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Abstract

We prove common fixed point theorems for weakly compatible mappings satisfying a generalized contraction principle by
using a control function. As an application, we have established invariant approximation result. Our theorems generalize
recent results existing in the literature.
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1. Introduction

Generalizing Banach contraction principle in various ways has become a recent research interest and has been studied by
many authors. For example, one may refer (Beg, I. & Abbas, M., 2006), (Dutta, PN. & Choudhury, B.S., 2008), (Khan,
M.S., Swaleh, M. & Sessa, S., 1984), (Rhoades, B.E., 2001), (Sastry, K.PR. & Babu, G.V.R., 1999), (Suzuki, T., 2008).
(Alber, Ya.l. & Guerre-Delabriere, S., 1997) has proved a generalization for weakly contractive mapping in Hilbert space
which was proved by (Rhoades, B.E.,2001) in the setup of complete metric space.

On the other hand, (Park, S., (1980) and (Khan, M.S., Swaleh, M. & Sessa, S., 1984) proved fixed point theorem for a self
mapping by altering distances between the points and using a control function, whereas (Sastry, K.P.R. & Babu, G.V.R.,
1999) extended the concept for weakly commuting pairs of self mappings and proved common fixed point theorem in a
complete metric space by using the control function.

More recently, (Dutta, P.N. & Choudhury, B.S., 2008) have obtained a fixed point result by generalizing the concept of
control function and the weakly contractive mapping.

(Jungck, G., 1976) proved a common fixed point theorem for commuting mappings generalizing the Banach’s contraction
principle. (Sessa, S., 1982) introduced “Weakly commuting mappings” which was generalized by (Jungck, G., 1986) as
“Compatible mappings”. (Pant, R.P., 1994) coined the notion of “R-weakly commuting mappings”, whereas (Jungck, G.
& Rhoades, B.E., 1998) defined a term called “weakly compatible mappings”.

(Meinardus, G., 1963) established the existence of invariant approximation using fixed point theorem which was general-
ized by (Brosowski, B., 1969). (Subrahmanyam, P.V., 1977) and (Singh, S.P., 1979) relaxed the linearity of the mapping
and the convexity of the set of best approximants. Further generalizations may be seen in (Habiniak, L., 1989),(Hicks,
T.L. & Humphries, M.D., 1982), (Jungck, G. & Sessa, S., 1995), (Khan, L.A. & Khan, A.R., 1995), (Sahab, S.A., Khan,
M.S. & Sessa, S., 1988), (Shahzad, N., 2001).

In this paper, we give generalization of (Dutta, P.N. & Choudhury, B.S., 2008) and obtain common fixed point for weakly
compatible mappings satisfying a more general weak contractive condition than the conditions given in (Alber, Ya.l. &
Guerre-Delabriere, S.(1997), (Beg, 1. & Abbas, M., 2006), (Dutta, P.N. & Choudhury, B.S., 2008), (Rhoades, B.E., 2001).
As applications, we have also established best approximation results.
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2. Definitions and Preliminaries

Definition 2.1 Two self mappings T and f of a metric space (X,d) are said to be weakly compatible, if fTx = T fx
whenever fx = Tx for all x € X.

Definition 2.2 Let T and f be self mappings of a nonempty subset M of a metric space X. The mapping T is called
f-contraction mapping, if there exists a real number 0 < k < 1 such that

d(Tx,Ty)) < d(fx, fy) (D
forall x,y e M.

Definition 2.3 (Khan, M.S., Swaleh, M. & Sessa, S., 1984), (Park, S., 1980) A control function ¥ is defined as  : Rt — R*
which is continuous at zero, monotonically increasing and y(t) = 0 if and only if t = 0.

Definition 2.4 (Beg, I. & Abbas, M., 2006) A self mapping T of a metric space (X, d) is said to be weakly contractive with
respect to a self mapping f : X — X, if for each x,y € X,

d(Tx,Ty) < d(fx, fy) = p(d(fx, [y)), @

where ¢ : [0,00) — [0, ) is a continuous and nondecreasing function such that ¢ is positive on (0, o), ¢(0) = 0 and
llmt—)oo¢(t) = .

If f = I, the identity mapping, then the Definition( 2.4) reduces to the definition of weakly contractive mapping given by
(Alber, Ya.l. & Guerre-Delabriere, S.(1997) and (Rhoades, B.E., 2001).

Combining the generalization of Banach contraction principle given by (Khan, M.S., Swaleh, M. & Sessa, S., 1984) and
the generalization given by (Rhoades, B.E., 2001), (Dutta, P.N. & Choudhury, B.S., 2008) obtained the following result.

Theorem 2.1 (Dutta, PN. & Choudhury, B.S., 2008) Let (X,d) be a complete metric space and T : X — X be a self
mapping satisfying
Yd(Tx,Ty)) < y(d(fx, ) — $d(fx, fy)), 3)

where yr, ¢ : [0, 00) — [0, 00) are both continuous and monotone decreasing functions with y(t) = 0 = ¢(¢) if and only if
t =0. Then T has a unique fixed point.

Definition 2.5 Let M be a nonempty subset of a metric space (X, d). The set of best M-approximants to u € X, denoted as
Py (u) is defined by

Py(u) ={ye M :dQy,u) = dist(u, M)},
where dist(u, M) = inf{d(x,u) : x € M}.
3. Main Results
Theorem 3.1 Let T and f be self mappings of a metric space (X, d) satisfying
Y(d(Tx,Ty)) < $(M(x,y)) — ¢(M(x,y)), 4)

where

1
M(x.y) = max {d(fx, fy), d(fx, Tx), d(fy. T), 51d(fy, Tx) + d(fx, Ty)l} (&)

and Y, ¢ : [0,00) — [0, 00) are both continuous and monotone decreasing functions with y(t) = 0 = ¢(¢) if and only if
t =0. If TX is a complete metric space and TX C fX, then T and f have a coincidence point in X. Further, if T and f
are weakly compatible, then they have a unique common fixed point in X.

Proof: Let xy € X be arbitrary point. Construct the sequence {x,} such that fx, = Tx,_; foreachn = 1,2,3,...co which
is possible since 7X C fX. Now,

ll’(d(T-xm T-xn+l) < w(M(-xm Xn+1 )) - ¢(M(-xm Xn+1 ))’ (6)

where

M(xn» xn+l) max {d(fxn, fxn+l), d(fxn, Txn)a d(fxn+l s Txn+l)7

S5 T ) + AT, Fr)])
= max {d(Tx,-1,Tx,),d(Tx,-1,Tx,),d(Tx,, T Xp11),
%[d(Txn_l, Txns1) + d(Txp, Txn)1}
max {d(Tx,—1, Tx,), d(Txp, T Xp41)}

IN
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Thus inequality (6) becomes

Y d(Txp, Txpr1) < Y(max {d(Txn-1, Txn), (T X, Txp11)})
_¢( max {d(Txn—ls Txn), d(Txm Txn+1)})
ll/(d(Txm Txn+l) < ll/(d(Txn—l s Txn)) - ¢(d(Txn—l, Txn)) (7)

A

w(d(Tx,,, Txn+1 )) = w(d(Txn—l s Txn))~

By monotone property of ¢ function, we have d(T x,,, T x,+1) < d(T x,-1, T x,). Therefore, the sequence {d(T x,,, T x,+1)} is
monotone decreasing and continuous. Hence there exists a real number r > 0 such that,

limyeod(Tx, TXp11) = 1 ()
As n — oo in (7), we have y(r) < ¥(r) — ¢(r) which is possible only when r = 0. Thus
limn—»ood(Txm Tx11+1) =0. (9)

Next, we claim that {T'x,} is a Cauchy sequence. Assume the contrary. Then there exists an € > 0 and subsequences {n;}
and {m;} such that m; < n; < m;; along with

d(T xm;, Tx,,) > € and d(T x,,,;, T x,—1) < €. (10)
Then, it follows that
€ < d(Txp,, Txp,) < d(T Xy, Txp—1) + d(T X1, Txn,) < €+ d(Txp,21, T x,)
By equation (9),
lim_ood(T Xy, TXy,,) = €. (11
Now,

d(Txm,’ Txn;) < d(TXm‘., Txm;—l) + d(Txm;—l > Txn,-—l)’ d(Txni—l 5 Txn,»)
d(Txm,-—ly Txn,-—l) < d(Txm,-—ly Txm,) + d(Txm,-y Txn,): d(Txn,-, Txni—l)

Using inequalities (9) and (11), we have as i — oo
limjood(T Xppy—1, T Xp—1) = €. (12)
Now using inequality (4) and (10), we have
WY€) < Y(d(T X, TXn,)) < Y(M (X, X)) = G(M (X5 X)), 13)
where
M X)) = maxAd(f Xms [ Xn,)s A(f Xoms T X, ) A(f X, T X, )

S5 T) + (2, T )

= max {d(Txm—1, Txp—1), AT X1, T X)), (T X1, T Xp,),
%[d(Txm,,_l, Tx,,) + d(Txp-1, Txp,)1}

= max {d(Txp,—1, Txn-1), AT xXpp—1, T X)), d(T X1, T x1,,),

1
z[d(Txm,v—l s T-xn,v—l) + d(T-xn;—l s T-xn,v) + d(T-xn,-—] s T-xm,-)]}~

Using inequalities (9), (10) and (12), we have

1
limi oo M (X, X)) = max {6,0,0,5[6+6]}

€.

lim; oo M(Xyp,;, Xn,)
As i — oo and using (11), inequality (13) becomes,

Y(e) < y(e) — g(e)
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a contradiction, as € > 0. Thus {Tx,} is a Cauchy sequence in 7X which in turn implies that {fx,} is also a Cauchy
sequence in X. Since TX is complete, {T x,} converges to some v € TX. Since TX C fX and v = fu for some u € X. Thus
{fx,} converges to fu. Now,

limy oy (d(Txy, Tu)) < limy oo [Y(M(xy, u)) — S(M (X, )],

where

limn—moM(xns l’t) limn—wo[ max {d(fxl'H fu)r d(,f’xn’ Txl‘t)s d(fu’ Tl/t),
1

E[d(fxn’ Tu) + d(fu, Tx,)1}

= max {0,0,d(v, Tu), %d(v, Tu)} = d(v, Tu).

By monotone increasing property of ¢ and ¢, we have

Yldv, Tw)] < Y(d(v, Tu)) = $(d(v, Tu))
= ¢(d(v, Tv)) 0

IA

which is possible only when d(v, Tu) = 0. Thus v = Tu = fu and u is the coincidence point of 7" and f. Since T and f
are weakly compatible, they commute at their coincidence point. Hence T fu = fTu which implies Tv = fv. Now,

Y(d(Tu, Tv)) < y(M(u,v)) = ¢(M(u, v)),

where

M(u,v) max {d(fu, fv),d(fu, Tu),d(fv,Tv), %[d(fu, Tv) +d(fv, Tu)l}

d(wv,Tv).

Hence

Ydw, Tv)) = Y(d(Tu,Tv)) < yY(d(v,Tv)) — ¢(d(v,Tv))
= ¢dWv,Tv)) < 0

which is possible only when v = Tv. Thus v = Tv = fv. Hence v is the common fixed point of T’ and f.

Uniqueness: Let v and w be two common fixed points of 7 and f. (i.e) v=Tv = fvand w = Tw = fw. Using inequality
(4), we have

Y(d(Tv, Tw)) < y(M(v, w)) = ¢(M(v, w))

where,

M@,w) = max{d(fv, fw),d(fv,Tv),d(fw, Tw), %[d(fv, Tw) +d(fw, Tv)]}.
d(v,w)

Therefore,

Y(d(v, w)) = Y(d(Tv, Tw)) < Y(d(v, w)) = ¢(d(v, w))

which is possible only when v = w. Hence v is the unique common fixed point of 7 and f.

Example 3.1 Let X = [0, 1] with the usual metric. Define two self mappings T and f of X by Tx = § and fx = x for all
x€X. Lety : [0,00) — [0, 0) be defined by

t+2 if 0<r<1
f) = 2 -
v {0 if t>1

and ¢ : [0, 00) — [0, c0) be defined by

32 :

2= if 0<t<1
H=1{38 -
o) {0 if t>1
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Now to verify inequality (4), LHS of (4)= y(d(Tx, Ty)) = y(55%) = 22 + b

2 8
RHS of (4)= ¢(M(x,y)) = $(M(x, )),

where M(x,y) = max {lx = yl, %, 8, 1x = 31, Iy = §1} =[x =y

Then RHS of (4) becomes (|x — yl) — ¢(x = y) = [lx — y| + 207 — (328 = v — 3y + B0 s LHS < RHS and
inequality (4) is verified. Now, it is easy to see that TX = [0, %] C fX =[0,1]. Moreover, T and f are weakly compatible
in X. Hence all the conditions of Theorem 3.1 are satisfied. It may be noted that ‘0’ is the unique fixed point of T and f.

Remark 3.1 If in Theorem 3.1, ¢(t) = (1 — kW (), then we obtain Theorem 2.1 of (Pant, R.P, Jha, K. & Lohani, A.B.,
2003).

Remark 3.2 By taking y(t) = t and M(x,y) = d(fx, fy) in Theorem 3.1, we obtain Theorem 2.1 and Theorem 2.5 of (Beg,
L & Abbas, M., 2000). If in addition, f = I, the identity mapping, then we obtain Theorem I of (Rhoades, B.E., 2001).

4. Application to best approximation

Theorem 4.1 Let T and f be self mappings of a metric space (X, d). Suppose that u € X, T and f satisfy inequality(3.1),
T leaves f-invariant compact subset M of closed subspace fX as invariant. For each b € Py(u), let d(x, Th) < d(x, fb)
and fb € Py(u). If T and f are weakly compatible, then u has a best approximation in M which is also a common fixed
point of T and f.

Proof: Let u € F(T)( F(f). Since M is a compact subset of fX, Py(u) # 0. To prove that T(Py(u)) € f(Ppy(u)),
assume the contrary. Then there exists b € Py (u) with Th ¢ f(Py(u)). Now,

d(u, fb) = dist(u, M) < d(u, Th)) < d(u, fb)
which is a contradiction. Hence T(Py(u)) € f(Py(u)). Now, f(Py(u)) being a closed subset of a complete space is
complete. Hence Py (u) (N F(T) () F(f) is singleton.
Acknowledgment
The authors thank the referees for their valid suggestions to improve the paper.
References
Al-Thagafi, M.A. (1996). Common fixed points and best approximation, J.Approx.Theory, 85, 318-323.

Alber, Ya.l. & Guerre-Delabriere, S. (1997). Principle of weakly contractive maps in Hilbert spaces, New Results in
Operator theory and its applications in I.Gohberg and Y.Lyubich (Eds.), 98, Operator Theory: Advances and Applications,
(7-22). Birkhauser, Basel, Switzerland.

Beg, I. & Abbas, M. (2006). Coincidence point and invariant approximation for mappings satisfying generalized weak
contractive condition. Fixed point theory and Appl., article ID 74503, 1-7.

Brosowski, B. (1969). Fixpunktsatze in der Approximations theorie. Mathematica (Cluj), 11, 195-220.

Choudhury, B.S. & Dutta, PN. (2000). A unified fixed point result in metric spaces involving a two variable function.
Filomat, 14, 43-48.

Choudhury, B.S. (2005). A common unique fixed point result in metric spaces involving generalized altering distances,
Math.Commun., 10 (2), 105-110.

Dutta, PN. & Choudhury, B.S. (2008). A generalization of contraction principle in metric spaces. Fixed point theory and
Appl., article ID406368, 1-8.

Habiniak, L. (1989). Fixed point theorems and invariant apporoximation. J.Approx.Theory, 56 , 241-244.
Hicks, T.L. & Humphries, M.D. (1982). A note on fixed point theorems. J.Approx.Theory, 34, 221-225.
Jungck, G. (1976). Commuting mappings and fixed points. Amer.Math.Monthly, 83, 261-263.

Jungck, G. (1986). Compatible mappings and common fixed points. Internat.J.Math.Math.Sci., 9, 43-49.

Jungck, G. & Rhoades, B.E. (1998). Fixed points for set valued functions without continuity. Indian J.Pure.Appl.Math.,
29, No. 3, 227-238.

Jungck, G. & Sessa, S. (1995). Fixed point theorems in best approximation theory. Math.Japon., 42, No.2, 249-252.
Jha, K. & Pant, R.P. (2004). Common fixed points theorems by altering distances. Tamkang J.Math., 35(2), 109-116.

Khan, L.A. & Khan, A.R. (1995). An extension of Brosowski-Meinardus theorem on invariant approximation. Ap-
prox.Theory and its Appl., 11, 1-5.

Khan, M.S., Swaleh, M. & Sessa, S. (1984). Fixed point theorems by altering distances between the points, Bull. Austral. Math.Soc.,

www.ccsenet.org/jmr 139



Journal of Mathematics Research ISSN: 1916-9795
Vol. 2, No. 2, May 2010 E-ISSN: 1916-9809

30, 1-9.
Meinardus, G. (1963). Invarianze bei Linearen Approximationen. Arch. Rational Mech. Anal., 14, 301-303.
Pant, R.P. (1994). Common fixed points of noncommuting mappings. J.Math.Anal. Appl., 188, 436-440.

Pant, R.P, Jha, K. & Lohani, A.B. (2003). A note on common fixed points by altering distances. Tamkang J.Math., 34
(1), 59-62. Erratum(2004): Tamkang J.Math., 35 (2), 175-1717.

Park, S. (1980). A unified approach to fixed points of contractive maps. J.Korean Math.Soc., 16 (2), 95-105.

Pathak, H.K. & Sharma, R. (1994). A note on fixed point theorem of Khan, Swaleh and Sessa. Math.Ed.(Siwan), 28 (3),
151-157.

Rhoades, B.E. (2001). Some theorems on weakly contractive maps, Nonlinear Analysis: Theory. Methods & Applications,
47 (4), 2683-2693.

Sastry, K.PR. & Babu, G.V.R. (1999). Some fixed point theorems by altering distances between the points. Indian J. pure
appl.-Math., 30(6), 641-647.

Sastry, K.P.R., Naidu, S.V.R., Babu, G.V.R. & Naidu, G.A. (2000). Generalizations of common fixed point theorems for
weakly commuting mappings by altering distances. Tamkang J.Math., 31, 243-250.

Sahab, S.A., Khan, M.S. & Sessa, S. (1988). A result in best approximation theory. J.Approx.Theory., 55, 349-351.

Sessa, S. (1982). On weak commutative condition of mappings in fixed point considerations. Publ.Inst.Math.N.S., 32,
no.46, 149-153.

Shahzad, N. (2001). Invariant approximations and R-subweakly commuting maps. J.Math.Anal. Appl., 257, 39-45.
Singh, S.P. (1979). An application of a fixed point theorem to approximation theory. J.Approx.Theory, 25, 89-90.

Subrahmanyam, P.V. (1977). An application of a fixed point theorem to best approximation. J.Approx.Theory, 20, 165-
172.

Suzuki, T. (2008). A generalized Banach contraction principle that characterizes metric completeness. Proc.Amer.Math.soc.,
136 (5), 1861-1869.

Zhang, Q. & Song, Y. (2009). Fixed point theory for generalized ¢-weak contractions. Appl.Math.Letters, 22 (1), 75-78.

140 WWww.ccsenet.org/jmr



