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Abstract

A continuum is a connected compact metric space. The second symmetric product of a continuum X, 7,(X), is the
hyperspace of all nonempty subsets of X having at most two elements. An element A of ¥,(X) is said to make a
hole with respect to multicoherence degree in ,(X) if the multicoherence degree of 7,(X) — {A} is greater than the
multicoherence degree of > (X). In this paper, we characterize those elements A € 7,(X) such that A makes a hole
with respect to multicoherence degree in 7,(X) when X is a cyclicly connected graph.

Keywords: continuum, symmetric products, multicoherence degree, make a hole with respect to multicoherence
degree

1. Introduction

A continuum is a connected compact metric space. Let X be a continuum. For each positive interger n, let
Fn(X) = {A C X : A has at most n elements and A # 0}. The hyperspace 7, (X) is called the n* symmetric product
of X. It is known that each hyperspace 7, (X) is a continuum (see Borsuk & Ulam, 1931, pp. 876, 877) and
(Michael, 1951, Theorem 4.10, p. 165).

If Z is any topological space, let by(Z) denote the number of components of Z minus one if this number is finite
and by(Z) = oo otherwise. Given a connected topological space Y, the multicoherence degree of Y, is defined
by r(Y) = sup{bo(K N L) : K and L are closed connected subsets of ¥ and Y = K U L}. The space Y is said to
be unicoherent if r(Y) = 0. Lety € Y such that Y — {y} is connected, we say that y makes a hole with respect
to multicoherence degree in Y if r(Y — {y}) > r(Y). This is a generalization of the notion of to make a hole in a
unicoherent topological space defined in (Anaya, 2007, p. 2000).

In this paper, we are interesting in the following problem.

Problem. Let H(X) be a hyperspace of a continuum X. For which elements A € H(X), A makes a hole with
respect to multicoherence degree in H (X).

In the current paper, we are presenting the solution to this problem when X is a cyclicly connected graph and
HX) = F2(X).

Readers specially interested in this problem are refered to Anaya (2007, 2011), Anaya, Maya and Orozco-Zitli
(2010, 2012).

2. Preliminaries

Given a positive interger m, define A(m) = {1,2,...,m}. A map is a continuous function. The identity map for
a topological space Z is denoted by idz. An arc is any space homeomorphic to [0, 1]. A simple closed curve is
a space which is homeomorphic to the unit circle S' in the Euclidean plane R?. A theta curve is a space which
is homeomorphic to S' U ([-1,1] x {0}) in R%. The symbol [0, 1]*> denotes the space [0, 1] x [0,1]. The set
{(u,v) € [0,1*: u < v} is denoted by A. A graph is a continuum which can be written as the union of finitely
many arcs any two of which are either disjoint or intersect only in one or both their end points. A point y in a
connected topological space Y is called cut point (non-cut point) if Y — {y} is not connected (connected). A space
W is said to be cyclicly connected provided that every two points of W belong to some simple closed curve in W
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(see (Whyburn, 1942, p. 77)). A graph X is a cyclicly connected graph if X is a cyclicly connected space.
Given a topological space Y. A subspace Z of Y is said to be:
(a) aretract of Y if there exists amap f: Y — Z such that f(z) = z for every z € Z. The map f is called a retraction.

(b) a deformation retract of Y if there exist a retraction f: ¥ — Z and amap g: Y X [0, 1] — Y such that g(x,0) = x
and g(x, 1) = f(x) for every x € Y.

(c) a strong deformation retract of Y if there exist f and g as in (b) with the additional property that g(z, ) = z for
every (z,1) € Z x [0, 1].

Lety € Y. Let 8 be a cardinal number. We say that y is of order less than or equal to 8 in Y, written ord(y, Y) < 3,
provided that for each open subset U of Y containing y, there exists an open subset V of ¥ such thaty e V. c U
and the cardinality of the boundary of V is less than or equal to 8. We say that y is of order 8 in Y, written
ord(y, Y) = 3, provided that ord(y, Y) < S and ord(y, Y) j_é a for any cardinal number @ < 8. Put E(Y) = {x € Y
ord(x,Y) = 1}, OY) = {x € Y: ord(x,Y) = 2} and R(Y) = {x € Y: ord(x,Y) > 3}. Define 7(Y) = {I C Y:
lisanarcand E) = INRM, N0, Y) =l € I(X):y¢ [, My, Y)={I € I(Y): ye I}, Ny,Y)=UNO.Y)
and M(y,Y) = U M(y,Y). If K and L are nonempty subsets of ¥, let (K, L) = {{x,y} C Y: xe K,y € L}.

2.1 Auxiliary Results

Lemma 2.1 If X is a cyclicly connected graph different from a simple closed curve, then the following conditions
hold:

(1) for each simple closed curve S in X, S N R(X) has at least two points;
(2) X =UIX);

(3) the set I(X) is finite;

(4) for each p € X, M(p, X) is a nondegenerate subcontinuum of X.

Proof. In order to prove (1), let S be a simple closed curve in X. Since S # X, there exists a simple closed curve
S1# S in X such that S NS # 0. So, using (Nadler, Jr., 1992, Proposition 9.5, p. 142), RS US| ) NS NS, # 0.
Thus, by (Kuratowski, 1968, Theorem 3, p. 278), R(X) NS N S| # 0. Now, assume that R(X) NS NS consists of
precisely one point. Then, there exists a simple closed curve S, # S in X such that S, N (S — 1) # 0. Applying
the previous argument to S U S, we have R(X) N (S —S1) NS, # 0. Hence, S N R(X) has at least two points.

(2) Follows from (1) and the fact that R(X) is a finite set (see (Nadler, Jr., 1992, Theorem 9.10, p. 144)).
(3) Follows from the fact that R(X) is a finite set (see (Nadler, Jr., 1992, Theorem 9.10, p. 144)).

Finally, to check (4), let p € X. By (2), there exists I € 7(X) such that p € 1. So, since I ¢ M(p,X), M(p, X) is
nondegenerate set. On the other hand, clearly, M(p, X) is connected. By (3), M(p, X) is closed in X. U

Lemma 2.2 Let X be a cyclicly connected graph and let p € X. If N(p, X) # 0, then N(p, X) is a subcontinuum of
X.

Proof. First, by (3) of Lemma 2.1, N(p, X) is closed in X. We shall prove the connectedness of N(p, X). By
(Whyburn, 1942, (9.3), p. 79), X — {p} is connected. So, it suffices to prove that N(p, X) is a continuous image of
X —{p}. Consider F = | {E(I): I € M(p,X)} — {p}. By (3) of Lemma 2.1, M(p, X) is finite. Then, F is discrete.
By (4) of Lemma 2.1, M(p,X) — {p} is a nonempty set. Now, define f: M(p,X) — {p} — F as follows: given
z€ M(p,X) — {p}, let f(2) be the unique element of F N C where C is the component of M(p, X) — {p} containing
z. Clearly, f is surjective. We prove that f is continuous. Let e € F. By the definition of f, it is easy to see that
£~ '({e}) is a component of M(p, X) — {p}. Thus, since each component of M(p, X) — {p} is closed in M(p,X) — {p},
f’l({e}) is closed in M(p, X) — {p}.

Now, define f: X — {p} — N(p, X) by

_ x, ifxeN(p,X),
fx) = .
f(), ifxeM(p,X)-{p}

Since N(p, X) N M(p, X) = F and by the definition of f, f is well defined. Clearly, f is surjective. The continuity
of f follows from the continuity of f and the fact that N(p, X) and M(p, X) —{p} are closed subsets of X — {p}. This
finishes the proof of that N(p, X) is connected. O
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Lemma 2.3 Let X be a cyclicly connected graph different from a simple closed curve and let p, q be different points
inX. If X —{p,q} is not connected there exist a simple closed curve S in X containing p and q and a retract f:
X — S such that f~ (p) ={p}and f~ (q) {g}.

Proof. Let C| and C; be different components of X — {p, ¢}. Since Cy U {p, ¢} is a subcontinuum of X, there exists
an arc Ji in Cy U {p, g} such that E(Jy) = {p, q} for each k € {1,2}. PutS = J; U J,. Clearly, S is a simple closed
curvein X and p,g € S.

Now, let fo: R(X) — S be a function such that folrax)ns = idrens. fo(R(X) N Cy) € Jy and fo(R(X) N C) € J, for
each component C of X — {p, g} with C # C;.

Given I € I(X), let f; : I — S be a one-to-one map such that fi|s = idgn;, E(fi(I)) = fo(E(I)), fiINCy) C J; and
J1id N C) c J, for each component C of X — {p, g} with C # C,. From the fact that f; is one-to-one, it follows that
i ={p.gh) S —{p.q}.

Define f: X — S as follows: for each x € X, take I € 7(X) such that x € [ and let f(x) = f;(x). Notice that

flrx) = fo. Hence, f is well defined. The continuity of f follows from the fact that each f; is continuous and, by
(2) and (3) of Lemma 2.1. It is easy to see that f|s = idg. Thus, f is a retraction.

Finally, since S — {p,q} C X {p q} and fls = ids, p.q} C f(X —{p,q}). To check that f(X — {p,q}) C
S —{p, g}, notice that f(X — {p,q}) = U f,(I ) I e I(X)} c S —{p,q} (see (2). of Lemma 2.1). Thus,
fX—{p,qgh) =S —{p,q} Hence 'dp.q) = {p q} From the fact that p # ¢, we have that f~'(p) = {p} and
@ =g 0
Lemma 2.4 Let X be a cyclicly connected graph different from a simple closed curve and let p, q be different points
in X. If X - q} is connected, there exist a theta curve Y in X containing p and q and a retract f: X — Y such

that f~ (p) ={pYand f'(q) = {q}.

Proof. By the definition of cyclic connectedness, there exists a simple closed curve S in X such that p,q € Y. Since
X — {p, q} is connected, there exists an arc J in X such that S — {p,q} N J = E(J). PutY = S U J. Clearly, Y is a
theta curve in X containing p and ¢ such that Y — {p, ¢} is connected.

First, consider a function fy: R(X) — Y such that fy|y = idgx)ny. Now, for each I € 7(X), fix a one-to-one map f;:
I — Y such that fily = idyn; and f(I —{p,q}) € Y = {p,q}.

Define f: X — Y as follows: for each x € X, take I € 7(X) such that x € [ and let f(x) = f;(x). From the fact that
Sflrx) = fo, it follows that f is well defined. Since X = | 7(X) and 7 (X) is finite (see (2) and (3) of Lemma 2.1),
f is continuous. From the fact that f|y = idy, it follows that f is a retraction.

We will prove that f(X —{p,q}) =Y —{p,q}. Since X —{p,q} = I —{p.q}: € I(X)}, f(X—{p,g}) C Y —{p,q}
Clearly, Y — {p, q} is contained in f(X — {p, q}). We have that f~'({p,q}) = {p,q)}. Since p # q, f~'(p) = {p} and
@ =1q) 0

Proposition 2.5 Let X be a continuum and let K and L be connected subsets (subcontinua) of X. Then (K, L) is a
connected subset (subcontinuum) of F>(X) and, it does not have cut points when K and L are nondegenerate sets.

Proof. The connectedness of (K, L) follows from (Martinez-Montejano, 2002, Lemma 1, p. 230).

In order to prove the second part of this proposition, let {p, g} € (K, L). Using K and L are nondegenerate sets and
the arguments in (Kuratowski, 1968, Theorem 11, p. 137), it can be shown that K X L —{(p, q), (¢, p)} is connected.
So, since (K, L) — {{p, q}} is a continuous image of K X L — {(p, q), (¢, p)}, (K, L) — {{p, q}} is connected. U

Lemma 2.6 Let I be an arc and let p € [ — E(I). If H and J are subcontinua of I such that HU J C I —{p} and each
one of them contains a different end point of I, then (H, I) U (J, I) is a strong deformation retract of F>(I) — {{p}}.

Proof. PutT' = A—{(},5)l, To =, e T u < U@, v) €T: 3 <v}and Ty = {,v) € T: § <u,v < 3). First,
we are going to prove that I is a strong deformatlon retract of I'. Define f: I' — I’y by

(u,v), if (u,v) € Iy,

Flu,v) = (fu+v-1), ifv)elandv<1-u,

(u+v—%,%), if(u,v)el'iand 1 —u <v,

and g: I'x[0,1] = I by
g((u,v),n=>0-0-w,v)+t-f(u,v).
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It is easy to verify that f and g have the required properties.

Finally, let /: [0, 1] — I be a homeomorphism such that A([0, ]) = H, h([2,1]) = J and h(}) = p. Define h: T’ —
Fa(I) — {{p}} by h(u, v) = {h(u), h(v)}. It can be proved that / is a homeomorphism such that 4(T'y) = (H, I) U {J, I).
Therefore, (H, I) U (J,I) is a strong deformation retract of 7,(I) — {{p}}. O

Lemma 2.7 If X is a graph containing a simple closed curve, then X is not unicoherent.

Proof. We shall prove that there exist subcontinua K and L of X such that bo(KNL) >0and X = KUL. Let S bea
simple closed curve in X. By (Nadler, Jr., 1992, Theorem 9.10, p. 144), there exists x € S such that ord(x, X) = 2.
Now, using (Nadler, Jr., 1992, Theorem 9.7, p. 143), it can be proved that there exists an arc J in S which is a
neighborhood of x in X. Then, J — E(J) is an open connected subset of X. Now, by (Nadler, Jr., 1992, 9.44, (a),
p. 160), S —(J—E(J)) is connected. Hence, X —(J—E(J)) is a subcontinuum of X. So, K = Jand L = X—(J—-E(J))
satify the requiered properties. ]

Theorem 2.8 If X is a cyclicly connected graph, then r(7(X)) = 1.

Proof. The result follows from (Nadler, Jr., 1992, Theorem 8.25, p. 131), Lemma 2.7 and (Illanes, 1985, Theo-
rem 1.6, p. 16). O

3. Making Holes in the Second Symmetric Product of a Cyclicly Connected Graph
Theorem 3.1 Let X be a graph and let p € O(X). Then {p} does not make a hole with respect to multicoherence
degree in 75 (X).

Proof. We will show that r(7(X) — {{p}}) = r(92(X)). Since X is a graph, it is easy to see that 7> (X) — {{p}} is
a locally connected metric space and, by Proposition 2.5, 7,(X) — {{p}} is connected. So, in light of (Eilenberg,
1936, Theorem 4, p. 162) and (Stone, 1950, Theorem 5, p. 472), it suffices to prove that there exists a deformation
retract Z of 7,(X) — {{p}} such that () = r(F>(X)).

Since p € O(X), using (Nadler, Jr., 1992, Lemma 9.7, p. 143), it can be shown that there exists an arc I in X such
that 7 is a neighborhood of p in X. So, clearly, p € I — E(I). Let H and J be nondegenerate subcontinua of I such
that HUJ c I—{p} and each one of them contains a different end point of /. Put Z = (X-I)UHUJ and Z = (X, Z).
Clearly, 72(X) = Z U F>(I). Now, by Lemma 2.6, there exist a retraction f: 7>(I) — {{p}} = (H,I) U (J,I) and a
map g: (F2(D) — {{p}}) X [0, 11 = F2(I) — {{p}} such that g(A,0) = A and g(A, 1) = f(A) for each A € F>(I) - {{p}}
and g(B,t) = B for each (B, 1) € ((H,I) U {(J,I)) x [0, 1].

Define f: 72(X) - {{p}} = Z by
A, ifAeZ,
fA), it AeFr(D)-{{pl
and g: (F2(X) - {{p}}) x [0, 1] = F2(X) - {{p}} by
A, ifAeZ,
8,0, ifAef()-{p}

To check that f and g are well defined, notice that Z N F»(I) — {{p}} = (H,I) U (J,I) and f(B) = B = g(B, 1) for
each (B, 1) € ((H,I) U (J,I)) x [0, 1]. Now, the continuity of £ and g follows from the continuity of the maps f and
g and the fact that Z and 7> (I) — {{p}} are closed in F>(X) — {{p}}. It is easy to verify that f and g have the required
properties. Thus, Z is a deformation retract of 7»(X) — {{p}}.

f(A)={

§(A,1) = {

Finally, to check that r(Z) = r(#>(X)), we shall show that Z is homeomorphic to %, (X ). It can be shown that there
exists a homeomorphism h: F>(I) — (H, I) U {J,I) such that hlgq) ry = id(gq), . Define h: 72(X) — Z by

_ h(A), if A e F(),
h(A) =
A,  otherwise.
It is easy to see that / is a homeomorphism. Hence, r(73(X)) = r(2).
This finishes the proof that {p} does not make a hole with respect to multicoherence degree in 7,(X). U

Theorem 3.2 Let X be a cyclicly connected graph and p € R(X). Then {p} makes a hole with respect to multico-
herence degree in F>(X).
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Proof. Since r(7,(X)) = 1 (see Theorem 2.8), we shall show that (7> (X) — {{p}}) = 2. So, it suffices to prove
that there exist two closed connected subsets K and L of 7,(X) — {{p}} such that 7»(X) — {{p}} = K U L and
bo(KNL)>2.

Put A = {(u,v) € [0, 1> — {0}: 5 <v<2u),Q={uv) e [0, 12 -{0): v < 5hT =A{uv) [0, 11?2 = {0): 2u < v}
where 0 = (0,0), m = ord(p,X) and M(p,X) = {I,,,...,1,}. For each k € A(m), fix a homeomorphism ¢;:
[0,1] — I such that ¢, (0) = p. Given elements k # j € A(m), define ¥ j: [0, 1?7 = {0} > (I, I;) — {{p}} by
Uiy (s, 1) = {@r(s), ()} Since ¢r(0) = ¢;(0) = p and, ¢ and ¢; are one-to-one, ¥ ;) is well defined. Using the
fact that ¢ and ¢; are surjective, it is easy to prove that yr j is surjective. Clearly, for each k, j € A(m) with k # j,
Y y(A) = Yiin(A) and Y j)(Q) = Yjp (D).

Consider the following cases.

Case A. N(p, X) # 0.

Let Y = N(p,X). By Lemma 2.2, Y is a subcontinuum of X. For each k € A(m), define

1 1 1
Ki = <§0k([§s 1), Y u ‘Pk([za 11)) and Ly = (e ([0, 5]), Y U ([0, 1)) = {{p})-

Consider

K = Fo¥) U1K : ke Amy Ui p(A) < &, j € Am), k # j)
and £ = | JiLe ke am) o | i@ <k j € Aom).k #

Clearly, K and £ are closed subsets of ,(X) — {{p}}. To prove F>(X) — {{p}} = K U L, let {x,y} € F2(X) — {{p}}.
Since X = M(p,X) U Y, F2(X) = F2(M(p,X)) U Fo(Y) U{M(p,X),Y). If {x,y} € F(Y) U {M(p,X),Y), it is
easy to see that {x,y} € K U L. Suppose that {x,y} € F2(M(p, X)) — {{p}}. Take k, j € A(m) such that x € I; and
y € I;. First, if k = j, then {x,y} € K} U L. Now, without loss of generality, we may assume that k < j. Consider
(u,v) € [0,1]% — {0} such that Y, ju,v) = {x,y}. Thus, since [0, 1P-{0}=AUQUT, Yk, j)(N) = Y(jpn(A) and
Yk ) = Y€, {x,y} e KU L.

To show that K and £ are connected, let k # j € A(m). The connectedness of K and L follows from the fact
that (1) € Y and Proposition 2.5. Without loss of generality, we may assume that k < j. The connectedness of £
follows from the connectedness of Q and the fact that . ;)(1,0) € L N.L; N j(L2). Since Y j(A) is connected,
lf//(k,j)(A) = lﬁ(j’k)(A) and l,//(k,j)(l, l) S Wk N 'r//(k,j)(A) N %(Y), XK is connected.

Finally, we will show that bo(K N £) > 2. Put T = {(u,v) € [0,1]*> = {0}: v = 2u}. Given k € A(m). Define
D = QoL Y U (3, 1)) and Cr = U (2): j € Am) — {k}} U Dy.. We are going to prove that Ci, ..., Cy,
are the components of K N L. The connectedness of Dy, follows from the fact that ¢, (1) € Y and Proposition 2.5.
Since Y j(X) is connected and i, j)(%, 1) € Y, (Z) N Dy for each j € A(m) — {k}, Cy is connected.

We need to prove the following properties,

) FY)NL=0,

il) K N Ly = Dy for each k € A(m),

iil) K N L = 0 and K N () = {(pk(%), @;(1)} for each k # j € A(m),

iv) LN, 1) = Yy () U g jy (D) for each k # j € A(m),

V) @10, 11) N (10, 11) = {0, @1} N 0;(0), (1)} for each &k # j € A(m),

vi) Oy N D; = O for each k # j € A(m),

vii) if k # j € A(m), then Y () N D; = 0 for each [ € A(m) — {k},

viil) if k # j € A(m), then Y j(Z) N (X)) = 0 for each (I, n) € ((Am) — {k}) X (Am) = {j})) —{(j, k)}.
It is easy to see the properties i)-v).

vi) Follows from the facts that ¢x(3) ¢ Y U @;([3, 11), ¢;(3) ¢ Y U (3, 1]) and v).

vii) Suppose to the contrary that there exists / € A(m) — {k} such that ¥ »(Z) N D; # 0. Consider (u,2u) € X such
that Y ;,(u, 2u) € D;. Then, either (1) = ¢(3) or ;(2u) = ¢/(3). So, by v), j = I and ¢;(2u) = ¢,(3). Thus,
u= 1 and g(§) € Y U g([3, 1]), a contradiction.
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viii) Suppose to the contrary that there exist (I,n) € ((/l(m) —{k}) x (Am) — {j})) — {(j, k)} and (u,v),(s,7) € X
such that ¢ j(u,v) = Y (s, 1). So, since u>0,5<5 Land k # [, by v), ¢r(u) # @i(s) and ¢r(u) = ¢,(f). Then,
@;j(v) = @i(s). Thus, since 0 < u, s < 2, by v), k = n and j = [. Hence, since ¢, and ¢; are one-to-one maps, u =t
and v = s. Therefore, (, ), (s,1) € Z, a contradiction.

We are ready to prove that K N L = | J{Cy: k € A(m)}. From the fact that X = A N T and ii), we have that ( J{Cy:
ke Am)} c KNL. Now, let {w,z} € KN L. If {w, z} € KN L for some k € A(m), by ii) and iii), {w, z} € Dy C Cy.
Now, suppose that {w,z} € ¥ j(A) N L for some k # j € A(m). Since Y j(A) C (i, 1;) and Y j (D) = Y (),
by iv), {w,z} € (W (A N Y j(€) U W h(A) N Ypn()). So, using X = AN Q, pg (A) = @A) and
@k, jlzs jols are one-to-one maps, it can be proved {w, z} € ¢y H(Z) U ¢ (X). Hence, {w,z} € CL U C;.

Finally, in order to prove that Cy,Ca,...,C,, are mutually disjoint, let k # j € A(m). By vi)-viii), Ct N C; = 0.
Thus, bo(KNL)+1=m>3.

Case B.N(p,X) =0

Then, N(p,X) = 0 and ¢;(1) = ¢»(1) = --- = @(1). This case can be proved using similar arguments in the proof
of Case A by considering ¥ = {¢(1)}. O

Theorem 3.3 Let X be a simple closed curve and let p,q € X such that p # q. Then {p, q} makes a hole with
respect to multicoherence degree in 7, (X).

Proof. First, we are going to prove that A = {(1,0),(=1,0)} ¢ S' makes a hole with respect to multicoherence
degree in 7»(S!). By Theorem 2.8, r(%»(S 1)) = 1. So, it suffices to show that there exist two closed connected
subsets K and £ of 7»(S') — {A} such that F>(S") — {A} = K U L and by(K N L) > 2.

Define ¢: [0,1] — S by ¢(1) = (cos(2nt), sin(2nt)) and y: A — F2(S1) by w1, 5) = {@(f), ¢(s)}. Notice that v is
well defined and it is surjective. The continuity of ¢ follows from that of ¢. Put 'y = {(u,v) € A —{(O0, 2)} 5—u<
v<1-u} Fz ={u,v)eA—{(F D)2 —u<vh T3 ={u,v) e A= {0, D} v< L —u), Ty ={w,v) e A {(;,1)}-
1—u<v<3—ul, K =y@)Uy(,) and £ = y(I3) Uyly).

Itis easy to prove that K and L are closed subset of 7> (S H—{A). Clearly, KUL c F>,(S —{A}. Now, we will prove
that F>(S ) —{A} € KUL. Let {x,y} € F2(S')—{A} and let ¢, s € [0, 1] such that ¢(f) = x and ¢(s) = y. Without loss
of generality, we may suppose that 7 < s. So, since ¥(t, s) = {x,y} and (1, s) € A—{(0, 1), (3, 1)} = [ UT, UT3UT},
{x,y} € y(T') Ug(T2) Uy(T'3) Uy(Ty) = K U L. Thus, Fo(S') —{A} = KU L

The connectedness of K and L follows from the facts that ¢(0, 0) = (0, 1) = (1, 1) € (T )N )N (T 3)NY(Ty)
and each ¥(I';) is connected.

Now, we are going to prove that b0(7( NL)>2. Put Ay ={(u,v) e A:v=1-u}, Ay = {(u,v) € A —{(0, %)}:
v=1-upand A3 = {(u,v) € A= {3, D}: v =3 —u). Notice that Ay =Ty NIy, Ay =T NT3, A3 =T, NTy
and, A, A, and Aj are mutually dis_]omt It is easy to see that Y(A;) = w1 NTy) = ¥() NyYTy), Y(Ar) =
Y NE3) =g NYIs), Y(Az) = (T2 NTy) = Y(2) NY(Ty) and Y(I2) Ny(I3) = 0. We will show that Y(Ay),
Y(A,) and ¥ (As3) are the components of K N L. First, notice that /(A;) € K N L since y(I'}) € K and tlr(l"4) c /L.
Similarly, it can be proved that /(A,) and y/(Aj) is contained in K N L. Now, to verify that K N L C U o(A)),

let {x,y} € K N L. Since K = y(I'}) U (), either {x,y} € y(I'y) N L or {x,y} € y(I2) N L. From the facts that
L=yT3)u lP(/\4) and y(I';) Ny(I'3) = 0, we have {x,y} € (W(I'1) Ny(3)) U (1) NyTy) U () N(Ty)).

So, {x,y} € U Y(A,;). Finally, since Aj, A, and A3 are connected and mutually disjoint, ¥/(A}), Y(Az) and ¥(As)
are also connected and mutually disjoint. This proves that 5(K N L) + 1 = 3.
So, K and L satisfy the required properties.

We are ready to prove that {p, g} makes a hole with respect to multicoherence degree in > (X). Since X is a simple
closed curve, there exists a homeomorphism /: S' — X such that #(A) = {p,q}. Consider the induced mapping
hy: Fo(S1) — F>(X) defined by hy(B) = h(B) for each B € 7,(S'). By (Higuera & Illanes, 2011, Theorem 3.1,
p. 369), h, is a homeomorphism. Then, since A makes a hole with respect to multicoherence degree in 7>(S ') and
hy(A) = {p, q}, {p, q} makes a hole with respect to multicoherence degree in 7,(X). U

Theorem 3.4 Let X be a theta curve and let p,q € X such that ord(p,X) = ord(q,X) = 2 and X — {p,q} is
connected. Then {p, q} makes a hole with respect to multicoherence degree in 7> (X).
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Proof. Clearly, X is a cyclicly connected graph. Then, by Theorem 2.8, r(#2(X)) = 1. So, to show that r(#2(X) —
{{p,q}}) > 1, we are going to prove that there exist connected closed subsets K and L of F,(X) — {{p, g}} satisfying
F2(X) - {{p.q}} = KU Land by(K N L) > 2.

Put 7(X) = {I,, >, I3}. Without loss of generality, we may assume that p € I; and ¢ € I,. Given k € {1,2,3},
fix a homeomorphism ¢;: [0,1] — I; such that ¢1(0) = ¢»(0) = ¢3(0). We may assume that gol(%) = p and
902(%) = ¢. Notice that ¢1(1) = ¢2(1) = ¢3(1). Put w = ¢;(0) and z = ¢;(1). So, R(X) = {w, z}. Now, for each
k,j € {1,2,3}, consider m;: A — F(Iy) and ¥ : [0, 1? - (It I;) defined by mi(z, 5) = {@r(1), ex(s)} for each
(t,5) € Aand Y j(u,v) = {@r(u), p;(v)} for each (u,v) € [0, 17%. Now, let A; = {(u,v) € [0, %] X [%, 1] — {a}:
I<v< A = (13,31 x [5. 1D U (3, 1 x [3, 2D) — {a), Az = {(u,v) € [5.1]1 x [0, 3] — {a}: v < 354},
Q) = {wv) € [0, 5] X [, 1] = {a): 32 < v}, @ = [, 1] %[5, 11, Q3 = {,v) € [5.1] [0, 3]~ {a}: 35 < v)
and Q4 = [0,1] x [0, 4] — {a} where a = (4, 1). Consider 'y = {(u,v) € A:  —u <v <3 —u},IH ={(uv) €A
Pou<v<Iou T ={u e v<i-u, D ={wv)eA -u<v<3-uandT; = {(u,v) € A
%—MSV}. PutA=ATUAUA;, Q=QUQ UQUQ, T=T1UlLandX =%, UX, UZX;

For each k € {1,2}, let Ky = Y33, 31X [0, 1]), L} = e ([0, 31 % [0, 1]) and L7 = v 3,([2, 11 % [0, 1]).
Define

K = ¢azMN) UmT) Umn) UK UK, and
L=yan@QUmE)UmE) UL UL UL ULIUFL).

It is easy to see that K and L are closed subset of 7, (X)—{{p, ¢}}. In order to prove that 7> (X)—{{p, q}} ¢ KUL, let
{x,y} € Fo(X)—{{p, g}}. First, since X = [{ULUI3, F2(X) = Fr(11)UF2 (1) UF2(13) U, 1) U(I, 13)UCLa, 13). Now,
notice that %> (1;) = m1;(TUZ), F2(l) = m(TUE), Fo(l3) € L, 11, by—{{p, q}} = vaTUQ), Iy, i) = KGUL UL
and (L, I3) = K> U L} U L3. Hence, {x,y} € K U L. This proves that 7>(X) — {{p, q}} = K U L.

To prove that K and £ are connected, put € = {Aj, Ay, A3, Q1, 9, Q3, ), D = {[1,12, 51,5, 53}, § = {[3. 3] X
[0, 11, [0, %] x [0, 1], [%, 11x[0,1]}and & = €U D U §. It is easy to see that each element of & is connected. So,
Y1.2)(0), m(¥) and ¥ 3)(T) are connected for each (O,W, T, k) € €x D x § x {1,2}. Notice that {w, p} € ;1) N
Va2 (A)NKL, {p, 2} € mT)NYa 2 (A)NKL, g, 2} € Y 2)(A2)Nma(I2)NTG and {w, g} € Y 2y (A ) Nma ()N,
Then, K is connected. Now, since {w} € 7;(Z;) N m2(Z1) N Y1,2)(Q4) N L} N L; N Fr(l), {z} € m(Z3) Nmr(Z3) N
Va2 Q) N LENLENFo(l3) and {w, 2} € 711(22) N m2(2) N1 2)(Q1) NP (Q3) N LN LN LN L3N Fals),
L is connected.

Finally, we are going to show that bo(KNL) > 2. Given (n,m) € {1,2}x{1, 2,3}, let Il ) = I',NX,,. Define Y
AiNQ; foreach (i, j) € {1,2,3}x{1,2,3,4}. For each k € {1,2}, consider Hy = LKy and T = L:NK;. LetCy =
71 (1) V.2 (Ta.a) UH Ur (Ta2) U o) (Ten), Co = mai,n) Ua.(Ta.a) UH Una(T2.2) U2 (T2.3)
and C3 = m (I 2) U2 (Y33) U T Umi(la3) Ua(Tez) Urlesz) UJs Unali) Uan(Tan). We
are going to prove that Cy, C, and Cs are the components of K N L. |

The following properties are easy to verify,

1) Iy my 18 connected and (I, m)) = me(I) N e (2,,) for each n, k € {1,2} and m € {n,n + 1},
i) if ;) # 0, then Y ) is connected and (1.2 (Vi j)) = Y12 (A) N Y12)(Q)),
iii) H; and J; are connected for each k € {1, 2},

iv) {w, p} € m (M1 N Ya2(Taa) NHi,

V) {p,z} € Hi N mi(22) NYa(Tan),

vi) {w, g} € m(Ua.1) N Ya.2(Taa) N Ha,

vi) {g, 2z} € Ho N ma(Il2) N YY),

viii) {w, @1(3)} € mI12) NYa2(Ta3) N T,

ix) {p1(3), 2} € T1 NmTes) N Ya(Teo),

X) {2(3), 2} € Ya2)(T2) N m(ln3) N T,

xi) {w, <P2(%)} € Jo NIl 2) N (T ),

xii) ey, myy N nymyy = 0 for each (ny,my) # (np,my) € {1,2} X {1,2,3},
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X]ll) T(i],jl) N T(izyjz) = () for each (il,jl) * (iz,j2) € {],2,3} X {],2,3,4},
xiv) Hi N I = 0 for each k € {1, 2}, and

xv) KN L= UNmlpm): (k,n,m) € {1,2}0 X (1,2} X {1,2,3} U UWa.(Tap): G, ) € {1,2,31 x{1,2,3,4}} U
UIH U Tk k € {1,2}}.

The connectedness of C;, C, and Cs follows from 1)-xi). Using xii)-xiv), it can be proved that C;, C, and C3 are
mutually disjoint. Finally, from xv), it follows that K N £ = C; U C, U Cs.

So, K and L satisfy the required properties.

Theorem 3.5 Let X be a cyclicly connected graph and p,q € X. If p # q, then {p, q} makes a hole with respect to
multicoherence degree in F(X).

Proof. In the case that X is a simple closed curve, the result follows from Theorem 3.3. Now, suppose that X is not
a simple closed curve. Since X is a graph, by (Borsuk & Ulam, 1931, (a), p. 877), #2(X) is a locally connected
space. Then, F>(X) — {{p,q}} is a locally connected metric space. So, by (Eilenberg, 1936, Theorem 4, p. 162)
and (Stone, 1950, Theorem 5, p. 472), it suffices to show that there exists a retract Z of 7,(X) — {{p, g}} such that
() > r(F>(X)) = 1 (see Theorem 2.8). We consider two cases.

Case I. X — {p, ¢} is not connected.

By Lemma 2.3, there exists a simple closed curve S in X containing p and ¢ and a retraction f: X — S such that

' (p) = {p}and £ '(¢) = {g}). Put Z = F>(S) — {{p,q}}). Since S is a cyclicly connected graph, r(7>(S)) = 1
(see Theorem 2.8). So, by Theorem 3.3, r(Z) > 2. Finally, define f Fr(X) — {{ }} — Z as follows: for each
A € F(X) - {{p,q}}, let f(A) f(A). Using the fact that f~ (p) = {p}and f~ (q) = {q}, it can be proved that f

is well defined. Smce f is continuous, f is continuous. Finally, notlce that f(B) = Bforeach Be Z. Thus, fisa
retraction.

Case II. X — {p, ¢} is connected.

There exists a theta curve Y in X such that p,g € Y and a retraction f: X — Y satisfying f~'(p) = {p} and
F(¢) = {g} (see Lemma 2.4). Since X — {p, ¢} is connected, Y — {p, g} is also connected. Put Z = 7>(Y) - {{p, q}}
By Theorem 3.4, n(Z) = 2 since r(F2(Y)) = 1 (see Theorem 2.8). Now, define f: %(X) {{p,gl} - Z0b

F(A) = f(A) for each A € 7>(X) — {{p, q}}. Notice that f is well defined since f~'(p) = {p} and f~'(g) = {g}. The
continuity of f follows from the fact that f is continuous. It is easy to verify that f(B) = B for each B € Z. Thus,
Z is aretract of 71(X) — {{p, g}}. O

3.1 Classification

Theorem 3.6 Let X be a cyclicly connected graph and let p,q € X. Then, {p,q} makes a hole with respect to
multicoherence degree in ,(X) if and only if either p = q and p € R(X), or p # q.

Proof. From (Nadler, Jr., 1992, Theorem 9.10, p. 144; Kuratowski, 1968, Theorem 3, p. 278) and (Nadler, Jr.,
1992, Corollary 9.6, p. 142), it follows that E(X) = (. Then, p,q € O(X) U R(X)

Assume that {p, g} makes a hole in 7,(X). Now, by Theorem 3.1, either p = g and p ¢ O(X), or p # g. So, eihter
p =gand p € R(X) or p # q. This proves the necessity.

Finally, the sufficiency follows from Theorems 3.2 and 3.5. |
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