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Abstract

In this work we investigate the existence and the uniqueness of solution for a nonlinear differential equation of
parabolic type on the lateral boundary X of a cylinder Q, cf. (1). An important part of our study is to transform this
initial value problem into another one whose differential operator equation is of the type

u,+a(fudx)_?{u—Aru+u2k+l =fonZX
r

cf. (9), where k is a positive integer. The operator A acts in Sobolev spaces on I', boundary of Q. The initial value
problem (9) will be studied in Section 4. Thus, we obtain the existence and the uniqueness of weak solution for
).
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1. Introduction

We consider Q a bounded open set of R” (n > 2) with C* boundary I'. By v we denote the outward normal unit
vector field defined on I'. For each 7 > 0, O = Q X ]0, T[ denotes a cylindrical domain whose lateral boundary
will be represented by X =T x 10, T'[.

Our main objective is to investigate existence and uniqueness of solution for the following problem:
Aw =0in Q
aw k1
wi+al | wdl'| — — Arw +w =fonX ()
r v

w(x,0) =wo(x) onT,

. o L . o ow
where k is a positive integer, the derivatives are in the sense of the theory of distributions, — is the normal

derivative of w, by Ar we denote the Laplace Beltrami operator on I', the Laplace operator A aczjs only on space
variables and w = w (x, 1), x € Q, 0 < ¢ < T. This work was motivated by J. L. Lions who has considered, in 1969,
the existence and uniqueness of solution for nonlinear problems on manifolds whose unknown function satisfies
the Laplace equation in Q and a nonlinear evolution equation on its lateral boundary X.

The nonlinearity of the type a( f wdF) was motivated by the study of problems of diffusion of population cf.

r
Chipot (2000, Chapters 1 and 12) and also Menezes (2006).

Similar problems on manifolds, also motivated by Lions (1969), can be seen in Antunes, Araruna, and Medeiros
(2002), Antunes, Lopez, Silva, and Aratjo (2013) and Cavalcanti and Domingos Cavalcanti (2004). See also
similar questions in Coclite, G. R. Goldstein, and J. A. Goldstein (2008), Vazquez and Vitillaro (2009) and
Wentzell(1939) which, we think, was the initial motivation for this type of questions.

Our paper is organized as follows: in section 2, we establish the appropriate notation and the functional setting
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to the treatment of our problem. In section 3 we develop a classical formalism in order to investigate (1) as a
differential operator equation whose operator A acts on Sobolev spaces defined on the manifold I'. In this way the
Equation (1), is formulated as a differential operator equation of the type

u,+a(fudx)ﬂu—Aru+u2k” =f,
r

for which we can apply a known methodology for the initial value problem (9). In section 4, we investigate the
initial value problem (9) by approximate method and we succeed to prove existence and uniqueness for weak
solutions.

2. Preliminaries

We represent by H* (Q2) and H* (I'), the Sobolev spaces of order s € R on Q and I', see (Frota, Medeiros, & Vicente,
2011; Hebey, 1999; Lions, 1969). When s = 0, H° (Q) and H° (T') are denoted by L? (Q) and L* (T'), the Lebesgue
spaces of square integrable functions on € and I'. We denote by ||, and |-|,-, 1 < p < oo, the norms of L? (Q2) and
L? ('), the usual Lebesgue L? spaces. We also denote by (-, ) and (-, -)r the scalar product in L*(Q) and L2 (). Set
also ((-, *)) sy and ||ul| sy the inner product and norm in the Hilbert spaces H* (I).

By Vi we denote the gradient tangent on the manifold I" and by Ar the Laplace Beltrami operator, defined on a
real function u on I as the divergence of the Vru. For details, see (Frota, Medeiros, & Vicente, 2011; Hebey, 1999;
Lions & Magenes, 1968; Vazquez & Vitillaro, 2009; Vicente, 2010).

For u, v € C* ('), the space of C* real function defined on I', we have the following integral relation between Ar
and Vr:

—f(Aru)vcﬂ"z eru.VrvdF. 2)
r r

Let us consider C* (I') with the scalar products:
(V) = fuv dl’ + eru.Vrv dr, 3)
r r

with induced norm ||M||%_11 o = ((u, u)) 1 (ry and

((l/l, V))HZ(F) = fMV dl’ + fA]"MA]“V aT, (4)
r r

with induced norm ||M||?_12(1-) = ((u, ) g2y

Observe that C* (I') with scalar products (3) and (4) is a pre-Hilbert space. The completions of C* (I') with respect
to the norms induced by (3) and (4) are represented by H' (I') and H? (I), respectively. Then, the Equation (2) can
be extended to the case where u € H*(I') and v € H' ().

We have H? (') — H' (D), consequence of (2) and the embedding is compact, see (Hebey, 1999). Observe that —
means continuous embedding.

In the present paper we need the embedding of H* (I') into L**2 ('), for s > 2 and k a positive integer. In fact, by

k(n—-1
Sobolev embedding theorem, cf. Lions (2003) or Lions and Magenes (1968), if s > 2 such that s > %, we
have
H* () — L¥*2 (@) — L*(T). 5)
Finally, we suppose a (s), s € R, real continuous function, with bounded derivative and
a(s) >ag >0, forall s € R. (6)

3. Formulation of the Problem (1) on X
In (Antunes, Lopez, Silva, & Aratijo 2013), we defined an operator A € £ (H 2@y, H™'? (F)) which is a com-

position of the traces vy, v, these are, roughly speaking, respectively, (9_W and w restricted to I'. To avoid duality
v

pairing in the process of approximation we define, in the present argument, an operator A: H' () — L*(T') and
we obtain scalar product instead of duality.
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We have the Dirichlet problem:
—Aw =0, 1in Q

(7
w=uonl.
If u € H' (T) it has a unique solution w € H>/% (Q). We have yo: H*>(Q) — H' (I') and y,: H*?(Q) — L* (),
the mapping o, y1 are continuous. The composition y; o y; !'is a bounded linear mapping from H' (T) to L* (I").
We define A: H' (I) — L>*T) by A =y, o Y !, This bounded operator will be the “substitute” of the normal
derivative in (1).

Moreover, we have, from (7)
() = ey = [ [Tl dr>0. ®)
Q

We formulate now the problem (1) on X. In fact, we define
ow
w(@®lr =u(t) and — (t)‘ = Au(t).
v r
Thus, the problem (1) can be rewritten as follows:

u,+a(~fudl")ﬂu—Aru—i-u2k+1 =fonkX
r 9

u(x,0) =uy(x) onT.
From now on, our objective will be to prove existence and uniqueness of solutions for the problem (9).
4. Main Results

In this section we formulate and prove existence and uniqueness of weak solutions for the mixed problem (9) on
2.

Theorem 1 Let us suppose that ug € H' ()N L**2(I"), f € L2 (0, T L? (T)) and A € L(H' (), L*(T)) as defined
above. Then, there exists u: © — R, in the class:

we 2(0,T; H (D)) N L= (0,T; H' () 0 L2 (D)),

W € 12(0,7:L2(I)),
which is the unique weak solution of the initial value problem (9).

Proof. We recall that A € L(H '@, > (T )) is defined by A = y; oy, ! with vy, y; the traces operators of order
zero and one.

About the operator Ar, we obtain its spectral resolution and we realize it as an operator from H? (I') in L2 (I'). For
this argument we call attention to the reader to see (Lions & Magenes, 1968, p. 42). In fact, we deduce that the
domain of —Ar is H? (') and its range is L* (). We have the spectral resolution:

—Aerz/lej, j: 1,2,...
where the eigenvectors w; are normalized in L* () and complete in H? (D).
We consider in H? (') the complete orthonormal basis {w j}jeN of eigenvectors of —Ar and we define V,, =
(Wi, .o, W] € H? (D), the subspace generated by the m first eigénvectors of —Ar.

Furthermore, V,, ¢ H*(I'), for all s > 0 (see Lions & Magenes, 1968, Chapter 1, Remark 7.5).

For each m € N, we look for a function u,, (f) = ig jm (w; in V,,, such that u,, (¢) is solution of the approximate
problem: -
(u, ), V) +a (fum 0) dF) (Auy, (1) ,v)r — (Artty, (1), V) +
(121 (0),v), = ( ; (t),v)p, forall v € V,, (10)
U (0) = ugy — up in H' (T) N L2+ ().
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Observe that by section 2, we obtained H* (I') — L**2(I), consequentely, since u,, (t) € H* (), it follows that
u?*1 (¢) € L* ('), making sense (u,znk” @, V)r forv e V,,. O

Observe that (10) is a nonlinear system of first order ordinary differential equation in g, (¢), the coordinates of the
approximations u,, (f). It has local solution defined in O < ¢ < t,, < T. By mean of estimates we extend these local
solutions to the interval [0, T'].

Estimate 1 Setting v = 2u,, (¢) in (10), we have:

% lt (O + 2a ( fr t (1) dr) (At (1)t (O = 2 Bty (1)t (O + 2 (25 (1) 0, (1)), o

= 20/, un (D)
‘We observe that:
e From (8), we have (Au,, (1), u,, (1))r = 0.

o — (Artty, (), D)y = (Vriy, @), Ve, O)r = |Vri, (t)Ii,r, because u,, (t) € H* () is approximated by C* (I'),
see (2).

2(k+1
o (21 (1) 0 (D) = et D01 -

Going back to (11), employing the results above and the results (8), about A, and (6), about a (), we obtain:

d
7 1t OB+ 2 Vet (OB - + 2 O < 1f OB+l 0 1. (12)

From (12), applying Gronwall lemma we conclude the existence of a positive constant C; depending only on
|f|L2(O’T;L2(F)), [uolz2ry and T', such that:
ltm (Do < Ci. (13)

Then, by the extension theorem for ordinary differential equation, the local solution u,, (¢) has an extension to the
whole interval [0, T]. We represent the extension by the same notation u,, (f). Thus, for the extension u,, (f) we
have (12) true for all 7 in [0, T]. Consequentely, it makes sense to integrate (12) on [0, ) c [0, T].

Integrating (12) on (0,1) c [0, T], by the hypothesis of f, the convergence in (10), and the estimate in (13), we
obtain:

3 !
[ e @eds+ [ 0D as < c (14)
0 0

Estimate 2 Setting v = 2u;n (¢) in (10), we obtain, after some calculus, that

d
Zln OB 0 < If Wb +2a

IVFum (t)|2r + o — k+ 1

( fr i (8) dr)‘ KAty Dl [ty D], (15)

Now we observe that

f . (r)dr] < f e (D] dT” < Ca it (Do (16)
T T

where Cy is a positive constant depending on the measure of I'. By (16) and (13) we obtain

fwmﬁ
T

From (17) and the continuity of the function a (s) it follows that

< Cs. a7)

a(fum (t)dF) < Ce. (18)
r
Returning with (18) in (15) we get
, 2
, 2 2k+2 | Up, (t)|2,r
i, O+ = |Vrum Obr+ |um OBt ) < 1f O + 266 A (O + ———
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As the operator A € L (H o), L? (F)) then the last inequality is transformed into

2
|uc), mkr+2 = (Veun DL+ = |maﬁﬁam<2vumr+CAMAmmw) (19)
Integrating (19) from O to ¢,
dS4‘2|VFMm(0br'F |um(n@§£(0
f I Ok di +Cy f it (Ol + 2 ¥t OB+ o i OB

By the hypothesis of f, the convergence in (10), and the definition of the norm in H* (I'), observing (13) and (14),

we obtain:
1 !
3 ),

(tp)eny is bounded in L% (0, T:H' () mL2k+2(r)) ) Q1

@8+ Vet OF + = am (OB 1y < Cs. (20)

Thus,

Estimate 3 Set v = —2Aru,, (¢) in (10), that makes sense because ArV,, C V,,, we have:
d
— Vet O+ 21Aru O =2 (1" (1) Aruy ()
= 2a (fum @ dF) (Auty, (1), Artty (D)r — 2 (f (1), Artty, (D)
r

and therefore 4
= Vet (O + 21Art, O = 2 (155" (), Arwy, (),

(22)

< 2

a(fum 0 dl")‘ \Am (Do |1Arttm Olor + 21f Ol [Arttm (Dl -
r

Remark 1 For all v € C® ('), we have —2 (v”‘“,Arv) > 0. Since C*(T) is dense in H> (") N L**2(T') and
Uy € H? () N L**2(T), we obtain that —2 (u%f”, Arum) is non-negative. Note also the elementary inequality for
positive real numbers: 28 < o + 2.

From (22), employing (18) and Remark 1, we conclude that

|VFum ([)lzr + 2 |Aruyy, (t)|2r < 2C2 [Au,y, (t)|21" + = |AF'4m (t)lzr +2|f ([)lzr + = IAFum (t)|2r ,

that is, J
— 1Vrttn OB+ |Artty (O < 2CF 1Ay (O + 21f O (23)

Integrating (23) from O to # < T', we get
t T T
\Vrum O3 + f |Artt ()3 ds < 2C2 f VA, (D3 - dt + 2 f |f OF dt + Vi, O - (24)
0 0 0

Considering the convergence in (10),, the hypothesis on f, the fact that the operator A € L(H M), L? (F)) and
the limitation obtained in (21), from (24) we obtain the third estimate:

!
Vet ()5 + f Attty ()3 ds < Co. (25)
0
Finally we observe that from (21), (25) and the norm defined in (4) we get

(tm)men is bounded in L* (0, T H* (I)). (26)
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Passage to the limit
Thus we proved that the sequence of approximatios (#,,),,cy 1S bounded in the spaces: L (0, T;H! (F)), by (21);
2 (0,7; H* (D)), by (26); L (0, T; L**2 (I)) by (21) and (u,,) _ bounded in L2 (0, T; L* (I')) by (20).

From the above estimates we deduce that there exists (u,,) , subsequence of (u,,),,cn, and a function u, such that

peN
u, — u weak-star in L% (O, T;H!' (F)),

u, — u weak-star in L™ (O, T; L2+2(T )) ,

(27)
i, — u weak in L2 (o, T; H? (r)),
w, = u weak in L* (0, T; L*(I)).
On the other hand, from (18) and as the operator A € L (H o, 1? (F)), we conclude that
a(fuﬂ (1) dF) Au, (1)) < Cipae.on (0,T)
r 2T
and therefore
a(fu# ) dF) Auy (1) <Cy. (28)
r 12(0,7;L2(I))

From now on, we will consider some subsequeces of (u#)ﬂeN that will be still denoted by (u#)ﬂeN.

We have H?> (I') — H'(T) — L?(I), see Section 2 and H?> (') — H' (I) also compact, cf. Hebey (1999). Thus,
by compactness argument, see (Lions, 1969, p. 12) or (Aubin, 1963), we obtain a subsequence, such that

u, — u strongly in L? (O, T:H' (F)) (29)

and therefore
Au, — Auin L (0,T; L* (),

tthen,
Auy — Auae. onl'x(0,7). 30)
From (29), it follows that
u, — u strongly in L7 (0, T; L (I")) 31)
and therefore
fu,, (H)dl' - fu(t) dl"a.e.on (0,7). (32)
r r

As a is continuous, from (32) we get

a(fuﬂ (t)df) - a(fu(t)dl") a.e.on (0,7). (33)
r r

From (30) and (33), we conclude that

a (ﬁuy 63} dF) Au, — a (j;u 63} dF) Aunaeon x(0,7T). (34)
From (28) and (34), applying the result contained in Lions (1969, pp. 12-13), we obtain:
a( fr 1y (f) dF) Auy, — a( fr u(r) dF) Au weakly in L* (0, T; L (T)). (35)
Now note that from the first estimate we have
(") .y i bounded in L7 (0, T: L (). (36)
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k+2
where g = T : ] > 1, and from (31) it follows that
" = aeonT x(0,7). (37)

Therefore, from (36) and (37), by a similar argument as that one employed to obtain (35), we get

w, " — ! weakly in L4 (0, T; L (I)) (38)
. 2k +2 .. . .
with g = Tk Taking into account the convergences in (27)s, (27)4, (35) and (38), we can pass to the limit in
the approximate equation to obtain
u +a ( f udF) Au = Aru+ ! = fin L2(0,T; L (I)). (39)
r

We observe that, from the regularity obtained for u and u’, we have that « (0) makes sense and, in fact, we can
prove that u (0) = up.

Uniqueness

Let us consider u; and u, solutions of (9). From Theorem 4.1 we know that
uy, ur € L2 (0, T; H? (r)) NL® (0, T;H' () N L3*+2 (r)),
), uy € L2(0,7; L2(I)).

From (39), we have, after some calculations, that z = u; — u, satisfies
(Z/ ), v)r + (a (fuldr) Auy (1) - a(fuzdl") Auy (t),v) —(Arz (@) ,v)r + (u%kﬂ (1) — u2+! (t),v)r =0,
r r r

for all v e L* (I).
Taking v = z () we obtain

1d
57 R OB + V2 @B+ (1 (0 = 1! (0.2 () +

(40)
(a (fuldf)ﬂul (1) - a(fuzdf)ﬂuz 63) ,z(t)) =0.
r r r
By the mean value theorem, we obtain
(' =185 0,2(). > 0. (41)
Applying (41) to (40) we get
L B+ Mrz (0 < (a ( | uzdr) Aus (- a ( | uldr) Auy (0 ,z<z)) . @)
2 dt ’ ’ r r

Let us do some estimates with the right-side term of the above inequality, in fact employing the hypothesis about
the function a, we obtain

(a(fuzdr)ﬂuz (1) —a(fuldr)ﬂul (f),Z(t))

I T

((a( f uzdF) —a( f u]dl"))ﬂuz 0+ a( f uldr) (Auz (1) — Auy (r»,z(r))
I T I

fr (2 - ) dr' (A (0, 2 ()] + Crs Az (), 2 ().

(43)

IA

Ci
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By Cauchy—Schwartz’s inequality, Young’s inequality, by the regularity of the solution and recalling that A €
L(H'(T), L?(T)), we obtain

Cn

1
fr(uz - ul)dF’ (Auz (1), 2 ()] + Ci3 (A (1), 2 ()] < Cu3 |z D5 + 5 1Vrz Ol - (44)

Combining (43) and (44) then returning in (42), we conclude

1d 1

37 OB+ 5 IVrz 0 < Ci3 kOl - (45)
As z(0) = 0, uniqueness follows from Gronwall’s inequality by applying it to (45).
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