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Abstract

In this paper we discuss the integration of highly oscillatory univariate and multivariate functions. Based on the
recursive formulation of the Tau method we develop numerical quadratures that achieve a high degree of accuracy
when the frequency in the integrand takes moderate as well as very large values. With our procedures the integral
is obtained in terms of the value of the function and its derivatives at the boundary points. The accuracy of our
results are confirmed through numerical examples.
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1. Introduction

Consider the integral
b
JTw] = f f(x)ei“’g(X)dX, (1)

where f(x) and g(x) are smooth functions in an interval [a, b] and w is a positive real number. By taking the real
and the imaginary parts of (1) we obtain integrals with trigonometric kernels:

b b
Re(T) = f f(x) cos(wg(x)dx, Im(I) = f f(x) sin(wg(x))dx.

The most immediate candidate for numerically approximating integral (1) might be the standard Gauss-Christoffel
quadrature (Davis & Rabinowitz, 1980), where we interpolate the integrand at distinct nodes ¢; < ¢; < ... < ¢, in
[a, b] by a polynomial p(x) of a prescribed degree v — 1, and approximate

b
I[w]zf p(x)dx. (2)

When the frequency w >> 1 is large, the integrand in (1) oscillates very rapidly and 7 [w] is called highly oscil-
latory. Integrals of this form arise in a wide range of science and engineering such as quantum chemistry, image
analysis, acoustics, electrodynamics, computerized tomography and fluid mechanics etc. The evaluation of highly
oscillatory integrals was considered as a challenging problem in the numerical analysis and computational physics.
Unfortunately, if w >> 1 the accuracy of approximation (2) obtained by the standard quadrature deteriorates
rapidly due to the presence of sharp variations throughout [a, b]. The reason behind this deterioration lies in that
such methods fail to detect the sharp oscillations exhibited by the integrand unless the degree of its interpolant
p(x) grows with the frequency. The following numerical experiment shows that while the exact value of the highly
oscillatory integral decays like O(w™"), the Gauss-Christoffel quadrature produces approximate results of O(1).

Consider the integral
1
Im@:f@ﬁ+u+mMﬁﬁ%x 3)
0

We approximate Zo[w] for frequencies 100 < w < 6000 using the 20-point Gauss-Christoffel quadrature; the
results are plotted in Figure 1-right. On the other hand, using integration by parts we find the exact value of 7y[w],

_x-1+éw):0(1}

w

Iolw] =
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which is shown in Figure 1-left for the same frequencies. It is clearly seen from Figure 1 that, when w is large, the
approximate values of 7y[w] are of O(1) whereas the exact values of T[w] behaves as O(w™").
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Figure 1. [left] Plot of (w, 7y [w]) where Jy[w] given by (3) is obtained by integration by parts. [right] Plot of
(w, 7 olw]) where 7 olw] = Ty[w] using the 20-point Gauss-Christoffel quadrature

This test suggests that any numerical method of a practical value must be at least of order O(w™"). The first
known numerical quadrature with this order was developed in Filon (1928). Therein, Filon presented an efficient
method for computing integrals of the form (1) with g(x) = x. His approach consists of dividing the interval
into 2n subintervals of size A, and then f(x) is interpolated at the endpoints and midpoint of each subinterval by
a quadratic function. In each subinterval the integral becomes a polynomial multiplied by the oscillatory kernel
sin wx, which can be integrated in a closed form. This method was generalized in Luke (1954) by using higher
degree polynomials in each panel, again with evenly spaced nodes. The computation of the Filon approximation
rests on the ability to compute the moments
b
f e dx.

In order to achieve a higher accuracy, Iserles and Ngrsett (2005) suggested the approximation of f(x) by its Hermite
interpolant by choosing a sequence of nodes {xi, x, ..., x,} associated with a sequence of multiplicities {my;k =
1,...,v}, where x; = a and x,, = b. With this choice, and in the absence of stationary points, (£ is stationary with
order rif g(&) = 0 for j = 0,1,2, ..., 7 but g*V(&) £ 0), the error is of O(w™*~") where s: = min{m,, m,}.

Another efficient method to approximate (1) that was described in Iserles and Negrsett (2005) is the truncated
asymptotic expansion of J [w]:

Ilw] ~ Z m,
j=0
where the coeflicients a; depend on the function and the derivative values of f(x) and g(x) at the points a and b
(Stein, 1993). The unknown coefficients {a;} depend on the moments fa b x*e“8Wdx, and therefore they can be

obtained explicitly if the moments are known.

Other numerical methods for approximating (1) include quadratures based on the analytic continuation and numer-
ical steepest descent method (Huybrechs & Vandewalle, 2006) and the exponentially fitted quadratures (Ixaru &
Vanden Berghe, 2004; Van Daele, Vanden Berghe, & Vanden Vyver, 2005) where the weights and the nodes of the
quadratures depend on the frequency of the problem.

Many of the above mentioned methods, in particular the uniform asymptotic expansion and the Filon approxima-
tion, requires an exact computation of the moments. For the particular oscillator g(x) = x, these moments can be
obtained exactly, either through integration by parts or by using the incomplete Gamma function I' (Abramowitz
& Stegun, 1965). However, for irregular oscillators g(x) the values of the the moments

b
f et g x
a

are not necessarily computable in a closed form and therefore the Filon-type and the asymptotic methods are not
applicable. Thus it is necessary to find alternative techniques that are free of the moments.
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The first numerical method that approximates highly oscillatory integrals without using moments was developed
in Levin (1996). Levin’s approach consists in finding a function F(x) such that

di;c [F (x)eimg(x)] = f(x)e'“s™,

Expanding out the derivatives, we find that F'(x) satisfies the non oscillatory differential equation
(DF)(x) := F'(x) + iwg () F (x) = f(x). “4)

So, once F(x) is obtained we immediately gain
Iw] = f F()e'sDdt = F(b)e's® — F(a)e™s@. (5)

Thus, the problem of evaluating the definite integral 7 [w] turns out to be a question of approximating the solution
F(x) of the differential Equation (4). In the absence of the stationary points, F(x) is smooth and, according to
Levin (1996), Equation (4) can be approximated efficiently by collocation. The latter belongs to a class of powerful
techniques that use a global approach called spectral methods. In this paper we will consider solving (4) by another
spectral technique called the Tau method (see Ortiz, 1969). Unlike the collocation method, the recursive nature of
the Tau method permits to express the approximate value in a quadrature form, and this feature allows us to derive
integration procedures competitive with the present techniques.

This paper is organized as follows: In Section 2 we recall the main features of the Tau method and we describe how
to construct the Tau approximant in terms of a special polynomial basis called canonical polynomials. Section 3
is devoted to present Tau-based quadratures that estimate univariate oscillatory integrals. The case of multivariate
integrals is discussed in Section 4. Numerical examples confirming our results are provided in the last section.

2. Integration with the Tau Method

The basic idea of the Tau method is to perturb the right hand side of Equation (4) in a way that the resulting per-
turbed equation can be solved analytically. More precisely, we introduce in the right hand side of (4) a perturbation
term Hy(x) such that the exact solution Fy(x) of the equation

(DFN)(x) := Fy(x) + iwg ()Fn(x) = f(x) + Hy(x), (6)

can be obtained in a closed form. Here Hy(x) is a polynomial of degree depending on a prescribed N > 1 and
whose the coefficients are adjusted in a way that Fy(x) is found analytically. Usually Hy(x) is chosen as a linear
combination of the Chebyshev or Legendre polynomials. This is due to the fact that the equioscillatory behavior
of those polynomials leads to a uniform distribution of the error throughout the interval of integration (see Ortiz,
1969). But in our context, since the main contribution to the value of 7 comes from the area of the portions
neighboring the end points of [a, b] (as explained in Huybrechs & Vandewalle, 2006), it is convenient to adopt a
choice for Hy(x) that forces the differential Equation (6) and its first N — 1 derivatives to be exact at x = a and
x = b. Of the forms that enjoys this feature is

r

Hmm:méjqu—aﬁyx—mﬁx—m& (7)
j=0
where {7;,j = 0,1,2,...,r} are free unknown parameters that are computed simultaneously with Fy(x) and 7 is

fixed as explained later. Clearly (6) and (7) imply that %[(DFN)()C) — f()]lvefapy = 0fork =0,1,2,..,N—-1as
desired. For simplicity, let us take @ = 0 and b = 1. Then (7) becomes

r . r N A NI
Hy(x) = {Z zjj]xN(X— HY = ZT,- [Z C‘NxN“”]; Cy= AN (®)

j=0 j=0 i=0

The Tau method procedure consists of expressing Fiy(x) in terms of a special polynomials basis {Qx(x);k > 0}
called canonical polynomials basis. These are defined as follows: For each k € N, let Oy be the exact solution of
the differential equation

(DOW)(x) = & 9)
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From Ortiz (1969), when the coeflicients of the differential operator D are polynomials, the set of functions
{Or(x);k > 0} are generated by a self starting recursive formula. So let us consider first the case of f(x) and

g’ (x) being polynomials of degree u and v respectively,
fx) = Z,Bjxj and g'(x) = Zajx/.
j=0 j=0

Then, for all k € N,
v v—1
Dx* = kX! +iw Z a/jx”k =kDQy_1 + iw Z @;DQj + iwa,x"*k,
J=0 J=0

and since D is linear, we have

!
DX — kO — iw Z aj§j+k] = iwa,x"*k,
j=0
Comparing the latter with (9) we find that

_ 1 _ Ul S
Oyik(x) = - [Xk —kQr-1(x) - in OZij+k(x)], keN.

iwa
v J=0

With this formula we can generate all the Qk’s except possibly {Qo, Ql, e Qv_l }. For example, if k = 0 we get

_ ~ 1 v—1 aj ~
0,(x) = (Wv) - ]Z; o 0i0:

Therefore, each ék(x) can be represented as

v—1

Ou(x) = Qu) + ) i 0/(%),

j=0
where {Qy; k € N} are called canonical polynomials and generated by the recursion

0x) =0, k=0,1,2,....v—1,

1 v—1
Qysk(x) = oa, {xk — kQk-1(x) — iw;() anHk(x)]s k €N.

and {px; k € N} are sequences of complex numbers defined as

Pkl = (55( (Kronecker’s symbol) for k = 0,1,2,..,v—1land /=0,1,2,...,v—1

v—1

—kpi_1, - iwzajpﬁk,,}, keNand/=0,1,2,...,v— 1.
Jj=0

1
Py+kl = =
wa

4

Now, since D is linear, the exact solution of (6) can be formally expressed in terms of {ék} as follows:

u r N
D B0+ T [Z ijQN+i+.i(x)}
j=0 j=0 i=0
N ) v—1 _
D CNONisj(0) + D prsin s Oi(0)]
=0

I yv—1 r
DIBIAQIM + . puQial + Y 7
j=0 =0 j=0 i=0

M r N
= D B0+ T [Z c;’VQN+i+,~<x)}
j=0 =0 Li=0
y—1

U r N
+ { Bipji+ Z 7j (Z CNPN+i+ j,l)} Oi(x).
=0 =0 \iz0

=0

Fy(x)
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The {ty;k =0, 1, ..., r} are found then by equating the coefficients of {Q;(x);l =0,1,2,...,v—1}in (14) to 0,

r N M
s (Z c;vaﬂ-“»J] = - Zoﬁjp,-,z; [1=0,1,2, v L. (15)
=

=0 i=0

Now if we choose r = v — 1, Equation (15) becomes a square algebraic system consisting of v equations with v
unknowns {7x;k = 0, 1,...,v — 1}, and hence the Tau method approximation Fy(x) will be given by (13)

U v—1 N
Fy() = ) B0+ ) 1) [Z Ch Qi ,«(x)} : (16)
j=0

=0 Li=o
which is a polynomial of degree < 2N — 1.
3. Construction of Algorithms

Once the approximate solution Fy(x) to F(x) is obtained as in (16), we go back to the integral (5), and write
1
T[w] = f F©e“$Ddr ~ Fy(1)esV — Fy(0)e™* = Ty[w]. (17)
0

We can summarize now all the necessary steps required to compute 7 y[w].

3.1 Algorithm TQ(N)

1) Store {a;})_, and {B:}_.

2) Form {Qi(x)}Y, using (11).

3) Form {p;;;k=0,1,2,...,N;1=0,1,2,...,v — 1} using (12).

4)Form A;; = Y. Chpwaijis for , j=0,1,2, ...,y — 1.

5) Form B; = — Z’;:O[g’jpj,l, forl=0,1,2,...,v— 1.

6) Compute {Tj};;(l) through solving system (15): ‘j’.;(l) Ati=B; 1=0,1,2,..,v—1.
7) Compute Fy(1) and Fy(0) using (16).

8) Compute 7 y[w] = Fy(1)es) — Fy(0)ei@s©)

If f(x) and g’(x) are not polynomials, then, due to their smoothness, they can be approximated by polynomials
with high degrees of accuracy. In order to be consistent with the form of Hy(x) given in (7) we adopt the truncated
two-point Taylor series expansions (see Davis, 1975):

N-1 B N-1 A
Pova() = =o' ) S =bf+ a-hY ) Tr-al, (18)
k=0 7 k=0 "
where
_ d_k G(x) 4 B - d_k G(x)
S ey e el

with G(x) standing for g’(x) or f(x). In terms of {x*; k € N} we can write

2N-1 ) 2N-1 ]
¢ (x) ~ Z a;x/ and f(x) ~ Z B;x'. (19)
Jj=0 Jj=0

Thus we apply Algorithm TQ(N) with g =v = 2N — 1.
For the special cases where N = 1 and N = 2, Algorithm TQ(N) takes the form of quadratures as explained next:
3.2 Tau Quadrature TQ(1)
LetN=1,a=0andb=1. Thenu =v =2N -1 =1 and (18) reduces to
Pi(x) = xG(1) - (x — DG(0)
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which gives, in accordance with (19),

g = (M) -g0Nx+g0)=ax+a whenG =g,
f(x) (f(D) = fO)x+ f(0)=Bix+ By whenG = f,

Q

where
ag = g'(0), a; = g'(1) = g'(0), Bo = f(0), B1 = f(1) = f(0).

The recursions (11)-(12), in turn, become

1
Qi (x) = —— [ —kQi1 —iwayQ| fork 20 with Q =0,
iwa
Preo = —— [—kpk-10 — iwagpyo] for k > 0 with pgo = 1.
lwaq
In particular,
a
O1(x) = —, P10 = -,
way a)
1 Qo 1 Qo 2
O2(x) = - x——|, p2o=-—3 +|—1 .
lway ) lwag |

In this case we have r: = v — 1 = 0 and therefore the Tau perturbation must contain one free parameter 7, only,
H,(x) = Tox(x = 1) = 7o(x” = x),
and the linear system (15) reduces to a single equation with one unknown 7,

Bopo +Bip1 + To(p2 —p1) =0,

which gives
_ PBopo +Bip1
T) = ——.
P1—pP2
Substituting 7¢ in Fj(x) given by (16) we arrive to

1 /() - f0) — iwf(0)g’(1) +[ SO’ - fDg'©®) |
iwg'(1) - g'(0) —iwg' (0)g'(D | |g'(1) - g'(0) — iwg’(0)g'(1) |

Thus the integral 7 [w] can be approximated by the quadrature

Fi(x) =BoQo + 101 +70(Q2 — 01) = [

1
Tw] = f [ Wdx = Fi(1)e D — F (00O = 5D — e ¥ = T[] (20)
0

where

1 f() = f(0) —iwf(0)g'(1) 1M - f0) - iwf(1)g'(0)
iw g'(1) - g (0) —iwg’(0)g'(1) iw g'(1) - g'(0) — iwg’(0)g’ (1)’
provided that the denominator in (21) is nonzero. It is clearly seen that quadrature TQ(1) expresses the approximate
integral 7 [w] in terms of the values of {f(x), g’(x)} evaluated at the boundaries of the interval [0, 1]. It is also
important to point out that o and i/, as well as 7[w] are of O(w™") unless g’(0) = 0 or g’(1) = 0.

3.3 Tau Quadrature TQ(2)

o = nd ¢ = 21

The construction of a quadrature for N = 2 proceeds in the same manner as above. Taking N =2, a =0and b = 1,
then u = v = 3 and (18)-(19) give

3
(x = D2(co + c1x) + X2(do + dy(x — 1)) = Z ax,

fo =
j=0
3
g0~ (x=1)Xay+ax) + X (by+bi(x =)= ) B,
j=0
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where
ap=g'0), by=g1), a =2¢g0)+g"0), b =-2g'(1)+g"(1),

co=f(0), do=f(1), c1=2f0)+f(0), di==2f(1)+f (1),
or
ao =g'(0), a1 =g"0), a=-3¢"(0)+3¢g'(1) —2¢"(0) = g"(1), a3 =2¢"(0)-2¢"(1) +¢"(0) +g"(1),
Bo=[f0), B =f0), Bo==3f0)+3f(1)=2f(0)=f (1),  Bz=2f(0)=2f()+f(©0)+f(1).
Since r: = v —1 =3 -1 =2, we need three free parameters {7, 71, 72},

2

H(x) = [Z zj'i]x3(x -1,

Jj=0

which are found by solving the 3 X 3 linear system resulting from (15). Substituting {79, 71, 72} in F3(x) given by
(16), we compute F3(1) and F3(0) and arrive to

1

1
Tw] = f FD)E sV dx ~ — (150 — et ) x T[], (22)
o D

where

Yo = —6(cy + dy) + (6agcy + 2byco — 2bgcy + bicy + 6body + 2b1dy — 2bod))iw

+(2b860 — 2apbgcy + apgbico + b(z)Cl)wz - aob(z)Coia)3,

Y1 = —6(c; +dy) + (6agcy — 2aico + 2apc; — 2a1dy + 6body + 2apd; + aidy)iw

+Qapbody — 2aidy + a\body + addy)w?* — albodoics®,

D = —6(a; +b)w+ (2a1by — 6a} — 6bj — 2aph; — a1by)w’
+Qagb} — 2adby + a\b} + ajby)iw® + aibiw®,
provided that D # 0. Again quadrature TQ(2) expresses Z,[w] in terms of {f?(0),g”(1);i = 0,1,2}. Here
I>[w] = O(w™") when {f?(0), g”(1);i = 1,2} are all nonzero.

Finally we point out that in order to apply our results to an arbitrary interval [a, b],

b
f F(He“t Dy,

we simply shift [a, b] to [0, 1] with x = =% and set

b 1 1
f F(Oe“*Vdt = (b - a) f F((b - a)x + a)e B =D gy = (b - q) f F(x)e“$ ™ dx,
a 0 0

where f(x) = f((b —a)x +a)and g(x) = g((b — a)x + a).
4. Multivariate Oscillatory Functions

In this section we consider the integral

Tw] = f F(x)es™dx, (23)
Q

where f(x) and g(x) are smooth functions in a domain Q C R* = RXR X ... xR, (s > 1), dx = dx1dx; ...dx, and
w >> 1 1is a large real number.

The integration procedure presented in the previous section can be readily extended to multivariate highly oscil-
latory integrals of the form (1) with s > 2, see (Olver, 2006) and (Iserles & Ngrsett, 2006). To this end we need
some notations: Forall k = 1,2, ..., s set

X 1= (X Xpet1s -+« + 5 X,
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and let u;, and vy be functions of X, :
up = up(Xer1) and v = vi(Xe1), k=1,2,..,5 -1,

with u; = a and vy = b (constants), and
ka = dxkdxkﬂ...dxx.

Then (23) takes the explicit form

Vg V1 Vi Vs Vs—1 V1
T w] =f f f f(x1,x0, ..., x9)dx1dxy .. .dxg = f f f(xp)dx;.
Ug Ug_| uy Us Ug—1 uy

In order to approximate 7 we split it into a set of s univariate integrals as follows:

Vi (X2)

fPx) = f f(xpdxq,
141(322))
V2(X3

[P = f VN (x2)dxs,
ux(X3)

L C () ol

- —k+

f o) = f ST )dx,

U (Xe+1)

Vi-1(Xg) 5
Py = [ e e ax,
u

5—1(Xs)
'V,

(),

Ug

Jw]

Now applying the algorithm TQ(N), developed in the previous section, to the highly oscillatory integral £ (x)
we obtain a new integral approximating f"?(x) with one dimension less. We can thus iterate the procedure on
each dimension and obtain {f~3(x), fT(x), ..., fT*D(x)} eventually arriving at the univariate integral 7[w] that
can be approximated using the same procedure.

5. Numerical Examples
This section is devoted to illustrate the accuracy of our results through a set of examples.

Example 1 Let us evaluate the definite integral
1 3 ; 3,,2
Tw] = f (6 + 4x) T gy (24)
0

The oscillatory behavior of (x* + 4x) cos w(x® + x> + x), the real part of the integrand, is shown in Figure 2 for
w = 80. We approximated 7[w] by J y[w] using Algorithm TQ(N) with N = 1,2,3,4,5 for different values of
frequencies w. The errors committed by TQ(N), En[w] := I[w] — Iy[w], are listed in Table 1 for some selected
values of the frequency w. We have also plotted in Figure 2 the scaled error w™*!'Ey[w] for N = 1 and N = 2. One
can easily notice that Algorithm TQ(N) achieves the asymptotic accuracy as in (Levin, 1996): w¥*!'Ey[w] = O(1).
In other words, asymptotically we have Ey[w] = O(w ™).
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2k

T S R R SR
100 200 300 400 500 600

Figure 2 (Example 1). [left] Plot of (x* + 4x) cos 80(x> + x> + x). [right] Plot of the scaled errors w?|&;[w]| (up)
and w’|& [w]| (down) where 10 < w < 600

Table 1 (Example 1). Integral (24) is approximated by TQ(N), N = 1,2,3,4,5. List of |Ey[w]]| for 10 < w < 600

W\N 1 2 3 1 5
10 270E2 3.58E3 5.00E4 220E4 1.13E-5
20 7.22B-3 599E-4 6.80E-5 221E-5  3.62E-7
30 3.34B-3 1.84B-4 1.74E-5 4.11E-6 3.08E-8
40 201E-3 7.62E-5 6.18E-6 1.12E-6  8.66E-9
50 1.30E-3 3.89E-5 2.68E-6 3.93E7 3.22E9
100 3.17B-4 4.90E-6 1.82E-7 1.34E-8 8.50E-11
150 137E-4 147E-6 3.65E-8 1.80E9 8.25E-12
200 7.59E-5 6.23E-7 1.16E-8 4.28E-10 1.52E-12
250 4.93E-5 3.17E-7 4.77E-9 141E-10 4.06E-13
300 3.53E-5 1.81E-7 230E9 5.66E-11 1.37E-13
350 2.66E-5 1.13E-7 124E9 2.62E-11 5.46E-14
400 2.06B-5 7.50E-8 7.30E-10 1.34E-11 2.46E-14
450 1.61E-5 5.30E-8 4.56E-10 7.46E-12 122E-14
500 1.26E-5 3.92E-8 299E-10 4.41E-12 6.48E-15
550 1.01E-5 2.98E-8 2.04E-10 2.74E-12 3.66E-15
600 8.44E-6 230E-8 144E-10 1.77E-12 2.17E-15

Example 2 In our second integral

1
Iw] = f Loty (29)
0 x+1

fx) = — and g(x) = (x> + x + 1)'/3 are not polynomials. So in order to apply Algorithm TQ(N), we replace,
x

according to (18)-(19), f(x) and g’(x) by f(x) and g’(x) that represent their respective Nth truncated two-point
Taylor series expansions at x = 0 and x = 1.

We computed 7 y[w] by means of Algorithm TQ(N) with N = 1,2,3,4,5 and different values of frequencies
w. The errors |Ey[w]| are displayed in Table 2 for some values of w and Figure 3-right shows the scaled error
W& [w]l. Again, asymptotically we have &;[w] = O(w™).

The calculations were repeated for large frequencies w where 4000 < w < 16000: the absolute errors are sum-
marized in Table 3 and a plot of the scaled error W& [w]] for w = 4000, 4020, 4040, ..., 16000 is shown in Figure
3-left. The latter conforms that our results conserve the asymptotic property even when very large frequencies are
considered.

64



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 5, No. 3; 2013

S S S S | S S S S B S S|
200 400 600 800 6000 8000 10000 12000 14000 16000

Figure 3 (Example 2). Plot of the scaled error W& [w]] for 40 < w < 800 [left] and for
w = 4000, 4020, 4040, ..., 16000 [right]

Table 2 (Example 2). Integral (25) is approximated by TQ(N), N = 1,2,3,4, 5. List of |Ey[w]| for 40 < w < 1000

w\N 1 2 3 4 5

40  9.67E-3 1.24E-3 3.89E-4 8.68E-5 1.56E-5
100  1.73E-3 1.17E-4 1.59E-5 2.13E-6 3.11E-7
160 5.67E-4 3.64E-5 239E-6 2.61E-7 2.54E-8
220 248E-4 1.53E-5 6.70E-7 5.67E-8  4.40E-9
280 1.89E-4 6.63E-6 2.96E-7 1.61E-8 1.17E-9
340 1.55E-4 3.11E-6 1.50E-7 5.85E-9 3.85E-10
400 1.05E-4 2.11E-6 7.39E-8 2.82E-9 141E-10
460 6.13E-5 1.66E-6 3.69E-8 1.53E-9 5.82E-11
520 4.77E-5 1.14E-6 2.32E-8 8.13E-10 2.90E-11
580 4.98E-5 6.85E-7 1.73E-8 4.28E-10 1.62E-11
640 4.38E-5 4.73E-7 1.20E-8 2.59E-10 9.00E-12
700  3.04E-5 4.38E-7 7.45E-9 1.82E-10 4.94E-12
760  2.10E-5 3.78E-7 4.90E-9 1.26E-10 2.94E-12
820 2.21E-5 2.70E-7 4.05E-9 8.08E-11 1.98E-12
880  2.32E-5 1.81E-7 3.39E-9 523E-11 1.36E-12
940 1.90E-5 1.63E-7 247E-9 397E-11 8.84E-13
1000 1.29E-5 1.62E-7 1.68E-9 3.19E-11 5.72E-13

Table 3 (Example 2). Integral (25) is approximated by TQ(N), N = 1,2,3,4,5. List of |Ey[w]| for 4000 < w <
16000

W\N 1 2 3 4 5

4000 7.67E-7 2.59E9 6.45E-12 3.15BE-14 1.40E-16
5000  7.15E-7 9.98E-10 3.24E-12 8.947E-15 4.07E-17
6000 3.93E-7 7.17E-10 1.36E-12  4.00E-15 1.27E-17
7000 2.97E-7 4.43E-10 7.49E-13 1.83E-15 S5.08E-18
8000 2.77E-7 247E-10 4.92E-13 8.60E-16 2.41E-18
9000 1.502E-7 2.28E-10 2.50E-13 5.48E-16 1.08E-18
10000 1.72E-7 1.31E-10 1.98E-13 2.86E-16 6.28E-19
11000 1.27E-7 1.10E-10 1.27E-13  1.87E-16  3.42E-19
12000 9.25E-8 9.25E-11 8.28E-14 127E-16 1.96E-19
13000 1.07E-7 5.59E-11 7.15E-14  7.48E-17  1.32E-19
14000 6.49E-8 5.95E-11 4.37E-14 595E-17 7.69E-20
15000 7.19E-8  4.15E-11 3.77E-14 3.89E-17  5.40E-20
16000 6.49E-8 333E-11 2.95E-14 2.78E-17  3.69E-20
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Example 3 We consider now the multivariate oscillatory integral

I[w]:f
0

As explained in section 4, we apply TQ(N) twice: First we integrate with respect to x and we get a new integrand
as a function of y. Repeating the same algorithm to this new function gives an approximate value for the required
integral 7 y[w]. Table 4 shows the absolute value of the error |Ey[w]| for some values of w. Figure 4 shows the
scaled error wV*2|Ex[w]| for N = 1 (down) and N =2 (up). Here 50 < w < 10000.

2

f (e + y2 n 1)elw(cos(§+1)+X2+x)dxdy. (26)
0

(S

Example 4 Our last example is integrated on the unit semi-disk,

1 Vi-y? )
Tlw] = f f cosy @) gy Q7
—1J-1 /1_}:2

Again, as in the previous example, we apply the algorithm presented in Section 4 for multivariate integrals. The
exact values of |Ey[w]| where 500 < w < 20000 and N = 1,2 are recorded in Table 4-right. In Figure 4-right we
draw the scaled error wV*?|Ey[w]| where N = 1 and N = 2.

100 F

s e A A i ikt — Pl ! T i L R L T L L
2000 4000 6000 8000 10000 5000 10000 15000 20000

Figure 4. [left] (Example 3). Plot of the scaled error D& W] (up) and w*E[w]| (down) where 50 < w < 10000.
[right] (Example 4). Plot of the scaled error w*|&; [w]| (up) and w?*|E>[w]| (down) where 100 < w < 20000
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Table 4 (Example 3). [left] Integral (26) is approximated by TQ(N), N = 1,2. List of |Ey[w]| for 100 < w < 10*.
[right] (Example 4). Integral (27) is approximated by TQ(N), N = 1, 2. List of |Ey[w]| for 500 < w < 20000

w\N 1 2 w\N 1 2

100 2.177E-5  4.086E-6 500 1.313E-8  5.905E-10
500 2.567E-7  9.808E-9 1000  1.819E-9  3.439E-11
1000  1.761E-8  6.724E-10 2000 3.017E-10 1.750E-12
1500  7.518E-9  1.324E-10 3000 9.244E-11 2.956E-13
2000  2.954E-9  4.194E-11 4000  3.279E-11 1.105E-13
2500  1.301E-9 1.700E-11 5000 1.310E-11 5.702E-14
3000  1.179E-9  7.793E-12 6000 7.285E-12 2.978E-14
3500 3.556E-10 4.386E-12 7000 5.371E-12 1.447E-14
4000  4.906E-10 2.519E-12 8000 4.234E-12 6.563E-15
4500  1.836E-10 1.669E-12 9000 3.264E-12 3.618E-15
5000 2.120E-10 1.070E-12 10000 2.277E-12  2.973E-15
5500 1.452E-10 7.221E-13 11000 1.341E-12 2.483E-15
6000 1.039E-10 5.020E-13 12000 7.836E-13  1.823E-15
6500 1.169E-10 3.516E-13 13000 8.140E-13  1.174E-15
7000 4.367E-11 2.767E-13 14000 8.882E-13 6.981E-16
7500  7.235E-11 2.073E-13 15000 7.631E-13 4.832E-16
8000  2.839E-11 1.691E-13 16000 5.153E-13  4.527E-16
8500 4.437E-11 1.278E-13 17000 3.037E-13  4.329E-16
9000 3.234E-11 1.001E-13 18000 2.641E-13 3.631E-16
9500 2.692E-11 7.926E-14 19000 2.952E-13 2.591E-16
10000 3.168E-11 6.324E-14 20000 2.883E-13  1.629E-16

6. Conclusion

We have presented an approach to evaluate highly oscillatory integrals of the form (1) and (23). The method applies
to integrals involving moderate frequencies of different sizes and the accuracy of the method improves when the
frequency increases. With our procedures the integral is obtained in terms of the value of the function and its
derivatives at the boundary points. The order of our method is O(w™"~") for univariate and O(w™""9) if the domain
of the integral is N dimensional.
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