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Abstract

Cauchy inequality is a very important inequality in mathematics and physics, especially has wild application in resolving
the proof of inequalities, which has significance for researching inequalities in mathematics. This paper promotes the
original Cauchy inequality. The original n-dimension and 2-order Cauchy inequality is promoted to a n-dimension and
m-order Cauchy inequality and the rigorous proof is also given. Simultaneously, this paper summarizes several corollaries
for this n-dimension and m-order Cauchy inequality, and gives the corresponding proof.
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1. Cauchy inequality(n-dimension and 2-order Cauchy inequality)

Suppose a = (ay,az,--- ,a,) and b = (by, by, - -+ , b,) are two real series, then
O ab? < (Y ah> b)),
i=1 i=1 i=1
and equal sign holds if and only if @; = 0 or b; = 0 or there exists constant k satisfying a; = kb;(i = 1,2,--- ,n).

2. Promotion of Cauchy inequality(n-dimension and m-order Cauchy inequality)

Suppose a; = (aji,ajp, -+ ,a;,)(j=1,2, - ,m)are mreal seriescwhenmisodd,a; > 0(j=1,2,--- ,m;i=1,2,--- ,n)),m >
2, then
n m m n
O [ Ta <O @,
=1 j=I j=1 =1
and equal sign holds if and only if a;; = O or ay; = 0--- or a,; = 0 or existing m constants kj, ks, - - - , k,, satisfying
klali = k2a2i == mami(i = 1, 2" o ,I’l).

Proof. It is divided into even and odd situations:
(1) When m is even:

(1.1) When a;; =0oray =0--- oray, =0,(i=1,2,---,n), the inequality holds obviously and the equal sign holds.

(1.2) When X, a’j’; +#0,(j = 1,2,--- ,m), denoted ), a’}; = A;(j = 1,2,--- ,m), then the original inequality turns into
i=1 i=1

nom m ) nom m ) o ) \E]fl:[]lljd
(X [Tap)" <ITAj ie |2 [Tal < {[ITA;. Sowe just prove this inequality: —=— < 1.
i=1j=1 j=1 i=1 j=1 j=1 wI] A;
j=1
n m n m m m a;f:
[ 2 [Taul  XITasl , [Tajl " mm on i m o m
i=1 j=1 i=1 j=1 j=1 ay =1 " 1 a;
< - = = e 1—1 £ < ! = — _Jt
- - m m A
m ﬁAJ m ﬁAJ =1, ﬁAJ i=1 j=1 " i=1 j=1i=1 */
J=1 J=1 J=1
n
am
= 1ii§ Pl A
m ‘= Aj m = Aj
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n m

So (X [Ta)" < H(Z aj;
i=1 j=1 Jj=1i=1
From the necessary and sufficient condition for the equal sign of absolute value inequality and mean inequality, we can
9% G ;
see the equal sign holds if and only if | 21 Hl ajl = Z | H ajil and A—l =4 ==l kiai; = kyay; = -+ = kpai(i =
i=1 j= =l j=

1,2,-+,n), where k; = £ 7/ -(j = 1,2,--+ ,m).
X J
(2) When m is odd:
(2.1) When aj; = 0oray = 0--- ora,; =0,(i = 1,2,--- ,n), the inequality holds obviously and the equal sign holds.
n n n
(2.2) When Y o # 0 (ie. Y a% > 0),(j = 1,2,---,m), denoted }, a’ = A;,(j = 1,2,---,m), then the original
i=1 =1 i=1

n m

inequality turns into (Z H a;" < H Ajie Y [Ta;< j- So we just prove this inequality: —

=1 j=1 i=1 j=1 j:l ml‘lA/
J=1

IA
—_

:]s

n o m m.gm n
. iy m
Z H Jt n H all n m n A m n m m Z a. m
—1 i— a. i . : i .
=1 Z - TG L “fl_lzz=1’_lZA_f-1
LA; m m oom A; m ; ’
i=1 i=1 \ j= i=1 j=1 =1 " j=1 J j=1 "
NI YR VR
1 J 1 J

\
Il

—_
~
Il

—_

So (3, Ha,,) (@
i=1 j= j=1i=1
From the necessary and sufficient condition for the equal sign of mean inequality, we can see the equal sign holds if and

m

only ifZ—Yf = 2—22" =...= “AZZ ie. kiay; = kpagi = -+ = ki, (i = 1,2,--+ ,n), where k; = ’"‘/Aij,(j =1,2,---,m).
From the above (1) and (2), the inequality (3 [T a;)™ < [1(X a'}}) holds.
i=1 j=I j=1i=1

3. Several important corollaries for n-dimension and m-order Cauchy inequality( Only simple proof is given here)

Corollary 1. Suppose ay, ay, - - , a, are real numbers(when m is odd, @; > 0(i = 1,2, --- ,n)), then
n n
Oy <™ am,
i=1 i=1
and equal sign holds if and only if a; = a» = --- = a,, where m > 2 is a positive integer.
Proof: For the n-dimension and m-order Cauchy inequality (Z H ap)" < H(Z a " letay = ay = -0 = apor =
i=1 j=1 j=1i=1

L,aw = a;,(i=1,2,---,n), we obtain (Z a)" < n’"‘1(2 ar).
i=1 i=1

And from the sufficient and necessary condition for the equal sign of the above n-dimension and m-order Cauchy inequal-

ity, we have the equal sign of this inequality holds if and only if a; = a, = --- = a,,.
Corollary 2. Suppose a; = (aji,ap, - ,a;,)(j = 1,2,--- ,m) are m non-negative real series(m > 2), then
ﬂ(Z a) > (Z ﬂ a;)",
j=1 i=
and equal sign holds if and only if a;; = O oray; = 0--- or a,,; = 0 or there exist positive constants &y, ky, - - - , k,, satisfying
klali = k2a2i == mami(i = 1, 2’ e ,n).

Proof: From the above n-dimension and m-order Cauchy inequality , we have

(Z ]_[ a)" = (Z ﬂ )" < ﬂ[Z( Y™ = ]_[(Z aj).

i=1 j=1 Jj=1 i=1

i.e.

ﬂ(Z a2 <Z l_[aﬂ ’
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and equal sign holds if and only if a;; = O oray; = 0--- ora,,; = 0 or there exist positive constants ki, kp, - - - , k;, satisfying
kiay; = koao; = -+ = kypayi(i = 1,2, -+ ,n).

Corollary 3. Suppose aj,az,--- ,a, are real numbers(when m is odd, ¢; > 0(i = 1,2,---,n)) and py, p2,--- p, are n
positive numbers, then

Za)nl

Zpl my

&

and equal sign holds if and only if "3/pia; = "3/pra> = --- = "3/p,a,, where m > 2 is a positive integer.

Proof: For the n-dimension and m-order Cauchy inequality (Z H ai)" < H(Z a’") letay; = K/piaj,az = az; = -++ =
i=1 j=1 j=1i=
,n), we obtain

n n n 1 n n 1
O a)" < ) (Kpa)" () ——=)"= > pal'( ) —=)"",

i = Soo—-> U =
mi :n(zn—W’(

ie. .
n (Z ai)m
Z pid;' >

i=1 )m 1

( Z m—{r

And from the sufficient and necessary condition for the equal sign of the above n-dimension and m-order Cauchy inequal-
ity, we have the equal sign of this inequality holds if and only if "3/pia; = "/pras = -+ = "3I/p,ay.

Corollary 4. Suppose a;, ay, - - - ,a, are non-negative real numbers and py, ps, - - - p, are n nonzero real numbers(when m

isodd, p; >0 =1,2,--- ,n)), then
n n et n
1> piXal < Q) P D an
i=1 i=1 i=1

and equal sign holds if and only if E‘T‘m = ﬁpfz == f’TIﬁ where m > 2 is a positive integer.

n m

Proof: For the n-dimension and m-order Cauchy inequality (Z H a;)" H(Z a " letay = ay = -0 = apor =

i=1 j=1 =1 i=1
"Dis @mi = Rfa;(i = 1,2,--- ,n), we obtain

S pivar <) o iY@ = O oY .
i=1 i=1 i=1 i=1 i=1

|ZM/‘|<(Z f)F

And from the sufficient and necessary condltlon for the equal sign of the above n-dimension and m-order Cauchy inequal-

So

ity, we have the equal sign of this inequality holds if and only if ,f{‘m = ,,ff% == mf’{"ﬁ.
Corollary 5. Suppose a; = (aji,ap, - ,a;,)(j = 1,2,--- ,m) are m real series(m > 2) and [[ a; > 0,aya;; > 0(j =
j=1
2,3,---,m),(i=1,2,--- ,n), then
n
m n (Z ali)m
aii i=1
1—[ a_ 2 n o m ’
j=2 i=1 11 aji
i=1 j=1
and equal sign holds if and only if ay; =ax = =ay,,a31 =azpp =+ =az,, -+ ,and a1 = App =+ = Q-

Proof: Replace aj; by / H ajandaj by Z—‘, (Gj=23,---,m),(i=1,2,---,n) in the above n-dimension and m-order

Cauchy inequality (Z H ai)" < [1(X a;.’,‘.), we obtain
j=1i=1

ST (15 = S o (135

Jj=2 i=1
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ie. (f}lal:‘)m < il ﬁlaji' ﬁ(i 2y,
i= i=1 j=

j=2i=1
So
n

m n a (Z ali)m

(5o

. . aj n m

j=2 i=1 J Z H a]l

i=1 j=1

And from the sufficient and necessary condition for the equal sign of the above n-dimension and m-order Cauchy inequal-
ity, we have the equal sign of this inequality holds if and only if ay; = axp =+ =ax, , a3 = a3 =+ =as,, ---,and
Apl = a2 = *** = App-
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