XxR" — R" are valid. Moreover, the inhomogeneities (10) are given. Additionally, we suppose that the data
has the higher integrability properties

IFIP'Y e Lj, (Qr) and |fP € L], (Qr) for some g > 1.

loc loc
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Then, every weak solution u € C°([0, T1; L>(Q)) N WP(Qy) of the parabolic equation (1) satisfies
IDul’ € LT (Qr).

Moreover, for k, K > 1 there exists a radius ry > 0 depending on n,y1,y2,q,u, L, o, k, K,w(-) and a constant
c =cn,y1,v2, 9,1, L, 0, &, K, w(+)), such that the following holds: If

(IDulP® +|FIPO +f" +1) dz < K (12)
Qr

is satisfied, then for every parabolic cylinder Q. = 02,(30) € Qr with radius r € (0, ro], there holds

171+d(po)(g—1)
, q
|Du|[7(')¢l dz < CU |Du|"’(') dz (|F|”(') + |f|yl +1)? dz) ] , (13)
o 2r Qo
where pg = p(30) and d(py) is defined in
2
po(n+2)—2n (14)
% if po = 2.

Now, we briefly describe the plan of the paper and the strategy of the proof. As we mentioned in the introduction
the desired result of this manuscript is to prove the gradient estimate (13). This estimate implies that Du is as
integrable as the inhomogeneities F and f, cf. Theorem 3. For the proof of the gradient estimate we will use some
comparison arguments to derive the needed a priori estimate. In Section 2.3, we will compare the solution of (1)
with the solution of a certain homogeneous parabolic Cauchy-Dirichlet problem with nonstandard growth, then we
will compare the solution of the Cauchy-Dirichlet problem with the solution of a parabolic problem with frozen
exponent, i.e. with exponent py = p(z9). Moreover, we will need several technical tools to gain the desired gradient
estimate, e.g. the higher integrability result of Bogelein and Duzaar, cf. Theorem 6, a localization argument of
Baroni and Bogelein, cf. Lemma 7, and the Lipschitz bound, which is a consequence of the C'®-regularity of
DiBenedetto and Friedman, cf. Theorem 9. Later on, we will transfer these a priori estimates via comparison
argument to our nonstandard growth problem. All these preliminary results and many more are stated in Section
2.2. Finally, in Section 3 we will prove the main result. Here, we start with a so-called stopping time argument.
This argument is very important in the regularity of parabolic problems, since there we will choose the correct
cylinders, cf. (Kinnunen & Lewis, 2000) and (Acerbi & Mingione, 2005) for instance. Then, we will apply the
comparison estimates of Section 2.3 on certain intrinsic cylinders. The next step is to derive estimates on the level
sets, followed by the final estimate, which is in principle the desired gradient estimate. The final step of the proof
of Theorem 3 is to adjust the exponent. In this step we will conclude the validity of (13).

2.2 Technical Tools and Preliminary Results

In this section, we cite several important technical tools, which we need for the proof of the desired Calderén-
Zygmund estimates. Moreover, we will prove some tools which are important to derive our main result.

An iteration lemma. In order to re-absorb” certain terms, we will use the following iteration lemma, which is a
standard tool and can be found in (Giaquinta, 1983). The iteration results reads as follows.

Lemmad. Let0 <9 <1, A,C > 0and B > 0. Then, there exists a constant ¢ = c(8,1), such that there holds: For
any non-negative bounded function satisfying ®(t) < 9®0(s) + A(s — )P + C forall 0 < r < t < 5 < 0, we have

o(r) < c[Ae -7 +C].

A version of the Vitali’s covering Theorem. Moreover, we will need a version of the Vitali’s covering Theorem
for non-uniformly intrinsic parabolic cylinders, which is stated in (Bogelein & Duzaar, 2011). The result is the
following:

Lemma 5. Assume that M > 1, 1 > 1 and p : Qr — (y1,7Y2) satisfies the conditions (6)-(8). Then, there exists
a constant ¥ = x(n,Ly,y1) = 5, such that the following is true: Let ¥ = {Q;}ic; be a family of axially parallel
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2-p(z;

parabolic cylinders of the from Q; = Q(/})(zi) = Bgi(x,-)x( /l Eo Q ti+ A 7 Q )with uniformly bounded radii,

uniformly in the sense that
PG >(n+2> .
©0i < min {Qo, [(ﬁ,,M) ] } Viel, (15)

2
where o : [6 VB.M ] * < 1. Then, there exists a countable sub-collection G C F of disjoint parabolic cylinders,

such that | ) Q C U xQ, where xyQ denotes the x-time enlarged cylinder Q, i.e. if Q = Qu)(z) then yQ = Q)((/B(Z).
QcF

Iwaniec’s inequality. Here, we state a useful estimate which is a consequence of Iwaniec’s inequality for Orlicz
spaces, see (Iwaniec & Verde, 1999). Let ¢ > 0, Q c R""! and g € LS(Q) for some ¢ > 1. Then, there holds

flgllog (e + —)|) dz < c(9, g)()( lgl® dz) forall ¢ > 1. (16)

Thereby, the constant c(i#, ¢) blows up as ¢ | 1. Moreover, ¢(i#, ¢) depends continuously on ¢ and therefore, it can
be replaced by a constant c(yy,¥2,¢) if # € [y}, v]].

A higher integrability estimate. The higher integrability result will play a key role in the proof of the Calderdén-
Zygmund estimates. In the case p(-) =const. the needed higher integrability estimate goes back to Kinnunen and
Lewis (Kinnunen & Lewis, 2000). In the following, we cite higher integrability estimate for degenerate parabolic
equations with nonstandard growth from (Erhardt, 2013c), which is a little modification of the result in (Bogelein
& Duzaar, 2011), because they considered parabolic problem of the form

du — div a(z, Du) = div (|F|”(')‘2F) in Q
instead of (1). Notice that this modification is a simple exercise. The statement reads as follows:

Theorem 6. Let o > 0 and p : Qr — [y1,72] satisfy (6)-(8). Then, there exists &y = €y(n,y1, 2,4, L, L1,0) €
(0, o], such that the following holds: Whenever a function u € C°([0, T1; L>(Q)) N WO (Qy) is a weak solution of
the parabolic equation (1), where (2)-(3) are in force and f € LN+ (Qy), F € LPOU+(Qy), then

21 1
|Du|p( (1+e0) Lloc(QT)'

Moreover, for any K > 1 there exists a radius 01 = 01(n,y1,7Y2, L1, K, w(-)) > 0, such that there holds: If (12) and
€ € (0, &9l, then for any parabolic cylinder Qy, = Q2,(30) € Qr with r € (0, 01], there holds

f |DM|P(')(1+8) dz <c¢

1+e&d
(DulP® + |FIPO + |1 + 1) dz) +ct (FPO + 7 + DM dg, (17)
. Qo Qo

for a constant ¢ = c(n,y1,Y2, U, L, L1), where d is defined in (14).

To apply this result, we need a further technical tool, more precisely a non uniform intrinsic geometry argument.
This we will mention in the following lemma, where we provide a parabolic localization technique. This lemma
goes back to (Baroni & Bogelein, 2013). Obviously the difficulty stems from the necessity to couple the technique
of intrinsic geometry with the localization needed to treat the variable exponent growth conditions.

Lemma 7. Let x, K. H > 1 and p : Qr — [y1,v2] satisfy (6) and (8). Then, there exists a radius oy =
ox(n,v1,v2,k K, H,w(:)) € (0,R;], such that the following holds: Whenever, Du,F € LPOQr, R") and f e
L"(Qr) satisfy (12) and Qé,l)(z()) C Qr is a parabolic cylinder with o € (0,0,] and A > 1, such that

A SKJ( |DulPO + H(FP© + |f + 1) dz.
0P (z0)

Then, we have

~ Po

r 2 ~ = o 3nLy py

“(m) . p2=pr<w@e) and 29T < e, (18)
©
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(
Qs o 05" (z0)

where po := p(z0), p1 := ilr)lf p(-) and p; := sup p(-) and
;" (20)

- +2
[:=4B.kKH, B, :=max[l,Qa))'}, a:= min{l,yl 1 - g} (19)
Our next aim is to adapt the local estimate from Theorem 6 to intrinsic cylinders of the form Qéﬂ)(zo) = By(xp) X

2-p 2-p
Aél)(to) for zo = (x0,%9) € Qr, 0 > 0and A > 1, where Agl)(to) = (fp — /lTloogz, to + /lT:JOQZ). We will determine
the parameter 4 > 1 in dependence on the solution itself and we will use this intrinsic coupling to compensate
the anisotropic scaling behaviour of the parabolic inequality. On cylinders of this type, the higher integrability
estimate from the above theorem takes the following from.

Corollary 8. Let K,c.,¢ > 1 and o > 0. Assume that the vector field a : Qr x R" — R” satisfies (2)-(3) and
p : Qr — R fulfills (6) and (7). Further, suppose that f € LPY'+0 Q) F e LPOU+O(Qy) are in force and for
20 €Qr, 0 € (0,011 and A > 1 with Q5 (z0) C Q, satisfying

APTPY < ¢ where py = inf p(-) and p; = sup p(). (20)
Q(zi,) (z0) 04 (z0)

Then, there exists €y = €o(n,y1,%2, U, L, o) € (0, 0] such that the following holds: Whenever

v e CO(ASY(10); L*(Bap)(x0)) N WP(Q5(20))

is a weak solution of
8y —diva(z,Dv) = f — div|F]’"OF on Q;Q(ZO)

satisfying (12) (with Du replaced by Dv) and
{, o< @)
05 (z0)

Then, there holds the higher integrability estimate

f IDy|POI*0) dz < e+ (22)
01" (z0)

©

with a constant ¢ > 1 depending only on n,y1,v»,u, L, K, ¢, and ¢.

Notice that there is a similar result is given by (Baroni & Bogelein, 2013). The main difference is, that they
consider the parabolic system 0,v — div(a(z)|Dv["”2Dv) = 0, where a : Q; — R is a measurable function with
u < a(z) < L for any z € Qr, while we consider again the equation (1). Furthermore, in the standard growth case,
there is also as similar result given in (Scheven, 2014).

Proof. First, we assume that zo = 0. Then, we rescale the problem from intrinsic cylinders g), Q(;g) to the
standard parabolic cylinders Q,, Q. Therefore, we have to transform in time and then, we could apply the
Theorem 6. Here, we have to discuss two cases. On the one hand the case py := p(0) > 2 and on the other
hand pg := p(0) < 2. We start with the case py := p(0) > 2 and define for (x,7) € Q», the rescaled exponent

2-py . L _L 2p S .
p(x,t) = p(x,A * t). Furthermore, we consider the rescaled function ¥(x,#) := 4 »v(x, A #0 ), which implies

1 2-p, 1-py 2-p,
Dv(x,t) = A 7 Dv(x, /lTou t) and 9,9(x, 1) = /IWU vi(x, /170 1) for all (x, 1) € Q,,. Moreover, we observe the rescaled
vector-field é(-) and the rescaled inhomogeneities F and f as follows:

1-pg 2-py

2n ~ L 2m N =) 2m
At w) = A7 a(o A7 6, Anw), For) =AU WFx A 1), and fxf) =70 fo, A7 1)
for all (x,1) € 0y, and w € R". Then, ¥ is a weak solution of the parabolic equation
0,9 — diva(x, t, DV) = f — div(FIPY2F) in Qy,,

16



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 7, No. 1; 2015

i.e. for the rescaled parabolic problem of the parabolic equation (1). The next step is to ensure that the rescaled
exponent p and the rescaled vector-field a(-) satisfy the conditions (6) and also the structure condition, i.e. the

2-p,
growth and monotonicity property (2) and (3). Since, pg > 2, 4 > 1 and therefore PET < 1, we have

2p
< w(max {le — x|, VA 7o |ty — tﬂ})

ﬂ
= w(max {|X1 = x|, A0 A/|t; — 12|}) < w(max {le - x|, VIt - t2|}) = w(dp(z1,22)),

2-pg

2-rg 2-p.
|p(x1,t1) — p(x2, 12)| = 'P(Xl,/l 2 t1) = p(x2,A 70 1p)

where we used (6). Thus, we have shown

|P(x1, 1) = p(x2, 12)| < w(dp((x1,11), (x2,12))) (23)

for any choice of (x1, 1), (x2,%2) € Q.. Next, we check the assumptions (2) and (3) for the vector-field a. There-
fore, we apply (2) to the vector-field a(-). This yields

2-pp 2-p,

_ Lr B pg e L In Lo A T -1
la(x, t,w) =277 a(x,A 7 t,Anow)| =27 |a(x,A7 t,An0w)| < A7 L(1 + |Arow|)P™

Iopg L = PO-po = = =
=470 L(L+ A w)POt < a7 L(L+ w)POT < AP PrL(L + w)PO7! < L1 + pw])PO !
for all (x,1) € Oy, and w € R", where we finally used (20). Thus, we have
la(x, 1, w)| <eL(1 + [w])PO1 (24)

for all (x, 1) € Oy, and w € R”". Finally, we can conclude that

2-po 1

P 2-p, 1 1 1
(alx,t,w) —a(x,t,wp) ) - (w—wp) = /l_% (a (x, AWI,/IEW) - a(x,/lﬁt,/l%wo)) (Ao w = Ao wg)

o, L, Ly 02 L L,
> A rou(s” + [Arow|™ + |Arowpl®) 2 |Arow — AP0 wy|
PO)-po _2 pO)-2
=47 p( s+ Wl + wol) 2w — wol?

_2 pO-2
> B s+ w2 + woP) "> w = wol?
C

PO)-po Po—pC)

for all (x,1) € Oy, and w,wp € R", since A 0 =21~ n > 27770 > ¢71 where we used (20) for the last step.
This yields the desired assumption
~ ~ ~ pO=2
@(x, 1, w)=ax,t, wo)) - (w = wo) > u(3> + [wl + wo) "= lw — wo? (25)

for all (x,7) € Oy, and w,wy € R" with s replaced by § := s/f% € (0,1). Now, we are in the situation to apply
Theorem 6 with (%‘, ¢L) instead of (u, L). Therefore, we conclude that DV € Ll’;)(t;)(ng")(ng, R™) and moreover the
following quantitative estimate holds:

1+&pd
IDFPOI+) dz < cf 3+ (IDVPO + [FIPO + | + 1) dz] +c J[ (FPO + |7 + D) gz
O, 02 02

for a constant ¢ = c(n,y1,7y2, 4, L,¢). Notice that py = p(0) = p(0). Next, we transform from v to 7, use the

17
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previous estimate and then, we scale back from ¥ to v. This yields, using (20), (12) and (21), that

pC) P PO-p1+p -
J(u) |Dv|b(-)(l+so) :J( /111’70(1+E°)|D17|”(')(1+8°) dz 2)[ 1 P()l 1(1+8°)|Df1|/’(')(1+8°) dz
95

0 Q

pP2-p Ja% =~ . . B
S)[ A 140 (580 popOi+en) qo < cql+ao ] | pppOi=en g,
© QQ

1+e&0d
< el (|D\~/|ﬁ(') + Iﬁliﬂ(-) + |f|}”, +1) dz) + cplreo (Iﬁlﬁ(-) + |f~|}”, + 1)(1+£0) dz
QZQ QZQ

20

I+&od
< C/180(1*11) f |DV|P(‘) dz + C/llJrSo (|F|P(~) + |f|7’1 )(1+80) dz + cAlreo
o o
1+g&od
= c00=9 (f N |Dy|PO dz] +ealte w(|F|p(') + [fPHdre) dz 4 calreo
% 2,

< C/Iso(l—d)(c*/l)l+80d + c- (C*/l)l+80 +c/11+80 — C/11+80.

with a constant ¢ = c¢(n,y1, ¥2, 4, L, K, ¢, ¢). This finishes the proof of the lemma in the case py > 2.

Finally, we have to prove the case ”% < po < 2. Here, we define p, ¥, F, f and a similarly as above, i.e.

P2

-2 -2 ) L1 (2 g 2
Bt = p(ﬂfox, t), Bx, 1) = A-%v(ﬁTox, t), Flor) = A FOF(/l o x, z), Fen = A-%f(a o x, z), and

Po—2

1-p
alx, t,w) := /lf’Toa(/lWx, t, /l_%w) (26)

o2 . . - . .
for (x, 1) € Qo, where g := A 20 p. A straightforward computation shows that ¥ is a weak solution of the equation

0,9 — diva(x, t, DV) = f — div(FIPY72F) in Qyp,

where @, 7, p, F and £ are the time quantities defined just above. Notice, that & satisfies the growth and monotonicity
condition (24) and (25). Similar to (23), we can also conclude that |p(z;) — p(z2)| < w (dp(z1, 22)) is valid, for every
21,22 € Oy, since py < 2 and A > 1. Applying again Theorem 6 and repeating the computations from above we
obtain the assertion of the lemma also in the case py < 2. O

A priori estimates. For the proof of the Calder6n-Zygmund estimates for the spatial gradient we will need a
gradient estimate. To this aim, we refer in the next theorem Lipschitz bounds for solutions to parabolic equations
with standard growth, that will be employed for suitable comparison problems. These Lipschitz bounds will be very
important for the proof of the gradient estimate via comparison and they are due to the fundamental contributions
of DiBenedetto and Friedman (DiBenedetto & Friedman, 1985a,b) and can be retrieved from (DiBenedetto, 1993,
Chapter 8). Later on, we will transfer these a priori estimates via comparison argument to our nonstandard growth
problem and mainly, to our parabolic obstacle problem. Therefore, we denote

CiP(20) 1= By(xo) X (1o — A7 @° 10 + A7 @°).

Note that the scaling of cylinders Cgl)(zo) does not depends on the center zy. Later on, we will apply the subsequent

Theorem with the choice p = py = p(zo). Thus, the cylinder Cg)(zo) becomes the intrinsic cylinder Qéf)(zo). The
precise statement of this result reads as follows and was established in (Scheven, 2014, Theorem 5.3).

Theorem 9. Suppose that the vector-field b : Qr X R" — R”" satisfies (2)-(5) with p(-) = p = const. and a(-)
replaced by b(-) and furthermore, that b(-) is differentiable with respect to the spatial variable with

D b(z, W)l < yL(1 + |w])P™!

for all z € Qp and w € R, where y > 0 is a fixed constant. Assume that w € C°([0, T1; L>(Q)) N LP(0, T; WP (Q))
is a weak solution of the parabolic equation d,w — div b(z, Dw) = 0 on Qr and that Cgi))(z()) C Qr is an intrinsic
cylinder with

J( |[Dw|P dz < ¢, A.
€5y (z0)

18
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Then, there holds

1
sup |Dw| < cpipdr,
ORIED)

where the constant ci;p depends only on p,n,u, L,y and c..

In section 2.3 we will prove the gradient estimate via comparison. For this aim, we will apply the following
comparison lemma which reads as follows:

Lemma 10. Assume that the vector-fields a, b : Q(Q/D(zo) X R" — R" satisfy the growth condition (2) and b(-) addi-
tionally the monotonicity property (3) with exponents p(-), which fulfil (6)-(7). Further, let F € Lp(')(QE,’D(ZO), R™),
fel (le) (z0), R) and assume that v,w € CO(AE,A )(to); LZ(BQ()C()))) N Wp(')(le)(Zo)) are solutions of the parabolic
equations

dv — diva(z, Dv) = f - div(FIPO72F) in Q{"(z0) 27)
respectively
dw — divb(z, Dw) =0 in O (z0) (28)

withv = w on 6PQ£,’D (zo). Then, we have a comparison estimate of the form

f IDv - Dw’") dz < l?f (s +|DV)PO dz + sz la(z, Dv) — b(z, Dv)I”' dz
0" @) 0}a) 0(a) (29)

+ f IFIPO +1f17 + 1 dz
05 (z0)

for every radius o € (0, 1] and k € (0, 1) with a constant c; = c(k,n, y1,v2, M, L). Once again, in the case p(-) > 2,
we may omit the first integral on the right-hand side, and the constant does not depend on k. Furthermore, for
every exponent p(-) > n% there holds the energy estimate

s+ dz 4 ¢ [ latzDv) - b DO bz

fA |Dw|P© dz < c(y1,72) { .
05" (z0) 5 04 (z0)

O
A Q; (20) (30)

+c f IFIPO + |f1 + 1 dz
0" (z0)

Q

where ¢ = c¢(n, y1,v2, 1, L) and o € (0, 1].

Proof. First, we consider the weak formulation of the parabolic equations (27) and (28) and test the equations with
v—we CO(Ag)(to); L*(B,y(x0))) N Wy (')(QS)(ZO)). Subtracting the resulting equations, we get

{0,y — Ow, v — W»Q“)(zo) + f (a(z, Dv) — b(z, Dw)) - D(v — w) dz
¢ 08" (z0)

o X0

= f o Se-wde+ f . (IFIPO2F) - D(v — w) dz.
0Oy (20) 0, (20)

Moreover, we can conclude that

O — Ow, v — w))Qu)(m) + f (b(z, Dv) — b(z, Dw)) - D(v — w) dz
e 05" zo)

f fv—w)dz+ f (FPO2F) - D(v — w) dz + f (b(z, Dv) — a(z, Dv)) - D(v — w) dz
04" (z0) 05" (z0) 0 (z0)

€29

INA

Ce ( f IFIPD + P+ 1 dz]+ ce(Y1,72,€) la(z, Dv) — b(z, V)|’ dz
0P (z0) 0P (z0)

+ C(?’l,'}’z)gf |D(V - W)lp() + |v — WP’I dZ
05" (z0)

Q
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for o € (0, 1] with a constant ¢ = ¢(y,7Y2, L) and € € (0, 1), where we used Young’s inequality. Next, we treat the
first integral on the left-hand side as usual to infer that this integral is non-negative. Therefore, we use Lemma 2
and the fact that u(-, 0) = v(:, 0). This yields

20y — 0w, v — W>>Q“)(zo) = f v(x, ) — w(x, H)Pdx >0
¢ By(x0)
forall ¢ € Ag)(to). Further, we apply the monotonicity condition (3) to (31). This yields
f (s> + |Dv + |Dw|? ) |Dv —Dwf? dz< c(f |FIPO + |f|yi + 1 dz)
05 zo) 0 @)

+ 2.8 | o la@Dv) = b DIV dz (32)
Q5 (20)

+ c(y1, ) f ID(v —w)]PY + 1 dz
() Zo)

(4

for o € (0, 1] with a constant ¢ = c(y1,7y2,L) and € € (0,1). In the case p(-) > 2, this implies immediately the

comparison estimate (29) by choosing & = m Therefore, we have only to prove the case ;=5 < p(-) < 2. For

this aim, we use Young’s inequality with exponents ZL])() and ﬂ in order to estimate, for any 6 > 0

|Dv — Dw|PY <5(s* + |Dv)* + |Dw|2)”§*') + 6770 (s + |Dv] + |[DW]? Dwl?

<6(s> + DV + |IDW?) "2 (% + 3DV + 2IDw — Dv?) + 6770 (52 + |Dv? + |Dw?) "5 |Dv — Dwl?
<88(s + 1DV + c(y1, v2, 6)(s> + |DVP + IDw?) "5 |Dv — D,

where we used the fact p(-) — 2 < 0 for the last estimate. Integrating this estimate over QE)/D(Z()), estimating the

right-hand side further by (32) and finally, choosing &€ = 2c(y| ) and 6 = =. This implies the claimed comparison

estimate (29). The second claim (30) is again an easy consequence of (29). ]

2.3 Proof of the Comparison Estimate

First, we let K > 1 and suppose that (12) is valid. Next, we fix x, H > 1 to be specified later. In the following, we
consider a cylinder Qéﬂ) (z0) = Bo(xp) X Aéﬂ) (ty) with center zo = (xp, %) € Qr, 0 € (0, 1], where 4 > 1 and which
satisfies Qw (z0) € Qr and

A ’
= SJ( |Du|P(‘) dz +)( H(|F|p(') + |f|71 + 1) dz < A, (33)
ko Joyw) 050 (z0)

Then, we denote by v € W(Qu)(zo)) the unique solution of the initial-boundary value problems

{a,v —diva(z,Dv) =0 in Q5 (z0), (34)

1
vV =u onﬁpQ(zg)(zO).

Moreover, the function w € CO(AS"(t9); LA(B,(x0))) N L7 (ALY (1); W7 (B,(x0))) denotes the unique solution of
the homogeneous initial-boundary value problem

{atw —diva(zop,Dw) =0 in Qéf)(ZO), (35)

w =v ondp0f’(z0),

where a(-) denotes the vector-field which satisfies the structure assumptions (2)-(9). Notice that the existence of v
and w is satisfied by (Erhardt, 2013a).

Step 1: Proof of the first comparison estimate. We start by comparing the parabolic problem (1) with the parabolic
boundary problem (34). Here, we apply Lemma 10 to conclude the first comparison estimate

f |Du — Dv|P®) dz
052(z0)

IA
A

f (s + [Dul)P? dz + f IDulP” + |FIPO + £ + 1 dz
05 (z0) 05 (z0) (36)

IA

ek + Z) 100
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for every k € (0, 1) and o € (0, 1] with constants ¢z = c(k,n,7y1,¥2,4, L) and ¢ = c(n,y1,y2, 1, L), where we used
(33). Furthermore, we have from (30) the following energy estimate

[, 0w e < cago G7)
() €
00

for every o € (0, 1] with a constant ¢ = c(n, ¥y, y2, 4, L), where we also used (33).

Step 2: Proof of the higher integrability. Now, we let &g = &y(n,y1,v2, 14, L,o) > 0 be the higher integrability
exponent from Corollary 8 and set

03 = min{gl,%,l} € (0,11, (38)

where p; is the radius from Lemma 7 and o, the one for the higher integrability from Corollary 8 with the choices
f, F = 0. Therefore, o3 depends on n,y1,y2, i, L, k, K, H, w(-). In the course of the proof, we shall further reduce
the value of p3 when necessary, but without changing its dependencies. In the following, we assume that

© < 03.

Due to assumption (33) we are allowed to apply Lemma 7 on Q(z/;)(zo) which yields that

3Ly py 3nLiyy

P> — p1 <w@(20)%) and APP < (0TI < 07T < o707 (39)

~ 3nL
since 4 > 1, where I and « are defined in (19). Here, we set ¢ = ¢(n, y1,v2,L1) = e T Thus, assumption

(20) from Corollary 8 is valid. The assumption (21) is also fulfilled by the energy estimate (37), where have to
replace the constant ¢ by the constant ¢. The application of the Corollary 8 ensures that Dv € L”(')(“go)(Q(z’g, R™)
and moreover, the following higher integrability estimate

J[ |Dy|POIFE0) d7 < cplte0, (40)
05" z0)

o

Notice, since we have from (38) that o < p;, we are allowed to apply Corollary 8. Next, we reduce the value of o3,
such that

w@(203)%) < ﬂ, where g1 ;= {1+ -1< g 41
Y

1
is satisfied. Thus, by (39), for any z € Q(zi))(zo) there holds

po(1+&1) < p()(1 + w(T20)))(1 + 1) < p()(1 + w2031 +&1) < p()(1 +81)* = p()(1 + &)

Furthermore, we have Dv € L”O(”E‘)(Qg)(zo), R") together with the following estimate

(+o@Ro) ™)1 +e1)
T+eg

J( D) d; < ]( DO TN g7 4 ] < b( DO dz] +1
0% (z0) 0% (z0) 0% (z0) (42)

< AN I+en) | | = (o0 J1+e@C0) | | < (+e)

with a constant ¢ = c(n, 1, ¥2, 4, L, ¢, ¢), where we used the Holder’s inequality, (39), (40) and the fact that A > 1.
Finally, we observe the following

vi—1

D2 —_Po) < po (] N w(f”(293)‘1))

’ &
PO(P2—1)=P0(1+— Sp0(1+—l)Sp0(1+81).
Po 1 Y1

The previous computation combined with (42) implies

-1
Py(pa-1) poi+en g, |7 s S s 43
|Dy|Po dz < |Dv| dz < edn T = cA T < ed (43)
05" (z0) 05" (@)

21



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 7, No. 1; 2015

with a constant ¢ = ¢(n, y1, ¥2, 4, L, c«, ¢), where we used (39).

Step 3: Proof of the second comparison estimate. Next, we want to conclude a comparison estimate between Dv
and Dw. To compare the solution of (34) and (35), we have to consider the difference of their weak formulation
(see Definition 1 with f, F = 0 and u replaced by v respectively w), i.e.

v=-w) ¢ dz — (a(z, Dv) — a(z0, Dw)) - Dy dz = 0
04 (z0) 05" (20)

2—-p
for any ¢ € CS"(QE,/U(ZO), R™). Next, we have to define for 2 > 0 and 7 := 1y + /ll’TO (20)?

1 on (—oo, T — hl,
i@ :={-3t-1) on(r-h71),
0 on [7, ).

By (42) we know that Dv € LPO(QE,A)(ZO)) with o < 03. Thus, we have Dv — Dw € L”O(Q(;Q)(Zo)) and v = w on
Op Qé”(zo), we are (formally) allowed to choose ¢ = (v — w)y;, in the preceding identity. Then, it follows

1
f v=w)-0,[(v —whs] dz " _Z f v —wP(,7)dx <0.
0(z0) 2 JoP )

This implies

f (a(z, Dv) — a(z9, Dw)) - D(v = w) dz <0.
0 (z0)

0

Moreover, we gain that

f ) (a(zo, Dv) — a(zo, Dw)) - D(v —w) dz < f (a(z9, Dv) — a(z, Dv)) - D(v — w) dz.
05" (z0) 0

A
P (20)

Using the monotonicity property of the vector-field a(zo, -), i.e. (3) with py = p(z0), we have

po-2
u f . (s + 1DV + IDwi?) * 1D - w)* dz < f . (azo.Dv) = a(z,Dv)) - Dv—w) dz.  (44)
0, (20) Qg (z0)

Next, we apply the continuity condition (9) and Holder’s inequality with exponents po and pj to the right-hand
side of the previous estimate. This yields

u f (s + 1DV + IDwl?)
05" (20)

Po—2

p 2 . = po-1 pO)-1
ID(v—w)P dz < ¢ w20 @) [(1+ D]y ™" + (1 + |Dv)"O7!|
0 (zo)

—1
P Po—

n 5
x [1 +log(1 + |Dv|)]) o dz) ( f D — W) dz] '
04 (20)

< cw(To") [ f [(1+1Dv)™ + (1 + |Dy)r-D)
04 (20)

x [1+log(1 + |Dv)] 70T dz) " ( f ID(v — w)| dZ)
05" z0)
with a constant ¢ = ¢(y1, ¥2, po, L), where we used that we have for all 7,2, € Qg)(zo)

2 2
w(dp(z1,22)) Sw(|x1 = X2 + VIt = &2]) S W20 + V224770 %) < W(4170 Q).
Lemma 7 yields w(4o) < w(I'o) for y; > 2, since I' > 4, see (18). Moreover in the case y; < 2 we have

2-y)

WAL g) Sw(4(£) 4 QI_W]SQ)(FQV‘"ZZ—;).
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Note that the restriction y; > ,ir—"z ensures that y; % — 5 > 0. Summarized, we have w(dp(z1,22)) < w(To®) for all
21,22 € Qé,’l)(z()). Notice, that the dependence upon p(-) is continuously. Therefore, we can also replace dependence

upon py by a dependence on y; and y,. Now, we divide the last estimate by IQ(A) (z0)| and use Holder’s inequality

o
with exponents 7 and 17—, thus we gain the following

1

n2 O
“]( (s2 +|DvP? + |Dw|2) > IDv-w)dz < b( ID(v — w)|P dz)
05" o) 05" (z0)

1

Trep
xcw(Tp%) J( [1 + |Dv|”5(”(')_l)] dz + (J( |Dy|Po+en) dz) 1
0o (z0) 05" o)

po-!
PO

+J( (1 + |DvPPO=D10gPo(1 + |Dv|) dz + J(
04" (20)

04 (z0)

(1 + |Dv])P logPo(1 + |Dv]) dz]

Next, we note that the monotonicity of the logarithm implies log(e + ab) < log(e + a) + log(e + b) for all a,b > 0.
Since the logarithm is monotone increasing and by the last inequality, we can conclude that

, ; ([1+ |DV|]p6(p2_l))Qu>(zO)
log(1 + [Dv]) <log(e + (1 + |Dv])*672"D) = log| e + (1 + |Dy])ro P2~ <

o(p2—1)
(L1 + 1DVIPEPD)

(1 + |Dv|)Potp2=D
(T4 1DV D) g0,

<log [e + ] +log (e +([1 + |Dy[]7oPY) Q(OD(ZO))

and also that

(1 + |DvPe
[T+ D) g

log(1 + |Dv]) <log(e + (1 + |Dv|)*) < log (e + J + log (e +([1+ |DV|]pO)QLA)(ZO))

is in force. Combining the last three estimate, we derive at

1

po=2 r0
,u)( (s> + 1DV + IDwP?) 1D = w)* dz < (J( ID(v — w)|P dz)
04 (20) 04" (20)

1

, Ty
[1 + |DV|P0(P2—1)] dz + |Dv|po(1+s|) dz
05" (z0) 05" z0)

, , 1 + |Dy|yroP>~D
+J( (1 +|Dv)y?o@P " Vogh | e + dx ,D T <
05" z0) ([ + IDVIP6 D) g

+ fQ " )(1 +|Dy])r6tP2=D ogho (e +([1+ |Dv|]P6<P2*1>)QLA)(ZO)) dz
o (20

X cw([p")

/ 1 + |Dv|)Po
+ J( (1 + 1Dyl log?% [ + — L H 1PV
o [+ D)

" J( (141D Tog?h (e + (11 + D) g, ) dz}
03" (o) ‘
1

0 -1
= cw(To%) ID(v — w)|Po dz] A+ +I+1V+V+ VD0
05" (z0)

po-!
20

with the obvious labeling of I — VI. Here, we want to estimate /7] and V by the inequality (16). Therefore, we
have to choose on the one hand g; := (1 + |Dv|)?o»>~D and

1+|

S1=11= =c(m,y1,y1,M4, L,o) > 1

&

(o)

<
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and on the other hand g, := (1 + |[Dv|)?° and ¢, := (1 + &) = c(n,y1, ¥1, 4, L,0) > 1 with respect to (40) and (42).

Moreover, we choose Q = g)(z()). Thus, we get

1

~. 5'1
11 < (1,71, 72) ()( gl dZ)
0

and

1

&
1V < C(S‘z,%’)’z)(}( g/ dz) )
o

Now, we want to use (42) to bound /11 and IV. The term IV, we can immediately bound by (42), i.e

1

Trer 1
IV < cb( 1 + [Dyjpeti+eD dz) <c(l+ A" < e
04 (z0)

with a constant ¢ = ¢(n, y1, Y1, M, L, 0), since 1 > 1. The term /11, we can bound by (42) as follows. First, we use
the Holder’s inequality. This yields

pa-1

-1
ety | T ] & T
11 <c (1 + Dy 77" dg =c (1 + |DyyPo+en 4z
D) 0 o)

nl np-l 1+£2P0
<c(l+ A7 T) <At =cAd "l <cd

with a constant ¢ = c(n, 1, y1, 4, L, ¢, ¢), where we used (42), 4 > 1 and (39). Next, we estimate / by (43). Thus,
we have

I<c(l+A)<ca

with a constant ¢ = c(n,y1,v1, 4, L, ¢, ¢), where we again used A4 > 1. The expression /] can be also bounded by
(42). This yields

Il <c(1+2Q)<cAd

Furthermore, we consider the following

Py(p2=1) _
([1+ [DvlI Dol _)gu)(
5 (z

;, KH 2
(1 + DV dz < 1+ ed < ca < c( )
20)

.Q”+2

with a constant ¢ = c(n,y1,Y1,M4, L), where we utilized (43) and Lemma 7. This and (43) we apply to IV to

conclude that
KH\? KH\*
1V < logPo {e+c( n+2) )J[ (1 + [Dy])?62D dz < logho [5+C( n+2) ]/l
0 0" @) e

Po
with a constant ¢ = c(n, 7y, y1, 4, L). Note we can always assume ¢ (%) * > e by possibly reducing the value of
©3. This allows to deduce that

Po P
/ KH\? / KH\? [ KH : K / (K
loghtle + c|— <log’|c = ﬂlog”O c—— | < cHPo logho < cHPo logho [ —|,
Qn+2 Qn+2 2 Qn+2 Qn+2 0

where we also used the fact that log(cx) < clog(x) for ¢ > 1. Combining the last two estimate, we get

/ (K
IV < cHPologh (—) pl
Q
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with a constant ¢ = ¢(n, y1,7Y1, 14, L). By the same arguments and (42), we can also conclude that

, (K
VI < cHPo logPo (—) A
©

with a constant ¢ = ¢(n, y1,7Y1, i, L). Finally, we had shown that

1
Po-2 0 K\ »ro-!
“J( (s + 1DV + IDwi?) 7 1D = w)l dz < (f ID(v — w)|P° dz) cw(To™H 1og(_)1’?«) (45)
05" (z0) 04 (z0) 0

with a constant ¢ = c(n,y1,¥1,H4, L, ¢, ¢,0). In the case pg > 2, we get by the Young’s inequality the following
comparison estimate

;o (K
J[ [D(v — w)I”* dz < cw(To®)*0H" log (_) 2
07" (o) 0

with a constant ¢ = ¢(n, y1,v1, M, L, ¢4, ¢, 0), while in the case py < 2 we have to estimate the left-hand side from
below as in the proof of Lemma (10). This yields

P (K
J[ ID(v =w)|P* dz < l?f [Dv|P* dz + crw(Te®)Po HPo logPo (—) A
05" (z0) 05" (z0) @

for any ¥ € (0, 1] and with a constant ¢; = c(&, n,y1,Y1, U, L, ¢, ¢,0). Using Holder’s inequality with exponents

; +1 s 18‘ and (42), then we derive the third comparison estimate
£1 +&]

, (K
J( ID(v —w)”* dz < [ck + czw(Tp®)HPo logPo (—)} A (46)
08 (z0) o

for any number ¥ € (0, 1) and with constants ¢z = c(k,n,y1,y1,M4, L, c.,¢,0) > 1 and ¢ = c¢(n,y;,y1,4, L) > 1.
Finally, we apply the fact |[Dw|? < 2Po~! (|Dy|P + |Dv — Dw|*) and again Holder’s inequality, (42) and (46) . This
yields the energy estimate for Dw, i.e.

. (K
f L IDw dz < c(/?+c,~<a)(l"g")p0H"0 log?o (5))1 (47)
0, (20)

with a constant ¢ = c(n, y1, y1, M, L).

Step 4: Proof of the Lipschitz bound. Next, we want to derive a Lipschitz bound to Dw. Therefore, we choose
c. = c-max{l,d(k, H,0)}, where

. (K
5%, H,0) := (7< + % + cza(To®)P0 HP log? (—)) . (48)
0

Here, we have to mention that we need the dependency of § on the term % later for the comparison estimate

between Du and Dw, which we derive in the next and final step. The next arguments are also true without %.
Therefore, this implies the desired energy estimate

f [Dw|P* dz < c. A
05" (20)

Hence, we can apply Theorem 9 which implies the following Lipschitz bound

€1
sup |Dwl| < cpijpdr (49)
Q?L(Zo)
2

with a constant ci, = c(n, u, L, po, c.). Since, the dependence upon pyg is continuous it can be replaced by a lager
constant depending on y; and ; instead of po, i.e. cLip = c(n,y1,¥2,4, L, c.).
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Step 5: Proof of the final comparison estimate. The last step is to derive a comparison estimate between Du and
Dw. Therefore, we consider the following

|Dv — Dw|PY dz = |Dv — Dw|p70 |Dv — DW|P(')_p70 dz
04 @) 04 @)
70 2¢

1 1

2

< J( |Dv — Dw|P* dz J[ |Dv — Dw[?PO=P0 dz
05 z0) 09 (z0)
2 20

1

2

<cd(R, H,0)? A2 J( [DV2PO=Po 4 | DW|2PO=Po (7
07 (@)

where we used the Holder’s inequality and (46) with (48). Next, we observe the exponent 2p(-) — po. This exponent
can be estimated from above as follows

2p() = po < pO)(1 + w(T(20)) < p()(1 + w([(203)")) < p()(1 + &),

where we used (41). Using the preceding result, the Holder’s inequality, (39), (40) and A > 1, we can conclude that

1+w((20)%)
I+g(

J( |DV|2P(~)—po dz < 2n+2J[ |Dv|p(~)(1+w(f(29)")) dz+1< on+2 (J( |Dv|p(-)(1+sn) dZJ +1
09 @) 04"(z0) 05 o)
2¢

< cAerCon 4 < ¢y,

with a constant ¢ = (n,y1,y2, 4, L), where we used (39). Thus we have the following estimate

1

2

J[ IDv — DwP® dz < ¢8R, H,0)2 22 | cd + )( IDW[2POP0 dz| < c8(R, H, 0)2 A
0% (z0) 04 (@)
1o

with a constant ¢ = ¢(n, 1, ¥2, 1, L, po, ¢), where we used (49), (39) and A > 1 for the last estimate. Finally, we use
the fact that |Du — Dw|P©) < 2P0)-1 (IDu — DvPY + |Dv - DWI"’(')) and we can combine the preceding estimate with
the first comparison estimate (36), then derive the final comparison estimate

. ~ 1
 IDu—Dwl" dz < c5(&, H,0)2 (50)
0% z0)
20

for every radius o € (0, 03) with a constant ¢, which depends on n,yy, y,,u, L, L, 0, k and ¢ where o3 depends on
n,v1,v2, M, L, &k, K, H, w(-) and Q;AQ)(ZO) € Qp, satisfies the intrinsic relation (33).

3. Proof of the Main Result

Proof. The proof is divided into several steps.

Step 1: Choice of the intrinsic cylinders. Here, we will use the stopping time argument. Therefore, let K > 1 and
suppose that (12) is valid. Then, we observe a standard parabolic cylinder Q, = Q,(30), such that Q,, € Q. First,
we define

d
Ao = ()( IDulPO + H(FIPO +|f + 1) dz) > 1, whered :=supd(p(-)) (51)
QZr Q2r

and d(-) is defined in (14). Moreover, we consider the concentric parabolic cylinders Q, € Q,, € Q,, € Oy, for
fixed radii r < r| < r, < 2r, all the cylinders sharing the same center 30. Next, we shall consider A, which satisfies

A> By (52)
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with

(n+2)d
B::( Bxr ) , (53)
rn—r

where y = y(n,L;,y1) > 5 denotes the corresponding constant from Lemma 5. In addition, we observe radii s,
which are conform to

. M . Po—2
1 mln{/l 200 }(rz—rl) mln{/l 2P0 }(1’2—’”1)

—Rn = <s< = Ry, 54
2 R0 3y <s< > ) 54)

where pg = p(zp). Notice that the maximal radius Ry is chosen, such that for all points zp € Q,, and radii s < Ry
the inclusion Qﬁl) (z0) C @Oy, is fulfilled. Next, we want to prove that for any zg € Q,,, there holds

f o 1Dl + HFPO + | P+ Ddz<a (55)
0" @)

From this fact and the definition of Ay we can conclude that

J( . \DulP® + H(FIPO +|f"1 + 1) dz < &()( IDulP® + H(FPPO + | + 1) dz
05" (z0) -

105" zo)l

56
2 n+2 o 5 ( )
< (=) aw A

N

holds, where we used (51) for the last estimate. Next, we have to treat the two cases 2 < pg < y2 and y; < pg < 2
Po=2

separated. In the case py > 2, we have d(pg) = % and min {AW, 1} = 1. Hence, this yields by (56), (54), (52)
and (53) the following

, o n+2 o2 1 er n+2 -2 1 8)(}” n+2 2 (1 %
)( |Du|"<‘>+H(|F|P<‘>+|f|%+1>dzﬁ(—) A S( ) A <( ) () =2
0 S

$(z0) ra—rn r=r B
In the case that y; < py < 2, there is d(pg) = —22— tively 1 = 22 _ 2 and min{a% 1) = A%
1 < po <2, Po) = s respectively 7 = 5= — - and min , , we
can conclude, in the same way as in the preceding case, that
n+2
, 54 8xr w2 1 8yr \"" 2
J( DuPO + HFPO + |7+ 1) dz < || Al <2 S =2
0" ) 70 (ry — 11) n=r B

where we finally used (53). This addict the same estimate as in the case 2 < py < y,. The availability can be
shown easily. For the purpose, we consider the following calculation

+2
1Y w2 1 n2_p2 P02 1 2_1 p2 L Ao i A
AP A=A T A0 A <A 10 A0 =Al—] < —.
o2 0 0 0 1 1
A0 Bi

Thus, we proved (55).

In the following, we show that also a converse inequality holds true for small radii. Therefore, we consider
parabolic cylinders of the type

P02 —
0W(z) with 0 < s < min {a* 1} (r2 : il ) = Ry

are contained in Q,,, where A4 > Ay and zp € Q,,. By the Lebesgue’s differentiation theorem, we can conclude that
for a.e. points zp € Q,,, which satisfy the condition |Du(zo)|”* > A, we have the following estimate

1%1(}( DulP® + H(FIPY + |7 + 1) dz) > |Du(zo)|”* > A. (57)
s 01" (20)
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This can shown by the following fact: We know that in the Lebesgue points zy of Du we have
lim |DulP® dz = |Du(zo)|”,
s10J0,z0)

see e.g. (Harjulehto & Histo, 2004). At this stage, it is worth to mention that the averages are taken with respect
to the usual cylinders while in (57) we need to have the averages on cylinders Q?)(zo). Since,

2-p,
0\"(20) € Qus(z0) for p :=max {/l ™, 1},

we get
lun+2
lim |Dul”” = |Du(zo)”| dz < = lim lDulP® — |Du(zo)l™| dz = 0.
0 J 00 z) 170 0J0uk0)

Hence (57) is valid.

Now, we have on the one hand a cylinder Qgﬂ)(z()), on which the integral is smaller than A and on the other hand we
have shown that the integral over this cylinder is bigger than A, see (57). More precisely, by the absolute continuity
of the integral, we can conclude from (57) and (55) that, there exists a maximal radius

Po—2 —
0< oy <min{137),1} (2 =n) (58)
3x
such that
f IDul?® + H(FIPO + |f" + 1) dz = 4, (59)
08 (@)
while for any
po—2 —_
se (on,min {/1'20”0 , 1} (”—2”))
we have the following estimate
]( IDulPO + H(FIPO +|f + 1) dz < A (60)
o)
With the choice of o,,, we define concentric parabolic cylinders centered in zg € E(A4, r1), where
E(r, ) := {z € Q,, : zis aLebesgue point of [Du| and |Du(z)|P@ > /1},
as follows:
0 ._ 0D ol ._ A 2 ._ oW 3 ._ oW
o =00, 0, =0 . @ =05, . 0% =04, . (61)
Then, we have Q% c Q! c 02 c Q3 c Q,, and for j € {0, ..., 3}, there holds
e %) 0 ;
— [DulP + H(FPY +|f""+1) dz + 1< A (62)
A+ or
20

The upper bound follows from (59) and the maximal choice of the stopping radius o,,, while the lower bound
104

follows from (59) by enlarging the domain of the integration from QSO to Q{O and taking into account that o0 <
20

(4X)n+2.

Step 2: Estimates on intrinsic cylinders. Here, we want to apply the comparison estimates from the previous
section. Therefore, we fix one particular cylinder ng and the comparison functions v and w as the unique solutions
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to the initial-boundary value problems (34) and (35) with ng and Q?O instead of Q(z/;) (z0) and le) (zo). Due to (62)
we know that (33) is valid with the choice k = «(n,y;) = (4x)">. Further, we suppose that

r<ry<ps,

where 03 = 03(n, v1,v2, 4, L, K, H, w(-)) € (0, 1) denotes the radius introduced in (38) for the choice x = k(n,y;) =
(4x)"2. Hence, we are allowed to apply (36), (49) and (50) with k = (1, ) = (4y)"*? for any radius smaller than
03. Thus, from (49) used with k = k(n, 1) = (4y)"*?, we can conclude that

sup |Dw| < cLip/li , (63)
0

where cip = c(nn,v1, Y2, 4, L, 6(-)) = 1, where 6(-) is defined in (48). Next, we use the fact that
)40
Dul?” < 2707 (IDWIP® + |Du = DwlPO) < e Am + c(y2)lDu— Dwl”” on Q). (64)
Then, we integrate the previous estimate by z over Qzlo N E(ry, A1), where we had chosen
u N0
Az et 20 21, (65)
where crip = c(n,y1,y2, i, L, ¢.) > 1. Then, (63), (64), (65), 2AA < |Dul’") on E(ry,2A1) and the fact that

() PPy C
|Dw|p<><cp<>/lp0 p()(|DM| )/“U“ < Lip

1
P PO <« p()
CLip 3 < 3 e |Du| < 2|Du|

[cf. (18) and (65)] yields

1
f |DulP) dz <~ f IDul”® dz + c(y2) |Du — Dw|P") dz.
01, NE(r1 2A2) 2 01, NE(r1 2A2) Q1 NE(r1 2A2)

Moreover, we apply the third comparison estimate from the preceding section, i.e. (50) with k = «(n,y1) = (4x)"*?,
where we replace the cylinder Q(f Z (z0) by Q;O and (63) to derive the following energy estimate
3 0

f |DulP? dz < co(k, H, ,Q)Z/IIQZOI (66)
0! NE(r,2A1)

with a constant ¢ = c¢(n,y1,Y2, 1, L, ¢, c.). Moreover, we recall that this estimate holds for any 4 > B, and
z0 € E(ry, A). Next, we will infer a bound for the measure of the cylinders QSO. Note that, (59) implies

1 1 ,
100 | = f |Dul?® dz + ~ f H(FPPY + [ + 1) dz. (67)
0, Aoy,
Then, we split the first integral of the preceding estimate as follows

A
f |Dul”") dz = f |Dul”" dz + f IDul’® dz < <100 | + f |Dul”" dz,
0 0 A{IDulrO<1/4) 0 NE(r2,1/4) 4 0% NE(r2,4/4)

and similarly the second one

, , Pl , ,
fQO H(FPY +|f" + 1) dz < ZIQSOI +f H(FPY +|f" + 1) dz.
0

0, n{HOFIO+1f7 +1)>/4)

Finally, we combine the last three estimate. This implies

2 2 ,
1051 <3 f IDul” dz + 7 f HOFPO + 1P+ D dz,
1 05 NE(r2,4/4) 1 E,’On{H(|F|P(~>+\f|71 +1)>/1/4}
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Therefore, we have from (66) the following estimate

10}
f D’ dz < (&, H,0)? —o f |DulP?) dz
0! NE(r 2A0) |Q% | \J 08 nE(rs.a/4)

H(FIPO + [f" + 1) dz|,

f '
Q(z]() {H(Il |p(-)+|) "1 +1)>/l/4}

with a constant ¢ = ¢(n, y1, 2, 1, L, C, C).

Step 3: Estimates on the level sets. In the following, we will use the notation
E(@.d):={z€Q: IDu®>2} and G(o, ) :={z€ Qy: HFI +|f" +1)> A}

for the upper level sets of [Dul’”) and (|F|P©) + || + 1) on cylinders Q, with o € [r,2r]. For 5 € (0, 1), which
we have to fix later, we consider the level sets E(o,n1) and G(o,n4). Our next aim, is to extend the last estimate.
Therefore, we have to apply a covering argument. First, we construct a suitable covering of E(r|, A) by intrinsic
cylinders of the type as in (61). Note that, we have shown in the previous steps, that there exists a radius g,,, which
satisfies (58), such that on the cylinders ng, j €10, ..., 3} the estimates (62) and (68) hold. Next, we want to apply
the Vitali-type covering argument from Lemma 5. For this aim, we note that (59) and (18) with x = 1 imply, that

o
2
AS(M) ,

n+2
20

Therefore, (15) is valid for the family ¥ := { (z)o} of parabolic cylinders with center zop € E(r;, 4) (note that by
possibly reducing the value of ry, we can ensure that o,, < r < ry < gp). From the Vitali-type covering Lemma,

we can conclude the existence of a countable subfamily {Q?}Z] C ¥ of pairwise disjoint parabolic cylinders, such

that the y-times enlarged cylinders Qéi cover the set E(ry, A), i.e. E(r,2AA) C E(ry, ) C U2, Qzli. In addition,
there holds Qg C Qy,. Moreover, we can conclude

f |Dul® dzsz f |Dul® dzzz f |DulP®) dz+Z f |DulP® dz
E(r 2A2) o Jol o1 JOLNE(r 2A1) ' JOINE(n 220

< (&, H,0)* ) f \Dul® dz + f H(FPO +|f71 + 1) dz
o1 \WOLNE(r.A\4) QL N(H(FIPO+f1"1 +1)>4\4) (69)

+ f |Dul” dz
Ui QL\E(rn 242

< c8(%, H,0)? ( f |DulP® dz + f H(FPPO +|f" + l)dz)
E(ry,4/4) G(r2,4/4)

with a constant ¢ = c(n,y1,y2, 1, L, &, c.), where we used [J77, Q;, \E(r;,2A1) # 0 and (68). Notice that, the
estimate (69) holds for every Lebesgue point zy € Q,, of Du with |[Du(zo)| > A > BAy.

Step 4: The final estimate. We begin by defining truncations
Ti : [0,00) = [0,k], Ti(o) := min{o, k}
and
E(r1,2A0) := {z € O, : TW(IDu(2)I"?) > 2A4} .

In order to derive integrability estimates for Du from the above estimate (69) on the super-level sets, we will
employ Fubini’s Theorem. Starting point is (69) with respect to the truncations, i.e. for k > B4y

f IDulP® dz < c6(k, H, p)? ( f |DulP dz + f H(FPPO + " + 1) dz). (70)
Ex(r1,2A2) Ey(r2,4/4) G(r2,4/4)
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Here, we distinguish the cases k < 2AA and k > 2.AA. The case k < 2AA implies Ey(r;, 2A1) = 0 and therefore,
the estimate (70) holds, since

1 ’
0 <cé(k, H, p)2 ( f |DulP” dz + f H(FIPO + | + 1) dz).
E(r2,4/8) G(r2,4/4)

In the case k > 2.AA the estimate (70) holds, since E(ry,2A1) = E(ry,2AA) and E(r,, %) = E(r, %), cf. (69).
Now, we multiply both side of (70) by 2972, Then, we integrate with respect to A over (BA, ). This yields

f 972 f IDulP® dz dA < c5(k, H, p)? [ f 972 f |DulP® dz dA
By E(r1,2A2) By Ei(ry,4/4)

~ 71
+c f 2972 f H(FPPO +|f" + 1) dz d/l].
BAy G(r2,4/8)
Next, we use Fubini’s Theorem as follows
) Tr(IDulP®)/2.A
f 972 f |DulP® dz dA = f |DulP®) f 772 dA dz
B/l() Ek(r] ,Zﬂ/l) Ek(r] ,ZﬂB/l[)) Bﬂo
2.A)!
-GN (DU T (D) ds
(g-1) Ex(r1,2ABAy)
By)?!
_ﬁf |Du|”(‘) dz
qg-1 Ex(ri,2ABAy)
2A) 1 By)?!
SO ﬂ)l |DulPO T, (|DulPy4" dz — B} : f |Dul’® dz,
(6] - ) er q- Q’l
where we used the facts Q,, = Ex(ry, 2ABAy) U (Q,, \Ex(r1,2ABAy)) and
Ti(IDul?) < 2ABAy on (Q, \Ei(r1,2ABA)).
Again by Fubini’s Theorem, we gain
oo T4(1DulP®)
f 972 f |DulP® dz dA = f |DulP") f A972dA dz
By Ei(r2,4/8) Ei(r2,BAo/4) BAg
g-1
: f \Dul"OT(1DulP)y" dg
qa-1Jo,
and
oo ) ) HOFPO+ {71 +1)
f 972 f H(FPY +|f + 1)dz dA = f H(FIPY +|f" + 1) f A972dA dz
By G(ry,4/8) G(r2,BA0/8) By
49-1H4 ,
< (FIPO + |f + 1)? dz.
q-1 Jo,

Plugging the last three estimate into (71). This yields

f [DulPO T (|DulP)~" dz < (2ABA)T! f |DulP dz + c AT 8(k, H, 0)? f |DulPO T (|DulP)4~" dz
o, o, o (72)
+ cAT HIS(%, H, 0)* f (FIPY +1fP7 + 1) dz
0,

with a constant ¢ = ¢(n, y1,v2, i, L, ¢, ¢+, q). Notice that the estimate stays stable as g | 0.

Step 5: Choice of parameters and adjusting the exponents. Here, we will mainly choose the parameter H and
finally the maximal radius r(. The aim is to choose the parameter such that

QAT (&, H,0)? < € (0, 1),
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where A > c{zipe%" and ¢ are introduced in (65) and (48), respectively, with constants c; = c(k,n,7y1,y2, 4, L) and

¢ = c(n,y1,Y2, 4, L, 0, k). This we can achieve by first choosing k € (0, 1) sufficiently small, e.g. cqﬂ"*lk% < %.

Then, we have to choose H = H(n,y1,v2,q, 1, L,0,k) > 1 large enough, depending on the fixed value of &, e.g.
1

cgAI! (‘ﬁ)z < 2. Finally, we have to reduce the value oy, now depending on n,71,y2,¢,, L, o, k, K, w(-) small,

such that for all o € (0, rg)

k)

N

1
, . (K\|?
cqﬂ”‘l [ckw(F(2g)‘1)H"0 logPo (Z)} <

where we used (8). Then, we gain from (72) the following

B
f \Dul” Ty (1Dul’)? ™! dz < & f \DulPO T (1DulPV)e" dz + c( 4 ) i f \Dul’® dz
0, 0, rh=n o

(73)
+o | (FPO+1fM + 1) dz
O
Now, we are in the situation to use the iteration Lemma 4, with the choices t = ry, s = rp, 0 = 2r
dR) = | IDuPOT(DulP )" dz, A =Pl f |Dul) dz and C=c¢ f (FIPY + | f17 + 1)7 dz.
Or 2r Qo
This yields
A
o(r) < c(B,9) [— + C].
B
Finally, passing to the limit k — oo, which is possible by Fatou’s Lemma and taking average, we find that
\DulP dz < |8 J( DulPO dz + 4 (FIPO +|f + 1)? dz. (74)
0 2r Qo

Note that ¢ = c(n,y1,v2,9, 4, L, 0, k, K, w(-)), since 8 depends continuously on p(-), i.e. the dependence upon p(-)
via the parameter d can be replaced by a dependence on y; and ;. Since, Q», € Qr was arbitrary, we proved

()
DU’ € LY Q).

Step 6: Adjusting the exponent. In the final step, it remains to show the estimate (13). First, we remember the
choice of Ay in (51). Next, we plug Ay into (74). This yields

d(g-1)
|Du|P? dzgc[ |Du|"<'>+H(|F|P<')+|f|Vi+1)dz) J( IDulP® dz + 1 (IFIPO + |1 + 1) dz}
Qo

[N 0y (%

with a constant ¢ depending on n,y1, 2, g, i, L, 0, k, w(-). Next, we use Holder’s inequality as follows

1
, 1 Y , 4 , 4
f H(FP® + 171 + 1) dz < ( f HY dz) ( (FPPY +1fP + 1)f dz)q =H(Tr (EPO + 1P+ 1)7 dz)”.
Qo Q2 2 Qo Oor

1

Combining the last two estimates, this yields

1\ 1+d(g-1)

/ q a
|DulP dz < cH J( |Du|”(')+(]( (FIPO + |1 + 1)? dz) +cf (FPPY + £ + 1) dzg
O, or Qo O
1\ 1+d(g=1) L1+d(g-1))
, q , q
<cH f DU + |4 (FP +|fP + 1)1 dz) +elt (FPO+1f17 + 1 dz)
Qo 0Oy 0Oy
1\1+d(g-1)
, q
<cH J[ |Du|p(')+(]( (FPPY + [P0 + 1)1 dz) .
2 Qo
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i.e. a version of the Calderon-Zygmund estimate (13) only for d := sup,, d(p()). But our aim is to show
(13) with d(py) instead of d, where d(py) is defined in (14) with po = p(30) and 3¢ is the center of the cylinder
Qo = 02,(30) € Qp. Therefore, we consider again the choice of 4y from (51) as follows

d d—d(po)
Ao = ()( [DulP® + H(FPO + [f]"' + 1) dz) = ()[ IDulPO + H(FIP© +|f + 1) dz)
2r 2r

, d(po)
X (f |DulP® + H(FIPO + [f7 + 1) dz) ,
Q2r

where py = p(30). Here, it is obvious that we derive to (13) if we can show that

d—d(po)
) < (K(H + D)y <,

()[ [DulP” + H(FPO + |f + 1) dz
2r

where we used (12) and therefore, we gain

, d(po)
Ag < c(]( |DulP® + H(FIPO + [f" + 1) dz) )
(5

To this aim, we first deduce an upper bound for d —d(py) by a localization argument in terms of w(r). Since, d(p(-))
is continuous, there exists zZ € Q,, such that d = d(p(z)). From the definition of d(-) in (14), we observe that

Po 2po
> = ==
d(po) 2 max{ 2 po(n+2) - Zn}

In the case p(Z) > 2, we can conclude that

Z Z 1 1
d=dipo) =22 ~d(po) < B2 - 22 = 2 p2) -~ po) < 5000,

where we used (6). While in the case p(Z) < 2, we can conclude that

220 2 4n
p@Dm+2)-2n pon+2)—2n" [yi(n+2)-2n)?
where we used p(Z) < po and again (6). Thus, from the last two estimate, we gain an upper bound for d — d(py),
i.e. d —d(py) < c(n,y1)w(r). This bound we apply to

d—-d(py) < w(r),

c(ny1)w(r)

d—d(po)
(J( (DUl + HOFPO + |7 + 1) dZ) = ()( IDul + HIFPO + |11 + 1) dz
Qo Qo

<(rK(H + D)

From (8), we have r~“") < e. This implies

d—d(po)
|DulP® + H(FPO + [f]"' + 1) dz)
0>
where we used the fact that K<) = gcnyDwnlogK < enynelog; < o) of. (8). Notice, that we deter-
mined H = H(n,y1,7%2,9,1, L, 0, k) > 1 in Step 5 of this proof. Therefore, we have

Se(n+2)€(n»71) (K(H + 1))6(11,71)w(r) = ) (K(H + ]))C(n,}'l)w(r) ,

d—d(po)
) < c(KH)“".

()( IDul’® + H(FIP© + | + 1) dz
2r

with a constant ¢ = c¢(n,y1,7%2, U, L, g). Finally, we use again (8) to estimate the last factor on the right-hand side,
i.e.

(KH)*" < explw(r)log(KH)] < exp [w(r) log (%)] <e,

provided » < ry < min{p, 1/(KH)}, where p € (0, 1] is the radius from (8). This yields (13). Thus, we have

completed the proof of Theorem 3. Using these argument, we can infer from (74) the Calderén-Zygmund estimate
(13) from Theorem 3. m|
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