Journal of Mathematics Research; Vol. 5, No. 4; 2013
ISSN 1916-9795  E-ISSN 1916-9809

Published by Canadian Center of Science and Education

On Positive Integer Powers of Toeplitz Matrices

Honglin Wu'
! Department of Mathematics, Shanghai Business School, Shanghai, P. R. China

Correspondence: Honglin Wu, Department of Mathematics, Shanghai Business School, 123 Fengpu Ave., Fengx-
ian District, Shanghai 201400, P. R. China. E-mail: mathswu@ 163.com

Received: October 8, 2013 Accepted: October 30,2013  Online Published: November 14, 2013
doi:10.5539/jmr.v5n4p52 URL: http://dx.doi.org/10.5539/jmr.v5Sn4p52

The research is supported by Excellent Young Teacher Foundation of Shanghai (sxy10004) and by Foundations of
Shanghai Business School for teachers with a Doctor’s degree, A-0201-00-050-205, BN2154-3-1

Abstract

In this paper, we restate a necessary and sufficient condition for all positive integer powers of a Toeplitz matrix to
be still Toeplitz matrices which was ever studied by T. N. E. Greville (1983) and Tamir Shalom (1987), and our
new proof is clear and self-contained. We also derive some identities involving the entries of the Toeplitz matrix
and those of its positive integer powers in case that the powers are still Toeplitz matrices.
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1. Introduction

A Toeplitz matrix is an n X n matrix A = (a;;) where a;; = a;_;, i.e., a matrix of the form

aop aj a - dp-
a- apg  ar o po
A= a_p a_) ap . . y
aj
A-p+1 dpy2 -0 A ao
where a_,41,d-p42,...,a-1,a0,a1,a,...,a,—1 € C. The entries of A are constant down the diagonals parallel to

the main diagonal. Toeplitz matrix arises in scientific computing and engineering, for example, image processing,
numerical differential equations and integral equations, time series analysis and control theory (see Chan & Ng,
1996; Gray, 2006; Horn & Johnson, 1985; Kailath & Sayed, 1995). A great deal is known about the behavior of
such matrices—the most common and complete references being Grenander and Szegd (1958). A more recent text
devoted to the subject is Bottcher and Silbermann (1999).

For an n X n matrix A = (a;;), we call the diagonal parallel to the main diagonal which has the entries a; ., (i =
1,2,...,n —r) the upper-rth diagonal for r = 1,2,...,n — 1, and call the diagonal parallel to the main diagonal
which has the entries a;;_, (i = r+ 1,7 + 2...,n) the lower-rth diagonal for r = 1,2,...,n— 1. Givenann X n
Toeplitz matrix A = (a;;) = (a,-;), the upper-rth diagonal has the constant entry a,, and the lower-rth diagonal has
the constant entry a_, forr = 1,2,...,n— 1.

Notice that the positive integer powers of Toeplitz matrices are not necessarily Toeplitz matrices. However, we
can still find a great deal of Toeplitz matrices whose positive integer powers are Toeplitz matrices, for example,
circulant matrices. So what additional conditions do those kinds of Toeplitz matrices have? In section 2, we restate
a necessary and sufficient condition for Toeplitz matrices to have Toeplitz positive integer powers which was ever
studied before. Moreover, we also get some additional results about this problem In section 3, we give some
examples to interpret our result.
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2. Main Results

T. N. E. Greville obtained a criterion for a nonsingular Toeplitz matrix to have a Toeplitz inverse in 1983 (see
Greville, 1983). In 1987, Tamir Shalom derived an equivalent necessary and sufficient condition for a nonsingular
Toeplitz matrix to have a Toeplitz inverse, and proved that the statement “All positive powers of a nonsingular
Toeplitz matrix are Toeplitz matrices” is equivalent to the statement “The inverse of a nonsingular Toeplitz matrix
is a Toeplitz matrix” (see Shalom, 1987). We restate the necessary and sufficient condition for Toeplitz matrices to
have Toeplitz positive integer powers and give a new proof.

Obviously, any power of a Toeplitz matrix of order n = 1 is naturally a Toeplitz matrix, and any power of a
scalar matrix which is a diagonal matrix whose diagonal elements are the same scalar is also a scalar matrix that
is naturally a Toeplitz matrix. So we only need to consider Toeplitz matrices of order n > 2 which are not scalar
matrices in the following. Now we derive an important result for the product of two Toeplitz matrices which are not
scalar matrices to be still a Toeplitz matrix, and obtain some connections between the entries of the two Toeplitz
matrices and those of their product.

Lemma 1 Let A = (aj_i)::ljZI’ B = (bj_,-);’j:l
aibj_, = ai_,bj fori,j = 1,...,n -1, then the product AB is also a Toeplitz matrix. Furthermore, if we let
AB=C= (Cj,,-);szl, then ciaj_, = ci_yajand c;bj_, = ci_,bjfori,j=1,...,n— 1.

Proof. Suppose A = (a;))!,_; = (a;-)!,_;, B = (b))

i,j=1

be Toeplitz matrices which are not scalar matrices, n > 2. If

ro = (b;-)!._, are Toeplitz matrices which are not scalar

sJ= Lj=

n n

matrices, and AB = C = (cij)l’fj:l. Then ¢;; = 21 ajpby ;= 21 ap-ibj_,for1 <i,j<n. Thus,forr=1,2,...,n-1,
p= p=

the entries of C down the upper-rth diagonal are

n—i

n
Cijitr = Z ap—ibi+r—p = Z aqbr—qs i=1,-,n—r
p=1 i

g=1-i

the entries of C down the lower-(n — r)th diagonal are

n n—i
Cijitr-n = Z ap—ibi+r—n—p = § aqbr—n—qs i=n—-r+1,---,n

p=1 g=1-i
And the entries of C on the main diagonal are

n—i

n
Cii = E ap,,'b,;p = E aqb,q, i= 1,2,"' ,n.
p=1

g=1-i
Now we assume a;bj_, = a;_,bjfori,j=1,...,n—1.
Case (I) a;a;—, =0 foranyi=1,...,n— 1.

Then forany j = 1,...,n -1, we have 0 = a;b;_,a;_,b; = a%b?_n = aiz_nb? That is, a;b;—, = a;_,b; = 0 for any
Lj=1,...,n—-1.

Subcase (I) There exists an ip (1 < iy < n — 1) such that a;, = 0 and a;,—, # 0.

Since a;y-,b; = a;,bj-, = 0, we have b; = 0 (j = 1,...,n — 1), i.e.,, B is a lower triangular Toeplitz matrix.
Considering that B is not a scalar matrix, so there exists an jo(1 < jo < n — 1) such that b;_, # 0. Then
ai=0(@G=1,...,n—1)since abj,_, = ai_,bj, = 0,1.e., Ais also a lower triangular Toeplitz matrix. Thus we only

need to show that the lemma holds for the case in which A and B are both lower triangular Toeplitz matrices. Note
that, for r = 1,2,...,n — 1, the entries of C down the upper-rth diagonal are

n—i
Cii+r = Z aqbr—q:07 i=1,---,n—-r;

g=1-i

the entries of C down the lower-(n — r)th diagonal are

n—i 0
Cijitr-n = § aqbr—n—q = Z aqbr—n—q,

g=1-i q=r—n
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foralli=n—-r+1,---,n. And the entries of C on the main diagonal are

n—i

Cii = Z agb_q = apby, i =1,2,--- ,n.

g=1-i
Thus, C = AB is also a lower triangular Toeplitz matrix. Furthermore, if we let AB = C = (Cj—i);l,j:la then
Cidjpn = 0= Ci—nQj and Cibj—n =0= Cl‘_”bj for l,] = 1, e, 1.
Subcase (IT) There exists an iy (1 < iy < n — 1) such that a;, # 0 and a;,—, = 0.

This subcase can be proved similarly to Subcase (I). In fact, A and B are both upper triangular Toeplitz matrices in
this subcase.

Case (I) bib;—, =0foranyi=1,...,n—1.
This case can be proved similarly to Case (I).

Case (III) There exist p,g (1 < p,q < n— 1) such that apa,_, # 0 and byb,_, # 0.

Considering that b;a,_,b;_n,a, = bi_,a,b;a,_, and aib, n,a; ,b,; = a;_,bsa;b,, fori,j = 1,...,n— 1, we have
bibj_” = bi—nbj and ajp, = djipd; for l,J = 1, NN (A 1.
Since ajbj_, = aj_,bj fori,j=1,...,n -1, we get equations for r =0,1,2,--- ,n - 2:
an1br 1 = aby,
Anabrpia = aobp,
armbo1 = by
Hence,
n-2 n-2
Z aqbr—q + Ap_1br_p41 = a.1b + Z aqbr—q,
q=0 q=0
n-3 n-3
Z aqbr—q + an2brpi2 = a_sbn+ Z aqbr—q,

q=— g=—1

r

r
Z aqbr—q+ar+1b—1 ar—n+1bn—1+ Z aqbr—q'

q=r—-n+2 q=r—n+2
That is,
n—1 n—2
Cll+r = Z aqbr—q = Z aqbr—q = C22+r5
q=0 q=-1
n-2 n-3
C224r = Z aqbr—q = Z aqbr—q = C33+4rs
q=-1 q==2
r+l r
Cp—r-1n-1 = Z aqbr—q = Z aqbr—q = Cn—rpn-
q=r—n+2 g=r—n+1
Therefore, the entries down the upper-rth diagonal of C are equal for r = 1,2, ...,n— 1 and the entries on the main
diagonal of C are also equal.
Similarly, we get equations for r = 2,3,--- ,n — 1 (suppose n > 3 now without loss of generality since it is not
necessary to prove the case n = 2 here):
ar—lbl—n = ar—n—lblv
ar2byy = ar_,2bs,
ayb,_n_i = aj_pb.
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So
r=2 r=2
Z aqbr—n—q + ar—lbl—n = ar—n—lbl + Z aqbr—n—(p
q=r—n g=r—n
r=3 r=3
Z aqbr—n—q + ar—2b2—n = ar—n—2b2 + Z aqbr—n—q,
q=r-n—1 g=r-n—1
0 0
Z aqbr—n—q +albr—n—] = al—nbr—l + Z aqbr—n—cp
q=2-n g=2-n
That is,
r—1 r=2
Cn—r+1,1 = Z aqbr—n—q = Z aqbr—n—q = Cn—r+2.25
q=r-n g=r-n—1
r=2 r=3
Cn—r+22 = Z aqbr—n—q = Z aqbr—n—q = Cn—r+33,
g=r—-n—1 g=r—-n-2
1 0
Cn—1,r-1 = Z aqbr—n—q = Z aqbr—n—q = Cnr-
q=2-n g=1-n
Thus, the entries down the lower-(n — r)th diagonal of C are equal for r = 1,2,...,n— 1.

Therefore, AB is also a Toeplitz matrix. Furthermore, if we let AB = C = (c j—i)Zj:v then

i i-1

Ci =Cy_jp = Z Clqbi_q = a;bg + aph; + Z aqb,-_q

g=i—n+1 g=i-n+1
q#0
and
i-1 i-1
Ci—n = Cp—i+1,1 = Z aqbi—n—q = a;_nbo + apb;_, + Z aqbi—n—q'
q=i—n g=i-n+1
q#0
Hence,
i-1
Cidj—p = boa,-aj,,, + aob,-aj,n + Z aqb;,qaj,n
g=i-n+1
q#0
i-1
= boa,-_,,aj + aob,-_naj + Z aqbi_q_,,aj = Cipdj
g=i-n+1
q#0
and
i—1
C,‘bj_n = b()a,‘bj_n + aob,-bj_,, + Z aqbi_qu_n
g=i-n+1
q#0
i-1
= boa,-,,,bj + a()b,',nbj + Z aqbi,q,nbj = C,;nbj
g=i-n+1
q#0
forany i, j=1,2,...,n— 1. ]

Next we obtain a sufficient condition for a Toeplitz matrix to have Toeplitz positive integer powers by the lemma
above, and clarify the connections between the entries of the Toeplitz matrix and those of its positive integer
powers.
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Lemma 2 Let A = (“J'—i):‘szl be a Toeplitz matrix, n > 2. If aqja;_, = aj_pa; fori,j = 1,2,...,n—1, then AF
is also a Toeplitz matrix for any positive integer k. Furthermore, if we let A* = (a;k_)l.), then aia;k_)n = ai,,,ai.k) for
Lj=12,....n—- 1

Proof. If A is a scalar matrix, then the lemma holds naturally. Otherwise, We prove by induction on k. The case
k = 1 holds naturally and the case k = 2 is proved by choosing B = A in Lemma 1.

Now we suppose that the lemma holds for k— 1. Since A = AA*~!, the lemma holds by taking B = A*~! in Lemma
1. O

Now we derive a necessary condition for Toeplitz matrices to have Toeplitz squares.
Lemma 3 Let A = (aj—i)?,jzl’ and A? be Toeplitz matrices, n > 2. Then ajaj_, = aj_na; fori,j=1,2,...,n—1.

Proof. Suppose that A = (aj,,-);.szl, A? = (cj-i) Then for r = 1,2,...,n — 2, the entries of A2 down the

et
upper-rth diagonal are equal:

—_

n- r

n-2
Aqlr-q = Z Aqlr—g ="+ = E Aqlr-g;

g=—1 g=1-n+r

Il
(=)

q

the entries of A% down the lower-(n — r)th diagonal are equal:

r—1 r=2 0
Z AgQr—n—q = Z N e E Agdr—n—g-
q=r—n g=r—-n—1 g=1-n

And the entries of A? on the main diagonal are also equal:

n—1 n-2 0
Co = aqa_q = Z aqa_q == Z aqa_q.
q=0 g=—1 g=1-n
Compare both sides of each “=", we derive (n — 1)? identities: aiaj_, = aj_pajfori,j=1,2,...,n—1. O

Finally, our main theorem of this paper can be easily obtained.

Theorem 4 Let A = (a j_,-)i.’].zl be a Toeplitz matrix, n > 2. Then any positive integer power of A is also a Toeplitz

matrix if and only if a;a;_, = a;_,a; fori,j=1,2,...,n—1.
Proof. The sufficiency is proved by Lemma 2, and the necessity is proved by Lemma 3. O

The condition in Theorem 4 can be examined by computer easily, so it is a valuable condition for us to study the
powers of Toeplitz matrices. We note that circulant matrices are well-known examples of such Toeplitz matrices
satisfying the necessary and sufficient condition above.

3. Examples

Now we give some matrices, and compare the powers of them.

1 2 3 4 25056 25072 24928 24944
A= 4 1 2 3 A5 = 24944 25056 25072 24928
341 270 24928 24944 25056 25072
2 3 4 1 25072 24928 24944 25056
1 2 4 8 28361 34266 40476 47576
B= 4 1 2 4 B = 23788 28361 34266 40476
2 41 270 20238 23788 28361 34266
1 2 4 1 17133 20238 23788 28361
1 2 40 10681 11674 12988 9520
C = 4 1 2 4 5 = 14668 16841 18394 12988
2 41 270 13214 14668 16841 11674
1 2 4 1 11997 13214 14668 10681
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The matrix A is a circulant matrix, hence any positive integer power of A, A% for example, is still a Toeplitz matrix
(a circulant matrix actually) by Theorem 4. The matrices B and C are both Toeplitz matrices, however, B> is a
Toeplitz matrix while C3 is no longer a Toeplitz matrix since C = (¢ j_i);szl does not satisfy the conditions in
Theorem 4: c3¢0-4 = 0X 2 # ¢c3.4¢2 =4 X 4.

Toeplitz matrices have nice properties and great applications in science and industry, there remain many problems
for us to study.
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