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Abstract

The object of this paper is the study of strongly hopfian, strongly cohopfian, quasi-injective, quasi-projective,
Fitting objects of the category of complexes of A-modules.

In this paper we demonstrate the following results:

a)If C is a strongly hopfian chain complex (respectively strongly cohopfian chain complex) and E a subcomplex
which is direct summand then £ and C/E are both strongly Hopfian (respectively strongly coHopfian) then C is
strongly Hopfian (respectively strongly coHopfian).

b)Given a chain complex C, if C is quasi-injective and strongly-hopfian then C is strongly cohopfian.
¢)Given a chain complex C, if C is quasi-projective and strongly-cohopfian then C is strongly hopfian.
In conclusion the main result of this article is the following theorem:

Any quasi-projective and strongly-hopfian or quasi-injective and strongly-cohofian chain complex of A-modules is
a Fitting chain complex.

Keywords: chain complex, strongly-hopfian, strongly-cohopfian, quasi-injective, quasi-projective, fitting chain
complex

1. Introduction

In this paper, we will study strongly hopfian, strongly cohopfian, quasi-injective, quasi-projective objects of the
category of complexes of A-modules denoted by COMP.

We also study Fitting objects of the category of complexes of A-modules.

The objects of COMP are chain complexes and the morphisms are maps of chains.

dys dy dy- . .
A chain complex (C,d): ... = Cpyi = C, —» C,y 5 o..lisa sequence (d,) of homomorphisms of left

A-modules verifying d,, o d,,,; = 0, for all n € Z.
A chain map f of (C,d) into (C’,d") is defined by:

Cd): ... Cort 215 C, — 5 €,y
fl Jost \L fni Ju-t l
’ dr’w] ’ dr’x ’

cdy:... Criy c, Co

withd o fuy1 = fuodu1, Yn € Z.
Given (C, d) an object of COMP and f an endomorphism of (C, d).
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C is said to be hopfian (respectively cohopfian) if any epimorphism (respectively monomorphism) is an isomor-
phism.

i dy dy- . . . . . .
A chain complex (C,d): ... = Cyy — C, = Cyy 25 ... is said to be fully invariant if and only if each A—
module C, is fully invariant, Vn € Z.
dys dy dy- . . L. . .
A chain complex (C,d): ... = Cy,y1 = C, - Cyq 25 ... is said essential if and only if each A— module C, is

essential, Yn € Z.

A chain complex (C,d) is said Fitting if for any endomorphism f of (C,d), there exists an integer n such C =
Imf" ® Kerf".

After (C,d) is noted by C.
In this paper we demonstrate the following results:

a) If C is a strongly hopfian chain complex (respectively strongly cohopfian chain complex) and E a subcomplex
is direct summand then E and C/E are both strongly Hopfian (respectively strongly coHopfian) then C is strongly
Hopfian (respectively strongly coHopfian).

b) If E is a fully invariant chain complex such that £ and C/E are strongly Hopfian (respectively strongly coHop-
fian) then C is strongly Hopfian (respectively strongly coHopfian).

¢) Given C = @C' such C' is fully invariant, if C' is a strongly hopfian (respectively strongly cohopfian) chain
complex then C is a strongly hopfian (respectively strongly cohopfian) chain complex.

. . s dy - . L . . .
d) Given a chain complex C: ... = C, g C, - C, = ..., C is quasi — injective, if and only if, C, is
quasi — injective, for all n € Z.
. dps1 dy dy-1 . . . . . . .
e) A chain complex C: ... » Cyyy — C, = C,1 — ..., 1s quasi — projective, if and only if, C, is quasi —

pro jective, for all n € Z.
f) Given a chain complex C, if C is quasi-injective and strongly- hopfian then C is strongly cohopfian.
g) Given a chain complex C, if C is quasi-projective and strongly- cohopfian then C is strongly hopfian.

h) Any quasi-projective and strongly-hopfian or quasi-injective and strongly-cohofian chain complex of A-modules
is a Fitting chain complex.

In this paper A denotes a not inevitably commutative, unitarian associative ring and M a left unifere module.
2. Definitions and Preliminary Results on the Category COM P
Definition 1 Given (C, d) a chain complex of left A modules and f an endomorphism of (C, d) such that:

C.d: ... Cort 5 €, —2>

fi f»t+ll
d,

C,dy: ... Cpi1 —> Cp —> Cpy

We call f o f the chain map compounded of f by itself denoted f2.
We also define (f2), = f, o f, ., foralln € Z:

dn+1 dn dnfl
n Cn— 1

C... Cn+l
ifn \Lfnl
d, d,

C
/ lf \Lfnﬂ
dnt1 n—1
2 C . Cn+l Cn Cn—l

\ if lfmd ifn § lfnld

C e Cn+l s Cn Cn—l !

We also define f* such f* = f, 0 f, 0...0 f,, with k factors, for all n € Z.
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Proposition 1 Considering (C,d) a chain complex of A— modules and f an endomorphism of (C,d):

dn+1 dn

C,dy:... Chii Cy Choi
fi fml f”J/ = l
C.d): ... Cot 5 C, —25
Given
Aﬁﬂ: Kerf’f)r1 —  Kerf*

X = dygi(x)

where f,fﬂ = fut+1 © fu+1 © ... 0 fur1 With k factors, then Afm is the induced morphism by Aﬁﬂ

Proof. Considering

A’;H: Kerfr’;rl —  Kerf*
X = dpyr(x)
and Ak+1' Ker k+1 —  Ker k+1
n+1° n+1 n
x = den ().
We obtain Kerf*, | C Kerf*tl et Kerff C Kerf**! therefore A* | is the induced by AK*!. O

Proposition 2 Let be (C, d) a chain complex of A-modules and f an endomorphism of (C, d) such that:

dn+1 dn

(C’ d) e Cn+l Cn Cn—l
fi fast \L o J/ St l
s d,
Cd): ... Cor1 —=>Cy Coei
Given . i} .
6n+1: Im n+l - Im n
X = dp (%)
Then 6ﬁﬂ is the induced morphism by 5fl 1
Proof. Given
k. k k
O Imfl . —  Imfy
x = dp(X)
and k ket 1 K+
6 Imfl —  Imf*
x B dpe (X)
then Imf¥! € Imf¥,, et Imfi*! C Imf¥ d’o 6**] is the morphism induced by &, . O
dﬂ+ dﬂ dﬁ* . n+ n n—
Definition 2 Let C: ... > C,yy — Cp — Cp_y — ...achain complex and E: ... = E, oy E, o E, R

a subcomplex of C. Then E is direct summand, if and only if, £, is direct summand.

Definition 3 Let N a sub-module of a A— module M. Then N is said to be fully invariant, if for any endomorphism
f of M we have f(N) C N.

Definition 4 GivenC : ...C,,; — C, — C,_; — ... a chain complexes of A— modules and E: ... E,;; — E, —
E,_; — ... asubcomplex of C. Then E is said to be subcomplex fully invariant in C, if for all n € Z, E,, is fully
invariant.
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3. Strongly Hopfian Objects and Strongly CoHopfian Objects of the Category of Complexes of Left A-
Modules

3.1 Strongly Hopfian and Strongly CoHopfian
Definition 5 Let be f an endomorphism of chain complex (C, d):

C.d): ... Cot 2 €, —2 )y

f i Jut \L f”J/ = l
d, d

C,d: ... Cps1 —> Cp —> Cyy

Then:
a) the chain complex
k k A:(H] k A k Aﬁ—l
(Kerf"):...— Kerf,,, — Kerf, = Kerf,_, — ...
stabilizes, if and only if, it exists ko € N* such that (Ker f*) = (Ker f**), for all s € N.

b) the chain complex
(5" k

n+l1 n—1

k k kO kO
Umf*):...— Imf_, — Imfy = Imf, | — ...
stabilizes if it exists ko € N* such that (Im %) = Imf%+s, for all s € N.

Proposition 3 Given f an endomorphism of a chain complex (C, d):

s dy
(C’ d) e Cn+l 1 Cn Cn—l

fi fn+l \L
d,

(C,d: ... Cps1 —> Cp —> Cyy

Then (Ker f*) stabilizes if and only if (Ker f*) stabilizes for all n € 7Z.

Proof. 1f (Kerf*) stabilizes then it exists ky € N* such that (Ker %) = (Ker f***), for all s € N hence KerfX =
Ker ,f“” for all n € Z. This implies that que (Kerf¥) stabilizes for all n € Z.

Reciprocally suppose that (Kerf¥) stabilizes for all n € Z then it exists ky € N* such that for all s € N then
Kerf = Kerf}** for all n € Z.

So (Kerf*) stabilizes for all positive integer k. |

Proposition 4 Given f an endomorphism of a chain complex (C,d):

[ dy

(C, d) el Cn+1 Cn Cn—l
fi f»HI\L fnl ﬁx]l
(C,d): ... Cost > €, — 25 €y

Then (Imf*) stabilizes if and only if (Imf*) stabilizes for all n € 7.

Proof. Suppose (Imf*) stabilizes then it exists ky € N* such that (Imf*) = (Imf%*%), for all s € N hence
Imf,fO = Imf,f”” for all n € Z. Hence (Imf*) stabilizes for all n € Z.

Reciprocally suppose that (Imf¥) stabilizes for all n € Z then there is ko € N* such that for all s € N so Im f,f“ =
Im ff"” for all n € Z. That proove (Imf*) stabilizes for all k. O

Definition 6 An A— module M is said to be strongly hopfian (respectively strongly cohopfian) if for any endo-
morphism f of M the sequence (Kerf") stabilizes: kerf> C kerf?... C Kerf" (respectively Imf 2 Imf>... 2
Imf"...).

Definition 7 A chain complex C of A-modules is said to be strongly hopfian(respectively strongly cohopfian), if
for any endomorphism f of (C,d), (Ker f*) (respectively (Imf¥)) stabilizes.
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Proposition 5 A chain complex C is strongly hopfian if it exists k € N such that Ker f* 0 Imf* = 0,for all n € Z.

Proof. Using the Proposition 2.5 (see Hmaimou, 2007) and let be k € N such that Kerf* N Imf* = 0 then (Kerf¥)
stabilizes for all n € Z. That prove (Ker f¥) stabilizes, so C is a strongly hopfian chain complex. ]

Proposition 6 A chain complex C:

C.d): ... Cort 225 €, — 25 €,
fi fml fnJ/ fnli
C.d): ... Cot 1 €, — 2,y

is strongly cohopfian, if it exists a positive integer k such that:
Imf + Kerf! = C,,forall n € Z.

Proof. Using the Proposition 2.6 (see Hmaimou, 2007), we can suppose it exists a positive integer k such that:
Imf* + Kerf* = C,, for all n € Z then (Imf¥) stabilizes for all n € Z hence (Imf*) stabilizes so C is a strongly
cohopfian complex. O

Theorem 1 Considering C a chain complex and E a subcomplex of C. If C is strongly hopfian (respectively
is strongly cohopfian) and E is direct summand then E et C/E both are strongly hopfian (respectively strongly
cohopfian).

Proof. Let us demonstrate at first that E is strongly hopfian (respectively strongly cohopfian).

Suppose C = E & K and let be g a chain map of E in itself which can be extended to C such as f = g & 0, with 0
the zero morphism of K.

Given C is strongly hopfian (respectively strongly cohopfian), then (Ker f¥) (respectively (Imf*)) stabilizes then it
exists kg € N* such that (Ker %) = (Ker f%**) (respectively (Imf*) = (Imf***)), for all s € N, then Kerf,’f0 =
Kerflo+s (respectively Im fho = [ flots pour tout n € Z), therefore C, is strongly hopfian (respectively strongly
cohopfian) and E,, is direct summand.

Hence C, and C,/E, for all n € Z are both strongly hopfian (respectively strongly cohopfian).
That prove E and C/E are strongly hopfian (respectively strongly cohopfian). (|

Theorem 2 Considering C a chain complex and E a subcomplexe of C, if E is fully invariant with E and C|E both
strongly hopfian (respectively strongly cohopfian) then C is strongly hopfian (respectively strongly cohopfian).

Proof. Let be (C, d) a chain complex of A-modules and f an endomorphism of (C, d) verifying:

(C, d) . Cm+1 dos Cm dn Cm—l

fl ﬁnHi fml fmll
d, d

C,d: ... Cons1 — Cpp —> Cppey

Given E is fully invariant in C then f induces a chain map % of E in itself such that:

[ dpy
(E,d): ... Eps1 —>E, Ep

hl B+ \L
d,

(E, d) R Em+1 ak Em = Em—l

f induces also a chain map g of C/E in itself such that:

U1 U

(C/E, u) L. T/ m+1/Em+l Cm/Em Cm—l/Em—l — .

gi 8Em+1 i gmi 8m-1 i

(C/E, u) e/ m+1/Em+l el Cm/Em o Cm—l/Em—l —
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n+k

Given E and C/E are both strongly cohopfian, hence Imh" = Imh™** and Img" = Img"**, therefore for all m € Z,

we have Imh" = Imh"* and Img", = Img"+*.

If p = 2n, for x € C,,, we obtain g" (x + E,,) = g"*'(y + E,,) for some y € E,,. Thent = f*(x) — f(y) € E,,, hence

m

@) = f,ﬁ“(z) for some z € E,,, therefore f5(x) = f£+1(y + 2), so C is strongly cohopfian.

Suppose that E and C/E are both hopfian, then Kerh” = Kerh™* and Kerg" = Kergn+k’ hence for all m € Z. we
have Kerh! = Kerh* and Kerg" = Kerg"t* .

m
Let be x € Kerf2", then g**!'(x + E,;) = 0, s0y = f(x) € E,, and f"*!(y) = 0. Therefore y € Kerh’! = Kerh"

m?>
then x € Kerf>2", so C is strongly hopfian. O
Corollary 1 Let be C = ®C! where C' is a subcomplex fully invariant of C for all i € 1. If C is strongly hopfian
(respectively strongly cohopfian), then C is strongly hopfian (respectively strongly cohopfian).

Proof. Let be f an endomorphism of chain complex C. Then it exists a unique family (f7) such that i € I where
fi= fleiand m = Y n;. f'is denoted by [f]. C'is strongly hopfian then Ker[f]" = Ker[f']"*!, therefore
®Ker[f1" = ®Ker[f]"*. So Ker(®[f])"=Ker(®[f'])"*", then C is strongly hopfian.

Let be f an endomorphism of C. Then it exists a unique family (f) wherei € I f' = f |ci and m = Y, n;. C'is
strongly cohopfian, then Im[f']" = Im[f]"*!, therefore ®Im[f]" = ®Im[f1"*'. So Im@[f )" =Im(@®[f])"™*',
then C is strongly cohopfian. O

3.2 Quasi-Injective Chain Complex

Definition 8 An A-module M is quasi-injective, if for any monomorphism g of A-module N into M and for any
morphism f of N into M, there exists an endomorphism /. of M such: f =ho g.

M

™
. h
1

N —

Definition 9 Let us considering two chains complexes of A-modules: C and E. C is said to be quasi-injective, if
for any monomorphism g of E into C and for any chain map f of E into C, there exists a chain map 4 of C into C
verifying f = ho g.

dys d, ) . T
Theorem 3 Given C: ... — Cyyy — Cy = Cp_y — ... a chain complex of A-modules. C is quasi-injective, if and

only if for all n € Z, C,, a quasi-injective A-module.

Proof. Suppose that R is quasi-injective chain complex and f: M — N a monomorphism of A— modules and ¢,:
M — R, a morphism of A— modules.

Considering S and R two chains complexes of A— modules ande a chain of S into R such:

Up+) Up
S Sn+1 Sn Sn_l
(Yi Q/H]l ”ni inl
Vn+1 Vn
R:... Rn+l Rn Rn—l

where foralln € Z. S, = M and u, = Idy; with R, = N and v,, = Idy @, is a monomorphism of A— modules, for
alln € Z.

Let ¢ a chain map of S into R such:

Un+1 Un
S Sn+1 Sn Sn_l
¢i [ l [ i Gn-1 \L
Wil Wy
R:... Rn+l Rn Rn—l

where for any morphismes ¢y: M — R of A-modules.
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Given that R is quasi-injective then it exists ¢ a chain map:

Vn+l

R:... St
Fbi ¢n+ll l/’n
Wil
R:... Rn+1

such: ¥ o @ = ¢ hence y,, o f = ¢,,. Then it exists ¢,,: R, — R, such y, o f = ¢, then R, is quasi-injective.

Reciprocally suppose that for all n € Z, R, is an A-quasi-injective module and let us prove that R quasi-injective

chain complex.

Let be y a monomorphism of chains complexes:

Un+]

S Sn+l
Vi 'Yn+ll Yn
Wn1
R L. Rn+l

Considering 8 a chain map of complexes such:

Un+1

Uy

R:... S
ﬁi ﬁnHl )Bn
R L. Rn+l ol

Wn

Sn—l

Bn-1 \L

Rn—l

Then given for all n € Z, R, is quasi- injective and y,, is a monomorphism of A-modules hence it exists 4,,: R, — R,

verifying 8, = 4, 0 y,,.

Let be A such:
Vn+l Vn
R:... Rn+l Rn Rnfl
/ll An+1 i ﬂui An-1 i
Wil Wy
R: Rn+l Rn Rn—l
Let us demonstrate A is a chain map:
Unpyl Uy Up—1
S... Sn+1 Sn Sn—l
/ lV J/V’M l)’n i%ﬂ
Vitl Vn Vn-1
(B R... Rn+1 Rn Rn—l
\ l/l J//lnﬂ \L/ln An-1
Whsl Wn Wn—1
R.. Rn+1 Rn Rn—l

It is enough that: w1 © Ay = A, 0 V-

We have: w41 08,41 = Bnity+1 but 8 is chain map, because 5, = 4, 0y,,. Then w1 0 (A1 0 Vns1) = (4, 0V,) O Uy
Therefore (Wn+lo/ln+l)07n+l = /an(Ynoun+l)~ So (Wn+1)o/ln+l)07n+l = /1no(V11+107n+1)- Flnauy (Wn+1°/ln+l)oyn+1 =
(A © Vyi1) © Yui1- But 4 is @ monomorphism of A-modules then wy,,; 0 A1 = A, 0 vy, forall m € Z. so A is

achain map.

Let us verify that: Aoy = 8. We know that for alln € Z, 8, = 4, oy, with 8 = (B,,), ¥ = (y,) and A = (4,)) so

Aoy = B. That prove R is a quasi-injective complex.

O

Theorem 4 Given C a chain complex of A-modules. If C is quasi-injective and strongly hopfian, then C is

strongly cohop fian.

Proof. Suppose that C is quasi-injective and strongly hopfian, then C, is quasi-injective using Theorem 3 and

(Imf*) stabilizing this implies that C, is quasi-injective and (ker f*) stabilizes, so C is strongly cohopfian.
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3.3 Quasi Projective Chain Complex

Definition 10 An A-module P is said to be quasi-projective if for any A-module N and any epimorphism 7: P — N
and any homomorphism ¢: P — N, here exists an endomorphism : P — P such w oy = ¢ illustrated by the

following commutative diagramm:
/Y
4

P—">N—>0

Definition 11 Given C and E two chains complexes of A-modules. C is said to be quasi-projective chain complex
if for any epimorphism: C — E and for any morphism f: C — E, there exisrsa chain map h: C — C verifying:
f = g o h, illustrated by the following commutative diagramm:

h if
L

C—E——0

dos d, . . . T
Theorem 5 Let C: ... — Chyi — Cp — Cyot = ... a chain complex of A-modules. C is quasi-projective if and

only if for all n € Z, C, is a quasi-projective module.
Proof. Suppose that E is quasi-projective.
Considering f: N — M an epimorphism of A-modules and ¢,: E,, = M a morphisme of A— modules.

Let S and E two chains complexes and « a chain map of E into S such:

Vn+1

Vn
E:... En+1 En En—l
(l/l H/nHl anl anll
Upn+] Up
S Sl‘l+1 Sn Sn_l

where E, = M etv, = Idy. S, = N and u,, = Idy.
Given «, an epimorphism of A— modules. Let ¢ a chain of E into S verifying:

Wn+1 Wn

E:... Ep1 E, Ey-
% "’l %l (”"‘l
St Sprt — 8, = S
For any morphisms of A-modules ¢;: E, — M.
Given E is quasi-projective then it exists a chain map ¢ such:
E:... Epi —1> E, —">E,
wl wl %l mll
R:... Ryst = Ry —"> Ry

where: @« oy = ¢ soforalln € Z, a, oy, = ¢,. Then it exists ¢, : E, — R, such foy, = ¢,. So E, is
quasi-projective.

Reciprocally suppose that for all n € Z, E,, is quasi-projective A— and let us demonstrate that E is quasi-projective
chain complex.

Considering y an epimorphism such:

Vi+1

E:... En+1 En En—l
Yl Yn+1 l Yn Yn-1 l
U+ Up
N Sn+1 l Sn Sn—l
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Let 8 a chain map complex verifying:

Wnit1

E:... En+1 En En—l
ﬁl ﬁn+1l ﬁnl ﬁnll
N Sn+1 o] Sn o Sn—l

Then given for all n € Z, E, is projective and vy, is an epimorphism of A-modules so it exists A,,: E, — R, verifying
Yn © An.

Considering A such:

Wil

E:... Epi E, E,
R:... R, e Vi o R,
Let us demonstrate that A is a chain map
/ﬂ S... Syt s Sy — Sy
\\ lﬁ [
E.. Eppy = Ey —> Ey —-

It is enough that: A,,41 © Wy = Vg1 © Ay But B4 © Wiy = Uy © By, because S is a chain map.

Given Yn © /ln = ﬁna then: Yn+1 © /ln+l O Wptl = Up+1 © (711 o /ln) So (711+1 © /1n+l) O Wptl = Up+1 © (711 o /ln) Then
Vsl © (A1 © Wpt1) = Y1 © (Vas1 © A). But ;41 is an epimorphism hence 4,11 © w1 = v,41 © A, What justifies
that A is a chain complex.

Let us verify that: yod = 8. We know for all n € Z, 8, = y, 0 A, so 8 = yo A. What justifies E is a quasi-projective
chain complex. O

Theorem 6 Given C a chain complex of A-modules. If C is quasi-pro jective and strongly cohop fian then C is
strongly hop fian.

Proof. Suppose that C is quasi-projective and strongly cohop fian, then C, is quasi-projective using Theorem 4
and (ker f*) stabilizing this implies that C,, is quasi-projective and (ker f*) stabilizes so C is strongly hopfian.  [J

3.4 Fitting Chains Complexes

Definition 12 An A-module M is said to be FITTING module if for any endomorphism f of M, there exists a
positive integer n > 1 such: M = Kerf" @ Imf".

Definition 13 A chain complex of A-modules is said to be FITTING chain complex if for any endomorphism f
of C,itexists n > 1 such C = Kerf" & Imf".

dyr dy Ay .
Theorem 7 Considering C a chain complex of A-modules such C: ... » Cpy1 = C, - C, 5 ...Cisa

FITTING chain complex if and only if for all n € Z, C,, is A-FITTING module.

Proof. Suppose that C is a FITTING chain complex of A-modules then it exists an positive integer k such C =
Kerf* @ Imf* donc Kerf* mImf* = 0 and C = Kerf* + Imf* hence for all n € Z, C, = Kerf* + Imf* so C,
is strongly hopfian and strongly cohpfian then C, is a FITTING A-module. Reciprocally suppose that C, is an
A-FITTING module then (Ker ,f) and (Im f,{‘) stabilizes so (Ker fk) stabilizes and (Im fk) also. Which prove that
Cisa FITTING chain complex. ]

Theorem 8 Any quasi-pro jective and strongly-hop fian or quasi-in jective and strongly-coho fian chain complex
of A-modules is a Fitting chain complex.

Proof. Suppose that C is quasi-projective and cohop fian then using the previous theorem we can say C is
hop fian, so C is cohop fian and hop fian, then is a FITTING chain complex.
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Suppose that C is quasi-in jective and hop fian then using the previous theorem we can say C is cohop fian, so C
is cohop fian and hop fian, then is a FITTING chain complex. O
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