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Abstract

Diversity soliton solutions, including breather-type kink two wave solutions, cross-kink two solitary solutions,
breather-type kink three wave solutions, kink three soliton solutions, are obtained for the (2+1)-Dimensional
Boiti-Leon-Manna-Pempinelli Equation by using Hirota’s bilinear form and extended homoclinic test approach,
respectively. Moreover, the properties for some new solutions are shown with some figures.
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1. Introduction

It is well known that exact solution of nonlinear evolution equations play an important role in nonlinear science
fields, especially in nonlinear physical science since they can provide much physical information and more insight
into the physical aspects of the problem and thus lead to further applications. Many effective and powerful methods
to seek exact solutions were proposed, such as the inverse scattering method, the homogeneous balance method,
Hirotas bilinear method, the Darboux transformation method, Wronskian technique and so on [1-6]. Very recently,
Dai et al.[7-9] proposed a new technique called ’the extended homoclinic test approach” to seek solitary wave
solutions for integrable equations, and this method has been used to investigate several equations[10-11]. The
extended homoclinic test technique is an extension of the homoclinic test method, the main difference between the
two methods mentioned above is the test function of constructing exact solution.

In this paper, we consider (2+1)-Dimensional Boiti-Leon-Manna-Pempinelli Equation:

Oyt = 3Qxxy = 30yPxx + Prxay = 0, (D

where ¢(x,y,1) : Rx X Ry X Rt — R is a real function. It is called potential Boiti-Leon-Manna-Pempinelli (BLMP)
equation. The Painlevé analysis, lax pairs and some exact solutions of Eq. (1) were given in Ref[12-13]. In this
work, we mainly apply extended homoclinic test approach to determine diversity soliton solutions for Eq.(1). As
a result, breather-type kink two wave solutions, cross-kink two solitary solutions and kink three soliton solutions
are obtained.
By using Painlevé analysis, we assume

¢ =-2(Inf)x, 2)

where f = f(x,y,t) is unknown real function. Substituting Eq.(2) into Eq.(1) and using the bilinear form, we have

(D,D, + D3Dy)f - f =0, 3)
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where the bilinear operator D is defined as

m Iyl S 0 0 m 0 0 n 9 9 s v
Dnyth()C,y, t) : g(X,y, t) = (a - W) (a_y - a_yr) (E - g) [f(x’y’ t)g(x » Y ’t )]'x':x,,y/:y,t/:t'
2. Breather-type Kink and Kink Two Wave Solutions
Now we choose extended homoclinic test function
FOoy,0) = e + & cos(T) + &éf, 4)

where 0 = a1x + B1y + y1t,T = azx + Bry + yit and «;,B;,7:, (i = 1,2) are some constants to be determined
later. Substituting Eq.(4) into Eq.(3) and equating all the coefficients of different powers of ¢, ¢~%, sin(t), cos(t)
and constant term to zero yields a set of algebraic equations:

EBry1 —3a7arBy — 31a5B1 — Bayr + wafr + @ify) = 0
EEPBryr = 3aiwBs - 3010561 —Bayr + a3fa + ayBr) =0
15200a 71 — AP + a2 — S01a562 + Poyr + P1y2) =
£16G8a7aB) — @1 + @iy —3a1a3Br + oy +Biy2) = 0 %)
51(3;1%012,31 - a3f + alps —23010232 +2,3271 +B1y2) =0
1606162 + 4B1y162 — Payaéy + 4567 = 0.

Solving the system of Eqgs.(5), we obtain the following cases
Case(D):

_ _4baip _ «U8E-£167) _ 460 pIGEB-16661)
) = ffﬁz s f?ﬁ% »Y2 = f?ﬁ; s (6)

where ay, 81,5, &1, &> are free real constants. Substituting Eq. (6) into Eq. (4) and taking & > 0,&, # 0,53, # 0,
we have

fi =2V& cosh(ayx + Biy + Eit + 3 In(&)) + & cos(lyx — By + Gi1), (7N

3482262 3, (364 B2 - 166262 _ . .
where E| = Rl %4%2 f‘ﬁZ),I, = 45;2‘;'&,@ = %za‘ﬁ‘(jsﬁ"iz iy Substituting Eq. (7) into Eq. (2), we obtain the
S1P2 S1P2 S

breather-type kink two-wave solutions for BLMP equétizon as follows(see Fig (a))

_ 261 sin(n)—4a1 (€12 V& sinh(6+ 5 In(2))) (8)
U= T EBQVE cosh(@+ ] @)+ cos(r)

where 0 = a1 x+61y+Et,7 = I;x—5,y+Gt. The solution represented by Eq.(8) is a breather-type kink two-wave
which has breather effect when wave along with straight line 7} x — 8,y + Gt = d and it also is a kink solitary wave
as it along with straight line I1x — 8,y + Gt = d, where d are constants.

Case(Il):

&(n—4a3) 9)

R S SUIE D S SO SN PR
B = Bai,y1 = “3a5a00 + 30501 — @ + a4l = 720, & ABRm 332 ar+y,-a))’

where a1, a3, 82, v2, & are free real constants. Substituting Eq. (9) into Eq. (4) and taking a, = Ai, 8, = Bai, v, =
Cyi and M > 0, we have

f> =2VM cosh(a;x — Boy + Ext + 1 In(M)) + £ cosh(Axx + Boy + Cat), (10)

R 24 _aA2., 3 3 _ E(4a3+y,) o .
where Ey = 3ajAy —3A5a1 —a] + A5 + Cp, M = PTETE Ty e s Substituting Eq. (10) into Eq. (2), we

obtain the cross-kink two-solitary wave solutions for BLMP equation as follows(see Fig (b))

20w VM sinh(6+} In(M))+£1 A; sinh(r))

2= 2 \/Mcosh((#% In(M))+¢, cosh(r) ’ (1 l)
where 0 = a1 x — Byy + Ext, 7 = Ayx + Byy + Cat.
3. Breather-type Kink and Kink Three Wave Solutions
If we choose extended homoclinic test funtion as

f=e? + & cos(t) + & sinh(w) + &e?, (12)
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where 0 = a1 x+ By + y1t,T = apx + oy + yot, w = azx + B3y + yat and «;, B, ¥i, £i(i = 1,2, 3) are some constants
to be determined later. Substituting Eq. (12) into Egs. (3), and equating all the coefficients of different powers of

e?, e7?, sin(1), cos(t), sinh(w), cosh(w) and constant term to zero yields a set of algebraic equations:

E1(@3fy — @iy — Baya — 3ajanf + Bryr — 3az1B1) = 0

E(a3Br +Brys + Bay1 + 3ajasfy + aifs + 3aasBs) = 0

E(Byys +3a5a1B1 + Biy1 + @3B + 3aqasfs + a)B) = 0
E1E(3Br + 33 — 3ara3fs + Byys — Bayr — 3azasfs) =0
L& + @B + Bry2 + Boyi + 33y — 3a1a3B2) = 0
EE(@Pr + i1 — Boyr = 3B + Piyr — 3ddaiB) =0 (13)
EE(B3ys + 3050181 + Biy1 + @3B + 3aqasfs + ) = 0
E1(—a3B1 + @By + Brya + Bayi + 3ajanfi — 3a1a56) = 0
E1E(—B3ya + 3053 + @33 — 35005 — aifa — Brys) = 0
EE(@B1 + Brys + B3yt + 3atasfy + a3fs + 3a1a3B3) = 0
A81a3Ba — E1Bryr + 16581 +4E:Pry1 + 4@ 5 + Efays = 0,

Solving the system Eqs.(13), we obtain the following cases
Case(III):

2 _ 2§2
a3 = —a1.f3 = f1.y1 = 01303 — &) 72 = aa(e} = 3ad), s = (e} - 3), & = WP (14)

where a1, @2, 61,52, &1, &> are free real constants. Substituting Eq.(14) into Eq.(4) and and taking M > 0, we have

f3 =2VMcosh(ax + By — Est + 1 In(M)) + £ cosh(arx + Bay + Ixt) — & sinh(ayx — By — E3b), (15)

2—(1’ 2 . . . .
where E3 = a1(3a3 - &?), 15 = ax(@3 - 3a}), M = %fﬁzfl. Substituting Eq. (15) into Eq. (2), we obtain the
breather-type kink three wave solutions for BLMP equation as follows(see Fig (c))

_ 2Q2a; \/Msinh(GJr% In(M))—¢ a; sin(t)—&2a; cosh(w))
2VM cosh(6+1 In(M))+€; cos(t)—£; sinh(w) ’

¢3 = (14
where 6 = a1x + B1y — E3t, T = apx + By + I3t,w = a1x — B1y — Est. The solution represented by Eq.(14) is a
breather-type kink three wave which has breather effect when wave along with straight line a>x + 8,y + I3t = d and
also is a two-solitary wave as a,x + 8>y + I3t = d, where d is a constant.

Case(IV):

ay = Qay — a3)i, 1 = Fi, B3 = —Pai,y1 = —4a?,y2 = —(5&? - 3@%(13 + 3@%(11 - a/g)i,

15
V3 = 3a§ - ag - 3atas — 3a?,§1 = 5_2(:,_];;,:) (15)

where a1, 3,8, y2, &2, &3 are free real constants. Substituting Eq.(15) into Eq.(4) and taking 63 > 0, we have
fa =2 V& cosh(a1x — Boy — 43t + 1 In(&3)) + M cosh(Esx + Boy + Lit) + & sinh(azx + Byy + Gat), (16)

where M = fza(f_‘—;:]}),Eét =2a; —as, Iy = 3@%@3 + a/g - 5@? - 3a§al,G4 = 3@% - ag - 30(%@3 - 30/?. Substituting

Eq. (16) into Eq. (2), we obtain the kink three soliton solutions for BLMP equation as follows

_ 2Qay \Esinh(m—% In(&3))—M(a3—2a) sinh(1)+&, a3 cosh(w))
4= 2 V& cosh(6+ In(&))+M cosh(t)+&; sinh(w) ’

(17)
where 6 = @ x — By — 40/?t, T=Eyx+ Byy + Iut, w = a3x + Byy + Gyt.

4. Conclusion

In summary, successfully applying the extended homoclinic test method to the (2+1)-Dimensional Boiti-Leon-
Manna-Pempinelli equation, we obtain new breather soliton and cross-kink soliton solutions. With the aid of
Maple, this method provides a powerful mathematical tool to obtain exact solutions. The extended homoclinic test
approach can also be applied to solve other types of higher dimensional integrable and non-integrable systems.
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Figure(a). The figure of ¢y asa; = 1,6, = 1.5

Br=3.61=1,6=11=0.

Fig(b). Figure (b).The figure of ¢, as @ = 1,A; =
B, =15,C =

1
3
9§| = 17§2 = 2,t: _1.
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Figure (c).The figure of p3 as & = 3,& = Loy = 1,81 =2, s =4, = 2,1 = L.
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