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Abstract

An epidemic model with non-monotonic incidence rate under a limited resource for treatment is proposed to understand
the effect of the capacity for treatment. We have assume that treatment rate is proportional to the number of infective
when it is below the capacity and is a constant when the number of infective is larger than the capacity. Existence and
stability of the disease free and endemic equilibrium are investigated for both the cases. Some numerical simulations are
given to illustrate the analytical results.
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1. Introduction

The incidence in an epidemiological model is the rate at which susceptible become infectious. The form of the incidence
rate that is used in the classical Kermack Mckendrick model (1927) is the simple mass action AS I where S and I denote the
number of susceptible and infectious, respectively, A is called the infection coefficient. The standard incidence is AS I|N,
where N is the total population size and A is called the daily contact rate. Another kind of incidence is the saturation
incidence ASI/(c + ') where c is a constant. When the number of susceptible S is large compared to c that incidence is
approximately A/. This kind of incidence was proposed by Anderson and May (1979), Lourdes and Matias (1991). Many
researchers (see Hethcote and Levin, 1988; Esteva and Matias, 2001; Liu et al., 1986; Liu et al., 1987) have proposed
transmission laws in which the nonlinearities are more than quadratic. Ruan and Wang (2003) studied an epidemic model
with a specific nonlinear incident rate A12S /(1 + aI?) and presented a detailed qualitative and bifurcation analysis of the
model. They derived sufficient conditions to ensure that the system has none, one, or two limit cycles and showed that the
system undergoes a Bogdanov-Takens bifurcation at the degenerate equilibrium which include a saddle-node bifurcation,
a Hopf bifurcation, and homoclinic bifurcation.

A more general incidence rate AI”S /(1 + al?) were proposed by many researchers and authors (see, Liu et al., 1986;
Derrick and Van den Driessche,1993; Hethcote andVen den Driessche, 1991, Alexander and Moghadas, 2004). Xiao and
Ruan, 2007 proposed an epidemic model with non-monotonic incidence rate AIS /(1 + aI?). Treatment plays an important
role to control or decrease the spread of diseases such as flue, tuberculosis, and measles (see Feng and Thieme, 1995; Wu
and Feng, 2000; Hyman and Li, 1998). In classical epidemic models, the treatment rate is assumed to be proportional
to the number of the infectious, which is almost impossible in real perspective because in that case the resources for
treatment should be quite large. In fact, every country or society should have a suitable capacity for treatment. If it is too
large, the country or society pays for unnecessary cost. If it is too small, the country or society has the risk of the outbreak
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of a disease. Wang (2006) proposed a treatment function:

T() = rl, if0<1I<I,
Ky, if I> I,

where K| = rly. This type of treatment function is more realistic because in every hospital, the number of beds is limited
and also they have a certain capacity of medicines. In our proposed model we have considered an epidemic model with
non monotonic incidence rate under the treatment.

Thus our model becomes

ds TN

- = a=dS— 5 +pR, (1)
dl AIS

= = - I-Td 2
= S~ d A m) = T(), 2
% = ml—(d+B)R+T(), 3)

where S(t), I(t), R(t) denote the number of susceptible, infective, recovered individuals, respectively; a is the recruitment
rate of the population, d is the natural death rate of the population, A is the proportionality constant, m is the natural recov-
ery rate of the infective individuals, 3 is the rate at which recovered individuals lose immunity and return to susceptible
class, « is the parameter measures of the psychological or inhibitory effect. In our work we take the treatment function T
(D), defined by

T(I)

rl,if 0 <I<1Iy €]
Ky, if I > I, 5)

This means that the treatment rate is proportional to the infective when the number of infective is less or equal to some
fixed value Iy and the treatment is constant when the number of infective crosses the fixed value /. In practical view, the
above form of treatment function is justified where patients have to be hospitalized and the number of beds is limited or
the medicines are not sufficient.

Part I: SIR model with 0 < I < I.
2. Equilibrium states and their stability

In this case the system (1)-(3) reduces to

ds ALS
2~ 4—dS - R

dr a=dS - mop PR ©)
di ALS

= - - I

dt T+op ~@rm*nl @
dR

= = (m+nl-d+pR. )

The system of equations (6)-(8) always has the disease free equilibrium Ey(a/d, 0, 0) for any set of parameter values. The
endemic equilibrium is the solution of

a-dS - 55 +BR =0,
AS _(d+m+nrl =0,

I+al?

(m+r)I—(d+pB)R=0.

From the third equations we get R = {(m + r)/(d + §)}I and from the second equation S = (d + m + r)(1 + al?)/A. Now
substituting R and S in the first equation, we get

a'd(d+m+r)12+/l{d+m+r—ﬁ(m+r)/(d+,8)}1+d(d+m+r)—/la=0. 9)

We define the basic reproductive number as follows

Aa

Ry=——"-——.
dld+m+r)

(10)

From the equation (9) we see that if Ry < 1, there is no positive solution as in that case coefficient of 12,1 and constant
term are all positive, but if Ry > 1, then by Descartes rule there exists a unique positive solution of (9) and consequently
there exists unique positive equilibrium E*(S*, I*, R*), called endemic equilibrium.
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Here, R* = {(m + r)/(d + BYI*,S* = (d + m + r)(1 + aI'*)/A and

I'=[-K{d+m+r—Bm+r)/d+p)}+ VA )/{(2ad(d + m + r)}, (an

where Ay = 2{d +m+r —Bm+r)/(d +B)Y —4ad*(d +m + r)’[1 — Ry].
Obviously A; > 0, when Ry > 1.

To investigate the stability of the system, we first prove that S (f) + I(f) + R(¢f) = a/d is invariant manifold of the system
(6) - (8), which is attracting the first octant.
Let N (1) = S(t) + I(¢) + R(¢), then

d
— = a—dN(@, this imply N() = Ay ™ + a/d.

where N(ty) = A; e~ + a/d, therefore N(7) = (N(ty) — a/d) e~ + a/d.
Thus N(t) — a/d, ast — oo. So the limit set of system (6) - (8) is on the plane S + I + R = a/d.
Thus the reduced system is

dl _ Al(a/d—1-R)

— = -d+m+r)l=F (R), 12
= o —d+m+ Dl =F (LR (12)
dR
E:(m+r)1—(d+,8)R:F2(1,R). (13)
Now to test the local stability of the above system we rescale the system by
Al AR
=—,y=>——,T=W t
* d+p Y d+p @+p)
and obtain 4 K )
x x(K-x-y
=" - P 14
dT 1 +va? e (14
d
d—;:wx—y, (15)
al d+m+r a(d + B)? m+r
where K = U= LV = W= .
dd+p; " Tdep p i+ B

Here Ey(0,0) is the disease free equilibrium and the unique positive equilibrium (x*,y*) of the system (14)-(15) is the
endemic equilibrium E* of the model (6)-(8). (x*,y*) exists if u — K < 0 and is given by wx?+ (1 +wx* +u-K) =
0; y* = wx™.

Therefore,

=+ w) + VI +w)? — duv(u - K)
h 2uy ’

*

¥ = wx". (16)
The jacobian matrix corresponding to Ey(0, 0) is
w -1

we] 57 0

Obviously (i) if (K —u) > 0, (0, 0) is an unstable saddle point;

(i) if K = u, (0, 0) is saddle node;

(i) if (K — u) < 0, (0, 0) is a stable node.

Here (K—u)>0© Ry>1land (K—-u) <0 Ry < 1.

So, whenever E* exists, E( turns to an unstable saddle point.

Now when (K — u) > 01i.e. Ry > 1, we discuss the stability of endemic equilibrium (x*, y*).
Jacobian matrix corresponding to (x*, y*) is

x* (vx*? + 2vwx? = 2Kvx* = /(1 +ve'?)?  —x*/(1 + vx*?)

M = w -1

The sign of det (M) = x*{1 + w + 2Kvx* — v(1 + w)x*2}/(1 + vx*?)? is determined by the sign of

Pi = —v(1 + w)x*? + 2Kvx* + (1 + w). (17)
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We have uvx™ + (1 + w)x* + (u — K) = 0. (18)

_ 2 * M
Now u X (18) + (1 + w) X (17) = uP; = {2Kuv + (1 + w) }{X + 2Kuv + (1 +w)2}'

Now substituting x* = {—(1 + w) + A;}/2uv, where A| = \/(l + w)? — duv(u — K), we get

uPy = L[—(1 + WAL + A2Kuv + (1 +w)?)] = _—Al[(l + WA — 2Kuv + (1 + w)?}].
2uv 2uv

A ) (1+w)A1[ ZKuv) ]
P = —[1+wA; —{2Kuv + (1 + =—F | +w+ - Al
o 2u2v[( WAL — {2Kuy + (1 + w)7}] 2y (W T I
Since

2Kuv\? 4K2uPV?
(1+w+ ”v) A=Y s,

l+w 1+ w)?

therefore P; > 0, and hence det (M) is positive for any set of parameters.

Therefore, the positive equilibrium (x*,y*) is either a node, a focus or a center. The eigen values of M, are 4 =
%(Trace(Ml) + \/(Tmce(Ml))2 - 4det(M1)).

The fact that det (M) > 0 implies that

ITrace(M,)| > \(Trace(M,))? — 4 det(M,).

The stability of the (x*, y*) depends on the sign of the Trace and determinant of the jacobian matrix:

(x*,y*) is stable if Trace (M;) < 0, unstable if Trace (M;) > 0. (x*,y*) is a node if (Trace(M, )2 > 4 det(M,) and a focus
if (Trace(M)))? < 4 det(M,).

Now Trace (M}) = {—v*x** + (1 + 2w)vx™> = 2(1 + K)vx*2 — x* — 1}/(1 + vx*2)2.
So the sign of Trace (M) is determined by

Py = "X + (1 +2wvx™ = 2(1 + Kyvx? — x* — 1. (19)

After some algebraic calculation using (18) and (19) we get, u*vP, = P3x* — P4, where
Py =1+ W[ +w)? + u(l + w)(1 +2w) + 2uvK] + u>vK(l +2w) + 2u>v(1 + w)(K — u),
Py = (K —w)[(1 +w)? + u(l +w)(1 +2w) + w[(K — u)® + 2u(K — u)(1 + K) + u?].

Therefore P; and P, are positive for any set of parameters with K > u. So when (x*, y*) exists, the condition for the local
stability of (x*,y*) becomes x* < P4/P;3.

The above discussion can be stated through a theorem.

Theorem 2.1. (i) When the basic reproductive number Ry < 1, there exist no positive equilibrium of the system (14) -
(15), and in that case the only disease free equilibrium (0, 0) is a stable node.

(i) When R > 1, there exists a unique positive equilibrium of the system (14) - (15), and in that case (0, 0) is an unstable
saddle point. Also the condition for which the unique positive equilibrium will be locally stable is x* < P4/P3.

Global Stability. To investigate the global stability of the disease free equilibrium it is sufficient to show that (1(¢), R(t)) —
(0,0). From here, it is clear that S(f) — a/d. Now from positivity of the solutions, /() and R(?) satisfy the differential
inequality given by

dl Aa di
<

E_{;—(d+m+r)}1:d—t, (20)
% <m+nl—(d-PR = g @1

Here i(t), r(¢) are linear, and (i(¢), 7(t)) — (0,0) as t — oo if /lg —(d+m+r)y<0ieRy<l.

Since I(f) < i(t) and R(¢t) < r(z), (I(¥), R(t)) — (0,0) as t — oo by simple comparison argument. Hence disease free
equilibrium is globally stable.

Now to investigate whether system (12) — (13) admits limit cycle or not, we take Dulac function D(I,R) = (1 + al®)/al,
then
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O(DF1)/d1 + O(DF2)/0R = =1 — {2a(d + m + r)/ A} — {(d + B)(1 + al?)}/ Al < 0,
hence the system (12)-(13) has no limit cycle in the positive quadrant, so we reach the theorem 2.2.

Theorem 2.2. If Ry < 1, then the disease free equilibrium Ey(a/d,0,0) of the system (12) - (13) is globally stable.
But when Ry > 1, system (12)-(13) have unique positive equilibrium and further when x* < P4/P3 that unique positive
equilibrium must be locally stable. Again since the system have no limit cycle in the positive quadrant, E*(x*, y*) must be
globally stable under the condition Ry > 1 and x* < P4/P3.

Part II. SIR model with I > I.
3. Equilibrium states and their stability

In this case the model reduces to

das AlIS

L o_a—ds- R 2
ar T B T TR 22
dl ALS

e I-K 2
- Trapr @tm I (23)
dR

E=ml—(d+,8)R+K1. 24)

Since S + I + R = a/d is invariant manifold of the system (22)-(24), the model reduces to

dl _ Al(aJd—1-R)

— = - I - K 2
di 1 +al? (@ m) b )
dR
E:ml—(d+,8)R+K1. (26)
Al AR
Substituting X = m’y:dTﬂ’T:(d-’-ﬂ)t
we get
dx x(L-x-y)
o " T (L—x—v)— - 27
ar = (e LAY mmrmc o
d
—yzwlx—y+c, (28)

T
Where Vi =V = a(d +ﬁ)2//12, L=K-= a/l/{d(d +ﬁ)}’ uy = (d+ m)/(d +B)’
c =K, /(d +P)*, wi = m/(d + p).
For equilibrium x(L — x — y) — u1 x(1 + v;x?) — ¢(1 + v;x%) = 0,

or,
upx + (L+wi+e)x* +(c+u —K)x+c=0. (29)

If u; + ¢ > K, (29) has no positive solution, but if #; + ¢ < K, it has either two positive roots or no positive root. By theory
of equation

aoxX® +3a1x* +3apx + a3 =0 (30)

has all of its roots real if G> + 4H? < 0 and H < 0, where H = apa; — a%,

G = ajas — 3apa a, + 2a;. Comparing equation (29) to (30) we have ag = u;v,
a=0+w+cev)/3,a, =W +c—K)/3,and a3 = c.

Here H = apa, — a% =uf(u; +c = K)/3) = {(1 +w; +ev)/3)2 <0, foru; + ¢ < K.
G? +4H? = (a0a3 = 3apaia, + 2a3) + 4(apar — a )3

= ao(aoa3 6bapaiaraz + 4a3a + 4(10112 3a2a§)

Therefore
G* +4H? < 0,if (aja3 + daza; + 4apa3) < (3atas + 6apa;azas) (31)
To investigate the local stability of the positive equlhbrlum (x,¥) of the system (27)-(28), we consider the jacobian matrix
{(1 +vi?)(K — X — 7 — X) = 2vi(k% — X* — X3) —X
My(x,3) = 1+ vi2 TR
w1 -1
Now
det(M>)
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=R+ DK = 2% - wi X —¢) + 2vE(KX — X — w2 — cX) + uy (vX + D2+ wi XX + 1)

(1 +vx2)?
Sign of det(M5) is determined by
Ps = up’ @ + (Kv = ve + 2u)® + (2 4 2w)x + (¢ + u; — K). (32)
Now (32) — vi x (29) =
Ps = —v(1 +wi + V)E + v2K + uy — 20)% + (2 + 2wy —vo)X + (¢ + uy — K). (33)

Again (1 + wy +¢v) X (29) + u; X (33) =

u1Ps = #{2Kuyv + u%v —2upve + (1 +wy + ev)?} + X{Quy + 2uyw, — ugve) +

I +wy +cev)(uy +c—K)}+ {(cuy + uf — Kuy) + c(1 +wy + cv)}.

U Ps = E1F + EX + &3, where &) = {u%v + (1 +wi+cv)?+2uv(K —¢)) > 0for K > c.
So, the sufficient condition for which Ps > 0 is

& —466<0. (34)
1+vi®) K -2%x-9) - 2vi2(K-%—7
Now Trace (M) = (d+vr) al y)_ LSt )) (g + 1)
(1 +vx?)?

_{a+ VWK = 2% —wix—¢) = 2v2(K = % — w1 X — ¢) — (u; + D)(1 +vi?)?)
h (1 + vi2)? '
So the sign of Trace (M) is determined by

Ps = —(u; + DV + vw B2 + (e — Kv = 2vuy = 20X = 2+ w)E+ (K —c—uj — 1). (35)

After some algebraic calculation using (29) and (35) we get

uiPs = m X + mx + 13,

where

m =—-[(1+w; +cv)Quiwi +ujecv+up +wyp +cv+ 1)+ uv{(K —o)(1 + 2uy) + u% +u}] <0,
for K > u; +c,

1 = ui(evuy +cv —2u; —wiuy) — (U + ¢ — K)Quiwy + ujecv +up + wy +cv+ 1),
m=ui(K—c—u —1)=cQuiw; +ujcv+u; +wy +cv+1).

Therefore the sufficient condition for which Pg < 0 is

5 — 4mns < 0. (36)
So we reach the theorem 3.1

Theorem 3.1. When K > u; + ¢, the system (27)-(28) has two positive equilibrium (X;, ;) and (X, y»), where X, X, are
two positive solutions of the equation (29) under the parametric restriction given by (31), moreover when the conditions
(34) and (36) are satisfied at some equilibrium point, that equilibrium point must be asymptotically stable.

4. Simulation and Discussion
Case I. 0 < I < Iy : If we choose the parameters as follows:

a=3,d=0.1,1=03,a=0.5,8=0.1, m =0.01, r = 0.2, then we get the unique positive equilibrium point (18.18827,
5.76243, 6.050551). Here the basic reproductive number Ry = 29.03226 > 1. For the above choice of parameters we
see that all the three components S (), I(¢), R(f) approach to their steady state values as time goes to infinity, the disease
becomes endemic (see figure 2).

< Figure 1 >

Again if we take a = 15, d = 25,4 =05, a = 1,8 = 0.5, m = 10 and r = 0.1, the value of the basic reproductive
number becomes 0.2380952 < 1 and in that case we see that, the disease dies out (see figure 3).

< Figure 2-3>
By rescaling, the system (14) & (15) reduces to

dx  x45-x-y)

o BV 55y,

dT = 1+022200222° .
y

D 105-y.

dT Y

Here (u—K) < 0, and hence there exists unique positive equilibrium point (x*, y*) where x* = 9.075827 and y* = 8.643645.
For the above choice of parameters P3; = 9.162602 > 0 P4 = 196.5196, P,/P; = 21.44801 and therefore the sufficient
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condition for local stability i.e. x* < P4/P5 is satisfied here. We have drawn figures for both the system (S (¢), 1(7), R(?)
and (x(T), y(T)) to verify our result (see figures 4 and 5 ).

< Figure 4-5 >

Figures 4 and 5 also shows that there exists no limit cycle and the unique positive equilibrium (18.18827, 5.76243,
6.050551) of the system (6)-(8) or equivalently (9.075827, 8.643645) of the system (14)-(15) is globally stable.

In our model parameter @ describes the psychological or inhibitory effect. From (11), we see that the steady state value /*
of the infective decreases as « increases. To verify the result we have plotted figure6 for different values of @, keeping all
other values of the parameters same as for figure?2.

< Figure 6-7 >

We have also plotted figure 7 for different values of m, keeping all others parameter values same as for figure 2 and see
that the steady state value I* decreases as m increases. Further we have plotted figure 8 to see the dependence of I* on the
parameter r and see that I* decreases as r increases.

< Figure 8-9 >

To see the dependence of the steady state value S* of the susceptible on the parameter r, we have plotted figurel10 and
have seen that S * decreases as the parameter r increases, keeping all other parameters same. < Figure 10 >

Case (II): I > Iy To study the system (1)-(3) numerically, where I > I, , we choose our parameters as, a = 2.8,d =
0.0453,1 =04, =2.0,6=0.13,m = 0.01,K; =0.7.

Here S +1+R = (a/d) = 61.810154 is invariant manifold. So the system reduces to dI/dt = {(0.4)I/(1 +217)}(61.810154—
I —R)—(0.0553)I - 0.7,

dR/dt = (0.01)I — (0.1753)R + 0.7.

To rescale the system we consider

x ={4/(d+PB)}Hie. x = (2.2818026)],y = {1/(d + B)}R i.e. y = (2.2818026)R, T = (0.1753)¢, which reduces the above
system to dx/dT = {x(141.2386 — x — y)/(1 + 0.3841261x%)} — (0.3154592)x — 9.111591, dy/dT = (0.5704507)x — y +
9.111591.

Now to find the equilibrium point of the above system we see thatu; + ¢ = 9.4270502 < 141.0386, K and hence equation
(29) has either two positive roots or no positive root. But here ag = 0.1211761,a; = 1.519015, a, = —43.87051, anda; =
c=9.111591. So, H = -7.623465 < 0, and

(agag + 4a3a? + 4a0ag) - (3a%a§ + 6agajaraz) = —53721.47 <0, i.e. (31)

is satisfied which imply that G> + 4H> < 0. Therefore for our choice of parameters the system (27)-(28) has two positive
equilibrium (19.0878, 10.2004) and (0.0694, 9.1155).

< Figure 11 >

Now at (19.0878, 10.2004) the value of the det(M,) = 24659.46 > 0 and Trace (M,) = —42992.9 < 0, therefore (19.0878,
10.2004) will be asymptotically stable.

Figure 13 shows that (19.0878, 10.2004) is a stable node, also figure 12 shows that the corresponding equilibrium point
(48.96, 8.36, 4.47) of the system (22)-(24) is a stable node.

< Figure 12-13 >

Again at the other equilibrium point (0.694, 9.1155), value of Det (M;) = —131.1483 < 0 and Trace (M;) = 130.1843 > 0
and hence it becomes unstable.

Figure 14 shows the dependence of the steady state value I* of 1(t) on the parameter K| and we see that I* decreases as K,
increases.

< Figure 14-16 >

We see that basic reproductive number plays an important role to control the disease. When R < 1, there exists no positive
equilibrium, and in that case the disease free equilibrium is globally stable, that is the disease dies out. But when Ry > 1,
the unique endemic equilibrium is globally stable under some parametric condition. Also we see that the treatment rate
plays a major role to control the disease. From figure 14(b), we can see that when the value of the parameter K| crosses a
definite value 1.27, the disease dies out. Figurel5 and 16 show that number of susceptible and recovered increases as the
value of the parameter K, increases.
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Figure 2. The plot represents that the SIR epidemic model is asymptotically stable. This plot is the numerical result of
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Figure 4. Equilibrium point (18.18827, 5.76243, 6.0550551) of the system (6)-(8) globally asymptotically stable
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Figure 5. Equilibrium point (9.075827, 8.643645) of the system (14)-(15) is globally stable
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Figure 7. This figure shows the dependence of I* on the parameter m
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Figure 8. This figure shows the dependence of /* on the parameter r
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Figure 9. This figure shows the dependence of R* on the parameter r
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Figure 10. This figure shows the dependence of S* on the parameter r
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Figure 11. This figure shows that the populations approach their steady state as time goes to infinity and the disease
become endemic
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Figure 12. Equilibrium point (48.96, 8.36, 4.47) of the system (22)-(24) is globally asymptotically stable
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Figure 13. Equilibrium point (19.0878, 10.2004) of the system (27)-(28) is globally stable
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Figure 14. 14a and 14b show the dependence of I* on the parameter K.
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Figure 15. This figure shows the dependence of R* on the parameter K.
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Figure 16. This figure shows the dependence of S* on the parameter K.
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