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Abstract

The purpose of this paper was considering the impulsive fractional differential system with time delay. We inves-
tigated the existence of solution corresponding to the regulator in the admissible regulator set describing by the
compact semigroup on Banach space. The result was applied to nonlinear fractional heat equation.
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1. Introduction

There are many paper concerned with fractional differential equation and impulsive fractional differential equa-
tions. Such as, in 2008, Gastao, S. F., Frederico has solved the optimization regulation problem in the meaning of
Caputo and the fractional Neether’s theorem. In 2010, Zhongli Wei with the party have studied on the initial value
problems for fractional differential equations in the sense of Riemann-Liouville fractional derivative. These papers
are motivation of this research.

For this article, we discuss the nonlinear-retarded functional impulsive fractional differential equations

D¢x(t) = Ax(t) + f(t, x(t), x(t = 1), . .., x(t — ml)) + B(Ou(t), t € I\D
Ax(t;) = Ji(x(1)), 1€ D (1)
x(0) = x9, x(t) = (t), t€[-ml0)

for some positive integer m and positive real  where I = [0, T], D = {t1, 1, ..., t,}, A is a generator of a semigroup
{S (1)}, on Banach space (B-space) X with some conditions, Ax(t;) = x(ti*) — x(1;) denote the incitement of state
x at time #; with the magnitude of incitement J;, i = 1,2, ...,n. Then, we study a minimizing regulation problem
of the system with the objective functional P, that is, to search uy an element of a family of admissible regulators
Aga which

P(ug) < P(u), forall ue Ay. 2)

In this case, define the objective functional by P(u) = fOT r(t, x(t), x;, u(t))dt + g(x(T)) for all u € A,y with a given
running function r and a given terminal function g and x is a solution of the system consistent with a regulator
U € Au.

The extent of this work starts with background, some important descriptions and theorems for substantiating the
main resultant of the paper, for example, definition of fractional derivative, some fractional integral inequalities
and the generalized of the Ascoli-Arzela Theorem (AAT) are recommended. The investigation of existence of
solution for the system is then presented in Subsection 3.1. Furthermore, the optimization regulation problem is
solved and written in Subsection 3.2. In the last section (Section 4), we solve the minimization regulation problem
of nonlinear fractional heat by using our main result.

2. Background

Let X and Y be any B-spaces. Throughout this article, the symbol, L(X, Y) represent the space of bounded linear
operators from X to Y. Especially, £(X) = L(X, X) which norm || - || (x). The symbol, PC([a, b], X) represent the
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B-spaces of piecewise continuous functions from [a, b] to X with the supremum norm || - ||pc((a,5),x)- The interval
[0, T] is denoted by 1.

2.1 Description of Fractional Calculus

Definition 1 Let f € C(R, R) and @ > 0. Define the fractional derivative of function f by

1 !
D™f(t) = @f; fls)(t = )" 'ds (3)
for positive,
DUf(t) = D"(D*™" f(1)) “4)

which 0 < n — @ < 1, D" denote the ordinary derivative of order integer n and I'(-) denote the Gamma function.

Lemma 2 (Jumarie, G.) Given 0 < a < 1. Let f, g and u be the a — th differentiable functions. Then theses
equalities hold;

D[f(Dg()] = f(H)Dg(t) + F(HDg(1), )
d
D%Mm=mﬂw£ﬂ ©6)

Theorem 3 Let ¢ € C([-r,0],X). Suppose that G C {x € PC([-r,T],X) | x(t) = ¢(t) for t € [-r,0]}. If these
conditions hold.:

1) G is a uniformly bounded subset of PC(I, X)
2) G is equicontinuous in (0,1)), (t1,t2) ,..., (t,, T)

3) Its t—section, G(t) = {x(t)|x € G, t € [-r, TI\{0, 11, ...,1,, T}, GtH) = {x(tD)|x € G and G(17) = {x(t")|x € G}
are relatively compact (RCP) subsets of X.

Then G is a RCP subset of PC([-r,T], X).

Proof. Let {x,,} be any sequence of G. We have {x,lj0,,1} € C([0,#;],X). Applying the AAT on interval [0, #],
there is a subsequence of {x,,}, labeled by {x,,} again, s.t.

Xm0, = x' in C(0,11],X) as m — oo.

See {Xuli .1} € C([11,12], X) and let x,,(¢1) = xm(tf). By using the AAT on interval [t, %], {Xul,.»1) 15 @ RCP
subset of C([#1, 2], X). So, there is a subsequence s.t.

Xli) = ¥ in C([h,0],X) as m — oo

Continue this process until time interval [¢,,, T]. Then there exists a subsequence {x,,}, s.t.
Xli,ry = & i C([£,, T1,X) as m — co.

Define x(¢) = x(1), t € [t;_;,t;] foreach i € {1,...,n + 1}. We obtain x € PC([-r, T],X) and
Xl 1) = X in PC([-r,T],X) as m — oo.

Therefore G is RCP. O
2.2 Impulsive Integral Inequalities

Throughout this section, the family of all functions map from R* to R such that their derivatives of order « exist
on R* — {1} and left continuous at #, k € {1,2,...,n} for 0 < f; < 4 is represented by PC*(R*, R).

Theorem 4 Given 0 < a < 1. Let y € PC*(R*, R) which respect to,

YO < yOp0) +q@), t # 1 @)
V(1) < agy(te), y(0) = ag (8)
where ai, k = 1,2, ... are non-negative constants and p,q € C(R*, R). Then
J;I'jﬂ $a-1(lir1=s)p(s)ds ! - fr: Po—1(s—r)p(r)dr
Yoy < Y (] ape” ) (| et = S)gls)e ds) ©)
0<n <t n<tj<t 173
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1

T+
Proof. Lett € [0,¢]. Then, we get from inequality (7),

where ¢, (t) =

D¢ [y(t)e_fo ¢afl(t—5)p(5)d5] < q(t)e_fu Pa-1(t=5)p(s)ds
By integrating of order @ from O to ¢,

) < ey $am1@=)p(s)ds [ao + fO’ Goi(t — S)q(s)e_fd Gam1 (s=np(n)dr g
t _ T _ 3 _ S _
doeh 4G9OS 4 oy st [T (¢ yg(5)m b dontsmnmir g

For [11, 1;], by inequality (7), we get
D [y(t)e I duar=9p()ds) aDe Sy @amrt=5)p(s)ds
by integrating of order a from ¢, to ¢,
Y(0) < y(ehyeh e EIPHs L fL disiptrds f t Bt (= $)g(s)e” I P2 C7PO 4
1
and from inequality (8), we get
() < ay(ty) < aoalef‘;l ot (=9p()ds alef‘;l foc (1=9p(5)ds f[] Ga-1(t1 — 8)g(s)e” by gsts=npndr g
0
Hence, we obtain for ¢ € [#1, 15],

Y) < agare I b (n=s)p(s)ds,, J, $a-it=5)p(s)ds

+ aleﬁ)ﬁ ¢u—1(l1—s)l7(s)dsef,l a1 (t—5)p(s)ds 011 ot (tr = $)q(s)e™ fos ¢[y71(s—r)p(r)drds

o =Py [/ Gaci(t - (s Iy drts=nptrr 4

+

Assume that inequality (9) holds for ¢ € [0, #;] some integer k > 1. Then for ¢ € [#, fx+1], the result of inequality
(7) that

D [y(e)e e P EIPOS] o gy Sy et p(ds

Therefore,
W0 < ¥(tHe fy $oG=p()ds [ gucr=9)p(s)ds ff bor(t — yas)e” PO g
I
Using inequality (8), we obtain, for € [#, tx41],
Y1) < ap(io)e Jy $omrG=9p(5)ds [ dacrt=5)p(s)ds fl borl - als)e" [} umito=rpdr
I

By the induction hypothesis, this can reduced to

1j+1 i1 "
7 ba1 (tee1 —$)p(s)ds — [ po-1(s— d
< S ([T el ety f Gt (a1 — S)g(s)e e 1O g
Ik

0 <t 1 <tj<t

which on simplification give the estimate (7), for ¢ € [0, f34]. O

Theorem 5 Let y € PC*(R*,R), 0 < a < | which satisfies,

o <a+ Y f Guni(ter — pDs)ds + Y (i) (10)

0<t <t O<<t
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where a and ¢, > 0 are constants and ¢, (t) = Then,

t[y
Tla+1)
W6 < l_[ (1 + cp)el " dote=pOmsyas (an
O<n <t
where cog = a — 1.

Proof. Setting the right hand side equal to u(7). Then we have,

{u"(t) = py(0); 1 # 4 )
p(ty) = p(te) + cxy(te), p(0) = a.
Since y(t) < u(1),
{ua(n = pOu(®; 1# 1 )
u(@)) = (1 + cout), p0)=a=co+ 1.
Applying Theorem 4, we obtain
30 < [0+ ek ot
O<ti<t
O

3. Main Results
Let us consider system (1) with assumptions A1-AS;

Al) f:Ix X5 Xis uniformly continuous in ¢ and locally Lipchitz in x, ..., X,,4+1, that is, for any ¢ > 0, there
is some positive a(o) s.t.

W@ xrs o X)) = f(8, 315 e DI < @@ = yill + -+ et = Yt Il + 12 = sl

provided ||lx; = yill, ..., 1Xm+1 — Yms1ll < 0 and for all s, 7 € 1.

A2) there is some constant ¢ s.t.

S x, o X)) < e+ llxll + .+ (XD (14)

forall (xy,...,Xpu1) € XL

A3) Y is another separable reflexive B-space that regulator u take the value, that is, B(s) € L(L,(,Y), L,(I, X))
forall s € I.

A4) J;i: X — X is an operator s.t. J;(X) is a bounded subset of X which there are ¢; > 0,i =1,2,...,ns.t.

(IVi(x1 () = Ji()DI] < eillxi () — x2(Dl (15)
forall x;, x, e Xandt € I.

AS) A is the infinitesimal generator of a compact semigroup {S(#)},>0 such there exist M > 1, w > 0 that
IS (0| < Me“" for all t > 0.

3.1 Existence of Solution of Impulsive Fractional Differential System

Definition 6 For any u € Ay, a function x € PC([-ml, T], X) is called a PC—mild solution corresponding to a
regulator u if it satisfies,

X0 = S@OO) + g T J e = 9718 @0 = HLF (s, 2(5), x(5 = D, .., x(s = )
+ Blu@lds+ T S(9(1) — pa))ix(a), 1€l (16)
x(t) = @), te[—ml,O]k
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With assumptions A1-AS, the existence of solution of system (1) is proved by using the LSFPT and the compact-
ness of semigroup {S (¢)};>0. From the Definition 6, define the operator F' by

Fxt) = S@eO+r5 T JE e = 97718 (@0 = HOF (s, x(5), 25 = D)., x(s = mi)
+ BOuEds+ 3 ;S (@) — dU)Tex(t), 1€
Fx(t) = (1), te[-mlO0].

for all x € PC([-ml, T],X). Then F is well-defined.

Let x € PC([-ml, T],X). By using the continuity of ||x(¢)|| and ||x(# — ml)|| and assumption A2, there is some
positive constant N s.t.

£ (s, x(8), x(s =), ..., x(s —kD))]| <N forevery sel.

Therefore,
Mew¢(t) i1 '
IFx(0)]l < Me“V|lgllc + T Z f (tre1 = )" (s, x(5), x(5 = D),y .., x(s = mD))|| + |BCs)uCs)|1ds
O<p<t Yk
+ MO N (ol
O<t<t
MN e®?®) Lt 1
< Ml + M2 3 [ -5
I'(a) t
0<p<t vk
Mequ(I) 1 5
o 2 [ = Bl + M S el
@ 0<e<t YV O<tp<t

p-1
MN(n + l)em¢(1)Ta Me@?O g & ftk“ o = ftm A
+ k1 —8) 7T ds B(s)u(s)||Pds]»
ol (@) () Z[ . (trs1 =) I . 1B(s)u(s)l|Pds]

k=0

< Me“llglic +

+ MNe®?® Z ex
0<ty<t
pa—1
MNe®$O T . Me“*D(p — 1)(n + l)Tl"j”B(‘)u”L,,(l,X)
al'(a) (pa — DI'(@)

n
+ MNe“® Z ey < oo,
k=1

< Me“llglic +

Therefore, the operator F is bounded.

Lemma 7 Assume that assumption AI1-A5 hold. Then the bounded operator F is continuous.

Proof. Suppose that x,, is a sequence in PC([-ml, T], X) converging to x in PC([-ml, T], X). Then there is Ny > 0

and for every n > Ny, ||x, — x|lpc < 1. Then ||x,|| < 1 + ||x]| = p. By using A1, for s € (0, T) there is b(p) > 0 s.t.
(s, X (), Xn(s = Do ooy X0 (s —ml)) = f((s, x(5), x(s = D), ..., x(s = mD)|| < bp)l|x, — xllpc

Therefore, we have

1 T+ 1
Fx,@ = Fxol< s 3 [ =160 - 6

0<pe<t Yk

NG, %,(8), Xu(s = D)y ooy X0 (s — mD) — f(s, x(8), x(s = D), ..., x(s —ml))||ds
+ Z 1S () — DN rxn(tr) — Tex(@ll

O<t<t
Me®T Lt 1 3
< T O = allre ) f (ti1 = )" ds + MeT > exlla(t) = x(ao)]|
(@) o<p<t Yk 0<ty<t
Me“T =
< ——b()llx, = dlpc(r+ DT + ) exllx, = Hllpc.
al'(a) —
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Since ||x, — xllpc — 0 asn — +oo, so ||[Fx, — Fx|]] = 0 as n — +co. This implies that F is continuous on
PC([-ml, T1,X). O

Corollary 8 Assume that assumption AI-AS hold. The operator F maps bounded set into itself.

Proof. The proof is followed from the proof of Lemma 7. For each r > 0, there is some § > 0 s.t. for every
x € Bs ={x€ PC([-r,T],X) | |xllpc < 6}, we have ||[Fx||pc < 6. O

Lemma 9 Suppose assumptions A1-A5 hold. Then the F is operator compact.
Proof. Given a bounded subset B of PC([-ml, T], X). By Corollary 8, F(B) is bounded. Define
Q =F(B) and Q(t) = {Fx(t)| x € B}.

Clearly, for t € [-ml, 0], Q(t) = {¢(?)} is compact. We only necessary consider for + > 0. Given &€ > 0. For
0 < & <t < T, for short we denote f(s, x(s), x(s—1), . .., x(s—ml))+B(s)u(s)) by fu(s x(s)) where x = (X1, ..., Xpue1)
which x1(s) = x(s = I), ..., x,(s) = x(s — ml) and xm+1(s) = x(s). Define

Q:(1) = Fe(B)(1)

S L1 ~
= S@ENS @0 - 6N + 1o DT [t =S @ltn) = 006) = KNl 35D
F(a) O<r<t V1l -
S6E) (7 _
# T [ = 9S00 = 06 = SN AN + S @) Y, Sit) = 9e) — HNH0),

o<t <t

a7

By continuity of ¢(f) and compactness of S (), set {Q.(¢)|x € B} is RCP in X for every ¢ sufficiently small, ¢ € [&, T].
For t € (0, 1] the Equation (17) reduce to

S(¢(¢))
I'(a)

Furthermore, the continuity of ||x(¢?)|| and ||x(t — ml)|| on (0, ;) for all m = 1,...,k imply that there is a positive N
s.t. [lx(@)|l, [lx(t — ml)|| < N. By assumption A2 and assumption A4, there exist a positive constant ¢ such that

Ifus, x()IF < (1 + (m + Dllxllpe) + 1BCulle,ux) = L. (18)

Q:(1) = F(B)(1) = S (¢(£))S ($(1) = p(&))o +

(1 = S (@(1) - Ble) — H(sNFuls, K(s))ds.

Then for ¢ € [¢, 11],

SUII;”FXU) Fex(nl| = mSUpIIf (t = $)"'S(¢(1) = () fuls, x(s))ds

- S(¢(e) f (t = )" S (@) — ¢(&) — p(s)fuls, x(s)ds||

= —Sllpllf (t = )" S (¢(1) = () fiuls. x(s))ds||

(@) xe -
ML, . ML,
T J. Y = ot

Hence, there exist RCP sets arbitrary close to the set Q(¢) for ¢ € [0, #;]. Therefore, Q(¢) itself is RCP in X on the
interval [0, #;]. On the interval (¢, t,], we define

0@t)) = 0(t)) + J1(Q(1)) = Q1) + J1(Q(t)).

By the condition A3, we get J;(Q(t;)) is RCP and this implies Q(t;’) is also RCP. Let x(t;’) = x1. Then for t € (1,
1], the Equation (17) reduce to

Q:(n) = F(B)(1)
= S(p()S (@(1) = d(11) = (&)X +

S(6(2)
" T J,

S(p(e)) [
I'(a)

(t = )" S (1) = ¢(&) — $() fuls, x(5))ds + S (¢(£))S ($(t1) = p(e) = ()1 (x(11)).

(t1 = )°71S (@) — $(e) — $(s)Fuls. 2(s))ds
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Furthermore, for r € [t; + &, 15],

ML,
_ < .
i‘ig’{”“(” Fx@ll} < T+ D

Therefore Q(¢) is RCP on [t4, 1;].
Generally, given any #, € D = {ty = 0,11, f2, ..., ty, ty41 = T}, define x(t,:’) = x; and
o)) = Q) + Ju(Q(t) = Q) + Ji(Q(1)) for 1 € D.

Similarly, for ¢ € (, t;+1], the Equation (17) reduce to

0:(1) = Fe(B)(2)
S(#(e))
T(a)

= S(@(ENS (B0 - $l1) — $@)xe + > f (e = ) S @111) — $(&) ~ HNFuls. 2(s))ds

O<n<t
L S@E) [
I'(e)

(t = )" 'S @) = P(e) = P(s) fuls, x(5))ds + S (§(&)) Z S (@) = ple) = (N Ti(x(ti))-

Ik 0<ty<t

Furthermore, for [#; + &, tx41],

ML,
sup {||Fx(t) — Fx(?)||} < .
xeg{” ()] @I T+ D)
By repeating these process till the time interval which expanded, Q(t) is RCP for ¢ € [-ml, T]\D and Q(t,:’) is RCP
for #;, € D. Next, we will show that Q is equicontinuous on (f, tx+1), K = 0, 1, ..., n. Since B is bounded and follow
from the inequality (18), there is an L, > 0 such that

fulls, (DI < Lu

Leth>0andfor0 <t <t+h <t and for x € B. Then

[|Fx(t+ h) — Fx(2)l|

< IS @G + h)g(0) = S @O + Igks [ (¢ +h = 7S @t + h) = §(s)Fuls. x(s))ds
— s = TS (600) — Bs) Fuls. x(s)ds
< IS @IS @h) — Illlglle + s [ ¢+ h = 97 IS (@G + h) = SNIFuls. x(5))lds

+ By I IS (@t = gCs)IE = 5+ WS (B(R)) = (2 = )" T fuls, x(s)llds

IA

Me“DlglicllS (¢(h)) — 11| + M Lh® + M2 L, [T11 = s + WS () = (2 = )" Hllds.

Since }lin(l)ll(t -5+ h)"_lS(¢(h)) —(t- s)“‘llll = 0and ,llirré IS (@(h))—1|| = 0, so [|Fx(t+h)— Fx(t)]] > 0ash — 0.

Hence F is equicontinuous on (0, ¢1). In general, for (#, tx+1), k =0,1,2,...,n,forty <t <t+h < tp
IFx(z + h) = Fx@ll < IS (@IS (p(h)) — Llllxell

1 t+h —_
+ @ f (t+h—9)"IS (@ + h) — (DI fuCs, x(s)lldls
@) J, -

1

+— f IS (¢(2) = pIIE = 5 + B S (B(h)) = (¢ = ) TN fo(s, X(s)lIdls
T(a) Jo -

@

o M)
< M DS (¢(h) — Il + —=——L,
al'(a)
Me@dD ¢
+ e—Luf It = 5 + W)™ 'S (h) = (£ — )" 1||ds.
I'(a) 0
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Using the same idea, we can show that Q is equicontinuous on (#, f;+;) where k = 0,1,2,...,n. Therefore,
Theorem 3 implies that F(B) is a RCP subset of PC([—-ml, T, X). Further, F is a compact operator. U

Lemma 10 The set Q = {x € PC([-ml, T],X)|x = ocFx, o € [0, 11} is bounded on PC([-ml, T], X).
Proof. Let x € Q. Since ¢ is continuous, there exist M; > 0
lxOIl = lloFx@l < IFx)]l = llp@)ll < My forall 7€ [-r,0].
By using assumptions A2, there are Ny, N, > 0 such that forr € 1
1 (2, x(@), x(z = D), ..., x(t = mD)|| < Ny + Na||x(2)l]
Using assumption A3 and assumption A4, we get,

IOl = lloFx(@)ll < IIFX(t)II

< IS @liglic + =— r( »

0<ti<t

f (e - IS ($(0) = G (s, X(5), x1(s = D), ..., x(s = mD))|

+1B(s)u(s)lllds + Z 1S (@(2) = SNV (x(@)]

O<n <t
MN ewqb(T) Tit1 _ MN. ew¢(T) i1 B
< M Dllglc + ——— > f (1 = )" ds + = )7 f (11 = 9" lx(s)llds
(@) 0<ne<t Yk (@) O<pe<t Y
Meanz)(T) Tt 1 o ”
T f (te1 = )" NIB)u(s)llds + MeD S erllx(a)]
@ o<p<t YV O<ix<t
MN,; @9 MN,e@?T) 11
< M Dllgllc + LT+ 1)+ —2 3 f (11— 9" x(s)lds
F( ) F( ) 0<t<t
k=
Mew¢(T) it 1
) f (1ot = ) 5717 | f IBuNPds +Me D S el
@) k=0 Yt 0<te<t
@ % (p—Dn+1 B(-
< M) lollc + NiT*(n+1) N (p ) | ()M||L,,(1,X)
al'(@) (pa — DI'(a)

MN, ew¥(T) T+l ~
e D f (111 = )" In(s)lds + M T 37 eyllx(apl
(@) o<p<t Yk

Using Theorem 5, there is M, > 0 s.t. ||x(?)|| < M», for all x € Q. Hence, Q is a bounded subset of PC([—ml, T],
X). O

Theorem 11 Assume that assumptions A1-A5 hold, then the system (1) has at least one PC—mild solution corre-
sponding to a regulator u € A,y on [-ml, T1.

O<ty <t

Proof. Define the operator F as (16). Then by Lemma 7 and Lemma 9, we have F is continuous on PC([-ml, T], X)
and compact. Set Q = {x € PC([-ml, T],X)|x = cFx, o € [0, 1]}. The Lemma 10 implies Q is a bounded subset
of PC([-ml, T],X). Then, the LSFPT to implies that F has a fixed point in PC([-ml, T], X). Therefore, system (1)
has at least PC—mild solution corresponding to the regulator u € A,; on PC([-ml, T], X). O

3.2 Existence of Optimal Regulation

Let A, be the admissible regulator set. Note that the result in Section 3.1 implies that for each regulator u € A4,
there exits a PC-mild solution x corresponding to the regulator u.

Let us consider the minimization problem (P) corresponding to system (1). Find a regulator u° € Ay s.t.

P, Xy < Pu, x) forall u e Ay

which P(u, x) = fOT r(t, x(t), x(t = 1),...,x(t — ml),u(t))dt + g(x(T)) and x is a mild solution of system (1) corre-
sponding to a regulator u € Ay, the order pair (u, x) is called the admissible pair. For convenience, $(u, x) is short
written by P(u).

We solve the optimizing regulation problem in this paper under the following assumptions, label by A6-A10;
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A6) r: I x X™! XY — (—00, 0] is Borel measurable.

A7) r(t,-,-,-) is sequentially lower semicontinuous on X”"*! x ¥ for a.e. on I.
A8) r(1,&,-) is convex on Y for all &€ € X"™*! and for a.e. € 1.

A9) There exist constants a;, b > 0 foralli=1,...,m+1andn € £;(I,R) s.t.

m+1

r(t, &, u) = n(1) + Z ailléill + bllullf
i=1

where &€ = (&1,...,Epe1) € XML

A10) g: X — R is nonnegative continuous function.

Theorem 12 Suppose that assumption AI-A10 hold. Then the problem (P) corresponding to system (1) has at
least one solution, that is, there is an admissible pair @, xX°) such that

P, x°) < P(u,x) forall ue Ayy.
Proof. If inf{P(u)lu € Ayq} = +oo, it is well done. Suppose that inf{P(u)lu € Ay} = w < +00. By assumption A9,
there are constants a;, b > 0 foralli = 0,...,m and n € £;(I, R) such that

r(t, x(t), x(t = 1), ..., x(t — ml),u) > n(t) + Z aillx(t —iD|| + b||u||§’,.
i=0

Since 7 is non-negative, we get

T m T T
P(u) > f n(t)dt + Zai f llx(z = iD)\|dt + b f lu(n)llldt = —o > —co.
0 = Jo 0

for some o > 0, for all u € A,y. Hence w > —o > —oco. By definition of minimum, there exists a minimizing
sequence {u,} of P, that is lim P(u,) = w and
n—-oo

T m T T
Pu,) > f n(t)dt + Z a f [l (¢ = iD)ldt + bf llun (D)lITdt.
0 = Jo 0

So, there exists Ny > 0 such that

T
w+wy > Pu,) = cf lun(DlI3dz, forall n > N,
0
for some w; > 0 and hence [lu,||7 apn < W‘:W. Thus u, is a bounded sequence containing in the reflexive B-
o,

space L,(1,Y). Therefore, u, has a convergence subsequence, relabelled as u, and u, — ug for some uy €
A = Ly, Y). Let x, € PC([-ml, T], X) be a sequence of PC-mild solutions of system (1) corresponding to the
regulators sequence uy,;

x(t) = S @O + 15 T F e = 9718 (@0 = DL, 20(5), x5 = D, s = mD)
FBEu)ds + 5 S@0) = g0t 1€ 1

O<n <t

X, (1) = (1), te[-mlO0].

The a priori estimate implies there is some positive constant p s.t.
||xn||pc([_r’7‘],x) <p forall n=0,1,2,...
Let x° be a PC-mild solution of system (1) corresponding to regulator °, i.e.,
1 _
X)) = SPO + g X JE G = 977 S (@) = N (s, 59, s = D, ..., 2% = mD))
<1 <t
+ B()u’($)lds + 3 S(@@) = pe)Ix’ (W), e

O<te<t

X0 = ¢(t), te[-ml,0].
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Given p > 0. By using assumption Al, there exist b(p) > 0 such that for s € (0, T),

(S5 X (8)s Xa(s = Dy ooy X (s = mD)) = f(5,x°(5), x°Cs = D), ..., x°(s = mD)]| < BN — Xl pc-

We use the fact that x,(s) — x°(s) = 0 for s € [-r, 0], so we have

b Mew¢(T) Tt 5
() — () < T > f (tre1 = )" llxa(s) = 2(9)llds
r(a) 0<1,<t 173
Sk

Mewd@D) k=n Tie+1 po-t pt Ti+1 1

Dl f (fre1 = $) 7T ds] 7 [ f IB(5)un(s) = B ()" ds1?
r(a) k=1 17 173
+ M N el = @l

O<ty <t

- Me*T(p — D)(n+ DT 57 |BC)u, - Bl
- (pa - DI'(@)

b )Mewqb(T) T+ 1 o w
# 2O 3 [ = 9 (o) - s + M S ) = Pl
) Ik O<tx<t

0<n <t

Applying Theorem 5, there exist M > 0 independent on u, n and ¢ such that
1x2(5) = Xl < MYIBOuty = BOW N 2,11

The strongly continuous of B(-) implies ||B(')Mn—B(')M0”£q(I,Y) 5o0. Consequently, ||x,—x"|| % 0in PC([-ml, T, X).

Let us set r,(1) = r(t, x,(t), x,(t = ), ..., x(t — ml), u,(¢)) for all € I. Then by assumption A6 and assumption A9,
{r,(t)} is a sequence of non-negative measurable functions. So, by applying Fatou’s Lemma,

T T
lim | r(n)de> f lim 7, (1)d.
n—oo JO 0 n—ooo

By assumption A7 ,

T T
m = lim P(u,) > lim [f ra(Ddt + O(x,(T))] = f Lim 7(z, x,(8), (), (1))t + g(x(T)
n—oo 0 0

n—oo n—oo

> (1, x(0), x, u’(0)d1 + g(:(T)) = P).
Therefore, P(u’) = m. O
4. Optimal Regulation of Nonlinear Fractional Heat Equation

Let us consider the boundary value problem with delay and regulation;

% =Ay(x, 1) + f(x, t,y(x, 1), y(x, t = 1), ..., y(x,t —ml)) + f B(x, Eu(E, ndé, (x, 1) € QX I\D chn
Q

Ay(x, 1) = Ji((x, 1)), (€D (€2)

y(x, 1) = @(x,1), (x,1)€ Q x [-ml, 0] (C3)

y(x, 1) =0, (x,1) € 0QxI (C4)

where D = {t1,15,...,1,}, Q is boundary domain of R", ¢ € C(Q x [-mL,0]), u € L,(Q x I), h € C([-ml, T]*, R)
and B: Q x Q — ‘R is continuous. Suppose that these conditions hold;

HHf) f: QxIxR xRY = R and there are L;, L, > 0 s.t.
[f(x,t,&ml < Li(1 + & + 1), and

lf(xt,6m) = f(x, 8, 80m0l < Lo(lt = s+ € = &1l + |7 = mD).
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HH)) Ji: R - R, k=1,2,...,nand there existe, >0,k =1,2,...,n5s.t.
[Jk(&) — Jr(€D| < erlé = &1l

In this system, y(x,t) represents the temperature at the point x € Q at time #, the condition C3 represents the
temperature at the histories time ¢ € [-ml, 0]. The condition C4 represents the temperature on the boundary 0
that is equal to zero. The input function f means an external heat sources. In this case, the function f depend on the
histories data y(x, t=1), . .., y(x, t—ml), which is impacted from the initial delay function ¢(x, t) for t € [-ml, 0] in the
condition C3. Furthermore, the system is regulated by the regulator u with the sensor mapping fQ B(x, E)u(E, Hdé.
Given an admissible regulator set A,q = L,(Q X I). We solve the optimization regulation problem (Pp) with the
objective functional;

T T
?’(u)=f0 fgly(f,t)lz+IIy(éit—l)llz+-~-+||y(§,t—ml)||2d§dt+fo Llu(f,t)lzddeg(y(x,T)),

where ¢ € C(R,R"). That is, find uy € Ay that minimize the objective functional. Let X = L,(Q). For
t € [-ml, T], define y(r): Q — X by

*y(x, 1)
8tll/

y()(x) = y(x, 1) forallx € Q, and Diy(H)x = , forall ye X, xe Q.

We define

f(f»)’(t),)’(f— l)’ . -,)’(f— ml))(x) = f(x’ f,)’(x’ t),)’(xﬂ‘— l)’ .. '»y(x’t_ ml))’

B(Ou(n)(x) = f B(x,Hu(g, ndé and Ji(y(0)(x) = Je(y(x, 1))
Q
Define an operator A: X — X as
Ay = Ay forall y e D(A)
which D(A) contains all C*(Q)) function vanishing on 9Q.
Now we introduce the eigenvalue problem for the negative Laplacian;
Ay = Ay forall y e D(A).

Using the standard definition of the inner product, we define that for any y;, y» € D(A);

(Ay1,y2) = fy_szldy = fy_lA)bdy = (y1,Ay2).
o o

Therefore, A is symmetric and its eigenvalues must be real. Furthermore, for any y € D(A), we have

(Ay,y) = (Ay,y) = f yAydy = f |lgradyl*dy > 0.
Q Q

The right hand side vanishes only if y is constant but the only constant in D(A) is the zero constant. Thus, we
obtain
AP = (dy,y) = (Ay,y) > 0, forally # 0 in D(A). (C5)

This is precisely the definition of a positive operator, A is actually strongly positive. Because of Equation CS5, the
eigenvalues of A must be positive and we obtain a following lemma.

Lemma 13 The operator A is a infinitesimal generator of a compact Cy-semigroup on X.

Applying Lemma 13, so the system C1 — C4 can transform to the abstract form;

Dgy(t) = Ay(t) + f(t,y(1), y(t = 1), ...,y —mD) + B(u(t), te\D
Ay(ty) = J(y(t), €D (C6)
y(t) = ¢(t), te[-ml0].
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Theorem 14 Suppose that the assumptions (HHf) and (HHJ) are sattisfied. Then the problem (Py) for the nonlinear
fractional heat equation with delay in R", C1 — C4 has at least one solution.

Proof. We solve the regulation problem (Py) for system C1 — C4 pass the abstract form, C6. The definitions of
f, Ji (k=1,2,...,n) and the objective functional # and the assumptions (HHf), (HHJ) imply the assumptions of
Theorem 11 and Theorem 12. Therefore, the problem (Py) with system C1 — C4 has at least one solution. U

5. Conclusions

In this work, we considered the fractional nonlinear differential system (1) with time lag, when A is the infinitesimal
generator of a compact semigroup {S (¢)};>0 satisfying the exponential stability. We proved the existence solution
and solved the optimal regulation problem. We proposed a method for proving existence whose main component
is the use of the Leray-Schauder Fixed Point Theorem(LSFPT). More precisely, we assume that the input function,
f and operator Ji, k € {1,2, ..., n} satisfy the condition A1-AS. We successfully applied this method and use these
assumptions to prove the existence of PC-mild solution. For studying the optimization regulation problem, we win
to prove that system (1) has atleast one optimal regulator with conditions A1-A10. Beside the study of the solution
and the optimization regulation problem, we give some examples (model of problem in the real world), we give
example of f and Ji, k € {1,2, ..., n} such that satisfying the conditions (HHf) and (HHJ). Then we transform them
to the abstract form and use our main results to conclude that these systems have atleast one optimal regulator.

Last but not least we should be interested in developing this method and use weakly assumptions to prove the
existence and uniqueness of PC-mild solution a little further. Moreover, we should be interested in studying the
others the solution behaviours for example;the stable property. Even though it seems likely that efforts in this
direction can be successful, there no guarantee for that. Therefore, we can only hope for the best, but have to
expect the worst.
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