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Abstract

In this paper, we will introduce the tree of the new nested graph.The regular and irregular trees will be defined.

The effects of the folding and retraction on it are deduced. Some geometric transformations of the new tree into itself are
discussed. The incidence and adjacent matrices of the new graph after and before these transformations are achieved.
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1. Introduction

A tree is a connected graph that contains no cycles. Trees sprout up as effective models in a wide variety of applications.
Every connected graph G admits a spanning tree, which is a tree that contains every vertex of G and whose edges are
edges of G. Every connected graph even admits a normal spanning tree.

In graph theory, tree is a connected cyclic graph. A cyclic graph which is not necessarily connected is sometimes called a
forest (because it consists of trees).

We mention brief examples:

(1) Trees are useful for modeling the possible outcomes of an experiment. For example, consider an experiment in which
a coin is flipped and a 6-sides die is rolled. The leaves in the tree correspond to the outcomes in the probability space for
this experiment.

(2) Programmers often use tree structures to facilitate searches and sorts and to model the logic of algorithms. For instance,
the logic for a program that finds the maximum of four numbers( w, x, y, z) can be represented by a tree.

(3) Chemists can use trees to represent, among other things, saturated hydro-carbons chemical compounds of the form
CnH2n+2 (propane, for example). The bonds between the carbons and hydrogen atoms are depicted in a tree.

2. Definitions and Background:

(1) Let M and N be two Riemannian manifolds (not necessarily of the same dimension), a map F : M −→ N is said to be
an “Isometric folding” of M into N if, for each piecewise geodesic path γ : I −→ M (I = [0, 1] ⊂ R) , the induced path
F ◦ γ : I −→ N is piecewise geodesic and of the same length as γ . If F not preserves lengths, then F is a topological
folding (A.T.White, 1973).

(2) A subset A of a topological space X is called a “Retract” if there exist a continuous map R : X −→ A (called retraction)
such that R(a) = a, ∀ a ∈ A (M.El-Ghoul, 2006).

(3) Two or more edges joining the same pair of vertices are called “ multiple edges” and an edge joining a vertex to itself
is called a “loop”(William S.Massey, 1967).

(4) A “connect” graph is a graph that in one piece, whereas one which splits into several pieces is “ disconnected” (William
S.Massey, 1967).
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3. The main result

We can define new types of trees:

3.1 New tree with loop

It is a connected graph that contains number of loops, see Fig.(1)

< Figure 1 >

Where,

A(G) =



0 1 0 0 0
1 1 1 1 1
0 1 1 0 0
0 1 0 1 0
0 1 0 0 1



and

I(G) =



1 0 0 0
1 1 1 1
0 1 0 0
0 0 1 0
0 0 0 0



We can make some geometric transformations on its loops:

(1) Folding:

We can make folding on loops which gives us the original tree

< Figure 2 >

Such that

A(G) =



0 1 0 0 0
1 1 1 1 1
0 1 1 0 0
0 1 0 1 0
0 1 0 0 1


F1−→



0 1 0 0 0 0 0 0
1 0 1 1 1 0 0 0
0 1 0 0 0 0 0 1
0 1 0 0 0 0 1 0
0 1 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0



and

I(G) =



1 0 0 0
1 1 1 1
0 1 0 0
0 0 1 0
0 0 0 0


F1−→



1 0 0 0 0 0 0
1 1 1 1 0 0 0
0 1 0 0 0 0 1
0 0 1 0 0 1 0
0 0 0 1 1 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0



From the above folding F1, we find that F1 reduce the number of loops (vanishes) and increase the number of vertices(v5, v6, v7)
and the number of edges (v2v7, v3v6, v4v5).

(2) Retraction:

By retraction, the terminal loops vanish.

Let R1 : (T − Pi) −→ A , where Pi represent the loops

< Figure 3>

Where

A(G) =



0 1 0 0 0
1 1 1 1 1
0 1 1 0 0
0 1 0 1 0
0 1 0 0 1


R1−→



0 1 0 0 0
1 1 1 1 1
0 1 0 0 0
0 1 0 0 0
0 1 0 0 0


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I(G) =



1 0 0 0
1 1 1 1
0 1 0 0
0 0 1 0
0 0 0 0


R1−→



1 0 0 0
1 1 1 1
0 1 0 0
0 0 1 0
0 0 0 0



Note that the loops are vanished and A(G) , A(R(G)) but I(G) = I(R(G)).

(3) Dispersion:

< Figure 4 >

Where

A(G) =



0 1 0 0 0
1 1 1 1 1
0 1 1 0 0
0 1 0 1 0
0 1 0 0 1


D1−→



0 1 0 0 0 0 0 0 0 0 0
1 0 1 1 1 0 0 0 0 0 0
0 1 0 0 0 1 1 0 0 0 0
0 1 0 0 0 0 0 1 1 0 0
0 1 0 0 0 0 0 0 0 1 1
0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0



and

I(G) =



1 0 0 0
1 1 1 1
0 1 0 0
0 0 1 0
0 0 0 0


D1−→



1 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0
0 1 0 0 0 1 1 0 1 1
0 0 1 0 0 0 1 1 0 0
0 0 0 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0



The dispersion increases the number of edges and vertices.

3.2 Pure looped tree

Consider a tree every edge in it is a loop, see Fig.(5)

< Figure 5 >

A(G) =



0 2 0 0 0
2 0 2 2 2
0 2 1 0 0
0 2 0 1 0
0 2 0 0 1


F1−→



0 1 0 0 0 0 0 0
1 0 1 1 1 0 0 0
0 1 0 0 0 0 0 1
0 1 0 0 0 0 1 0
0 1 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0


,

I(G) =



1 0 0 0
1 1 1 1
0 1 0 0
0 0 1 0
0 0 0 0


F1−→



1 0 0 0 0 0 0
1 1 1 1 0 0 0
0 1 0 0 0 0 1
0 0 1 0 0 1 0
0 0 0 1 1 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0



Where F1 is folding
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And

< Figure 6 >

Where

A(G) =



0 2 0 0 0
2 0 2 2 2
0 2 1 0 0
0 2 0 1 0
0 2 0 0 1


R1−→



0 1 0 0 0
1 0 1 1 1
0 1 0 0 0
0 1 0 0 0
0 1 0 0 0


,

I(G) =



2 0 0 0
2 2 2 2
0 2 0 0
0 0 2 0
0 0 0 0


R1−→



1 0 0 0
1 1 1 1
0 1 0 0
0 0 1 0
0 0 0 0



And

< Figure 7 >

Such that

A(G) =



0 2 0 0 0
2 0 2 2 2
0 2 1 0 0
0 2 0 1 0
0 2 0 0 1


D1−→



0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 1 0 0 1 0 0 1 1
0 1 0 1 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0



And

I(G) =



2 0 0 0
2 2 2 2
0 2 0 0
0 0 2 0
0 0 0 0


D1−→



1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 1 1 1 1 1 0 0 0 0 0 0
0 1 0 0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0



Lemma:

Any geometric transformation on the new tree gives the original tree.

Now we will define another type of tree:

3.3 General tree

It is a tree which consists of vertices V , edges E, areas A and volumes L

Where V, E, A and L are different in dimensions, such that the connection is direct, i.e. the one dimension joined with
three dimension directly, or gradually, i.e. the one dimension joined with two dimension and the two dimension joined
with three dimension.
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In the original graph, the vertices join between edges of the same dimension, but for the general tree the vertices joins
between different dimensions.

First: Direct case:

Example:

Consider the following general tree in figure (5), where v0, v1...., v6 are of 0-dimension, and e0, e1...., e5 are of 1-dimension,
and a0, a1 are of 2-dimension, and l0, l1 and of 3-dimension.

< Figure 8 >

Such that

A(G) =



0 1 0 0 0 0 0
1 0 1 1 1 0 0
0 1 0 0 0 0 0
0 1 0 0 0 1 1
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 1 0 0 0



Where the adjacent matrix of G denoted by A(G) is the n*n matrix in which the entry in row I and column J is the number
of edges joining the vertices I and J.

I(G) =



1 0 0 0 0 0
1 1 1 0 1 0
0 1 0 0 0 0
0 0 0 1 1 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1



Where The incidence matrix of G denoted by I(G) is the n ∗ m binary matrix where mi j = 1 if vi is incident with e j and
mi j = 0otherwise,

M(G) =



0 0
0 0
0 0
0 0
0 1
0 0
1 0



Where the area matrix of G denoted byM(G) is the n ∗ mbinary matrix where mi j = 1 if vi is incident with aiand mi j = 0
otherwise

,and

N(G) =



0 0
0 0
0 1
0 0
0 0
1 0
0 0



Where the volume matrix of G denoted by N(G)is the n∗mbinary matrix where mi j = 1 if vi is incident with Li and mi j = 0
otherwise .

,

H(G) =



0 0
0 0
0 1
0 0
0 0
1 0



Where the edges area matrix of G denoted by H(G) is the n ∗ m binary matrix where mi j = 1 if ei is incident with aiand
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mi j = 0 otherwise .

And

J(G) =



0 0
0 1
0 0
1 0
0 0
0 0



Where the edge volume matrix ofG denoted byJ(G)is the n ∗ mbinary matrix where mi j = 1 if ei is incident with Liand
mi j = 0 otherwise .

Now we will discuss the transformations for which we can obtain the usual tree from the new general tree by folding or
retraction

3.4 Folding of the general tree

Let Fi : T −→ T , such that

Fi(vnvm) = vnvm , n , m , i = 1, 2.

< Figure 9 >

Where

A(G) =



0 1 0 0 0 0 0
1 0 1 1 1 0 0
0 1 0 0 0 0 0
0 1 0 0 0 1 1
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 1 0 0 0



F1−→



0 1 0 0 0 0 0
1 0 1 1 1 0 0
0 1 0 0 0 0 0
0 1 0 0 0 1 1
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 1 0 0 0



F2−→



0 1 0 0 0 0 0
1 0 1 1 1 0 0
0 1 0 0 0 0 0
0 1 0 0 0 1 1
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 1 0 0 0



........ Lim
n−→∞

F2

−−−−−−−→



0 1 0 0 0 0 0 0 0 0 0
1 0 1 1 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 1 0 0
0 1 0 0 0 1 1 0 0 0 0
0 1 0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0



,

I(G) =



1 0 0 0 0 0
1 1 1 0 1 0
0 1 0 0 0 0
0 0 0 1 1 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1



F1−→



1 0 0 0 0 0
1 1 1 0 1 0
0 1 0 0 0 0
0 0 0 1 1 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1



F2−→



1 0 0 0 0 0
1 1 1 0 1 0
0 1 0 0 0 0
0 0 0 1 1 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1



........
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Lim
n−→∞

F2

−−−−−−−→



1 0 0 0 0 0 0 0 0 0
1 1 1 0 1 0 0 0 0 0
0 1 0 0 0 0 1 0 0 0
0 0 0 1 1 1 0 0 0 0
0 0 1 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 1 0
0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1


,

M(G) =



0 0
0 0
0 0
0 0
0 1
0 0
1 0



F1−→



0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0
0 0 0 0
1 0 0 0



F2−→



0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0
0 0 0 0
1 0 0 0


,

N(G) =



0 0
0 0
0 1
0 0
0 0
1 0
0 0


,

H(G) =



0 0
0 0
0 1
0 0
0 0
1 0



F1−→



0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1
0 0 0 0
1 0 0 0



F2−→



0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1
0 0 0 0
1 0 0 0



And

J(G) =



0 0
0 1
0 0
1 0
0 0
0 0



Note that the folding must be gradually, therefore we can deduce that the

folding of the general tree gives us the original tree.

3.5 Retraction of the general tree

In this section we will discuss the retraction of the new tree by making a modification on the usual retraction

R1 : (G − Li) −→ G1, R2 : (G1 − ai) −→ G2

Such that,

< Figure 10>

A(G) =



0 1 0 0 0 0 0
1 0 1 1 1 0 0
0 1 0 0 0 0 0
0 1 0 0 0 1 1
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 1 0 0 0



R1−→



0 1 0 0 0 0 0
1 0 1 1 1 0 0
0 1 0 0 0 0 0
0 1 0 0 0 1 1
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 1 0 0 0



..... Lim
n−→∞

R1

−−−−−−−→



0 1 0 0 0 0 0
1 0 1 1 1 0 0
0 1 0 0 0 0 0
0 1 0 0 0 1 1
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 1 0 0 0


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R2−→



0 1 0 0 0 0 0
1 0 1 1 1 0 0
0 1 0 0 0 0 0
0 1 0 0 0 1 1
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 1 0 0 0



........ Lim
n−→∞

R2

−−−−−−−→



0 1 0 0 0 0 0
1 0 1 1 1 0 0
0 1 0 0 0 0 0
0 1 0 0 0 1 1
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 1 0 0 0


,

I(G) =



1 0 0 0 0 0
1 1 1 0 1 0
0 1 0 0 0 0
0 0 0 1 1 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1



R1−→



1 0 0 0 0 0
1 1 1 0 1 0
0 1 0 0 0 0
0 0 0 1 1 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1



........ Lim
n−→∞

R1

−−−−−−−→



1 0 0 0 0 0
1 1 1 0 1 0
0 1 0 0 0 0
0 0 0 1 1 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1



R2−→



1 0 0 0 0 0
1 1 1 0 1 0
0 1 0 0 0 0
0 0 0 1 1 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1



........ Lim
n−→∞

R2

−−−−−−−→



1 0 0 0 0 0
1 1 1 0 1 0
0 1 0 0 0 0
0 0 0 1 1 1
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1


,

M(G) =



0 0
0 0
0 0
0 0
0 1
0 0
1 0



R1−→



0 0
0 0
0 0
0 0
0 1
0 0
1 0



........ Lim
n−→∞

R1

−−−−−−−→



0 0
0 0
0 0
0 0
0 1
0 0
1 0



R2−→



0 0
0 0
0 0
0 0
0 1
0 0
1 0


,

N(G) =



0 0
0 0
0 1
0 0
0 0
1 0
0 0



R1−→



0 0
0 0
0 1
0 0
0 0
1 0
0 0


,

H(G) =



0 0
0 0
0 1
0 0
0 0
1 0



R1−→



0 0
0 0
0 1
0 0
0 0
1 0



........ Lim
n−→∞

R1

−−−−−−−→



0 0
0 0
0 1
0 0
0 0
1 0



R2−→



0 0
0 0
0 1
0 0
0 0
1 0



And

J(G) =



0 0
0 1
0 0
1 0
0 0
0 0



R1−→



0 0
0 1
0 0
1 0
0 0
0 0



Second: Gradually case:

Example:

In this case the connection between edges are vertices and 1-dimension by 3-dimension through 2-dimension.

< Figure 11 >
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By folding the graph

< Figure >

Such that

A(G) =



0 1 0 0 0
1 0 1 1 1
0 1 0 0 0
0 1 0 0 0
0 1 0 0 0


F1−→



0 1 0 0 0
1 0 1 1 1
0 1 0 0 0
0 1 0 0 0
0 1 0 0 0


F2−→



0 1 0 0 0
1 0 1 1 1
0 1 0 0 0
0 1 0 0 0
0 1 0 0 0


........ Lim

n−→∞
F2

−−−−−−−→



0 1 0 0 0 0 0 0
1 0 1 1 1 0 0 0
0 1 0 0 0 0 0 0
0 1 0 0 0 1 0 0
0 1 0 0 0 0 1 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0


,

I(G) =



1 0 0 0
1 1 1 1
0 1 0 0
0 0 0 1
0 0 1 0


F1−→



1 0 0 0
1 1 1 1
0 1 0 0
0 0 0 1
0 0 1 0


F2−→



1 0 0 0
1 1 1 1
0 1 0 0
0 0 0 1
0 0 1 0


........ Lim

n−→∞
F2

−−−−−−−→



1 0 0 0 0 0 0
1 1 1 1 0 0 0
0 1 0 0 1 0 0
0 0 0 1 0 0 1
0 0 1 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 1 0
0 0 0 0 1 0 0


,

M(G) =



0 0 0
0 0 0
0 1 0
1 0 0
0 0 1


F1−→



0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0
0 0 1 1


F2−→



0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0
0 0 1 1


,

N(G) =



0
0
0
0
1


,

H(G) =



0 0 0
0 1 0
0 0 1
1 0 0


F1−→



0 0 0 0
0 1 0 0
0 0 1 1
1 0 0 0


F2−→



0 0 0 0
0 1 0 0
0 0 1 1
1 0 0 0



And

J(G) =



0
0
1
0



By retraction the graph in Fig. (11)
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Then

A(G) =



0 1 0 0 0
1 0 1 1 1
0 1 0 0 0
0 1 0 0 0
0 1 0 0 0


R1−→



0 1 0 0 0
1 0 1 1 1
0 1 0 0 0
0 1 0 0 0
0 1 0 0 0


........ Lim

n−→∞
R1

−−−−−−−→



0 1 0 0 0
1 0 1 1 1
0 1 0 0 0
0 1 0 0 0
0 1 0 0 0


R2−→



0 1 0 0 0
1 0 1 1 1
0 1 0 0 0
0 1 0 0 0
0 1 0 0 0



........ Lim
n−→∞

R2

−−−−−−−→



0 1 0 0 0
1 0 1 1 1
0 1 0 0 0
0 1 0 0 0
0 1 0 0 0


,

I(G) =



1 0 0 0
1 1 1 1
0 1 0 0
0 0 0 1
0 0 1 0


R1−→



1 0 0 0
1 1 1 1
0 1 0 0
0 0 0 1
0 0 1 0


........

Lim
n−→∞

R1

−−−−−−−→



1 0 0 0
1 1 1 1
0 1 0 0
0 0 0 1
0 0 1 0


R2−→



1 0 0 0
1 1 1 1
0 1 0 0
0 0 0 1
0 0 1 0


........

Lim
n−→∞

R2

−−−−−−−→



1 0 0 0
1 1 1 1
0 1 0 0
0 0 0 1
0 0 1 0


,

M(G) =



0 0 0
0 0 0
0 1 0
1 0 0
0 0 1


R1−→



0 0 0
0 0 0
0 1 0
1 0 0
0 0 1


........ Lim

n−→∞
R1

−−−−−−−→



0 0 0
0 0 0
0 1 0
1 0 0
0 0 1


R2−→



0 0 0
0 0 0
0 1 0
1 0 0
0 0 1


,
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N(G) =



0
0
0
0
1


R1−→



0
0
0
0
1


,

H(G) =



0 0 0
0 1 0
0 0 1
1 0 0


R1−→



0 0 0
0 1 0
0 0 1
1 0 0



And

J(G) =



0
0
1
0


R1−→



0
0
1
0



Lemma:

The limit of folding and retraction of the general tree is the usual tree.

Application:

(1) The tree of orange can be represented as the new tree. The fruit represent volume, the leaves represent area, and the
tree swing represents 1-dimension.

(2) The prickly pear tree is a kind of the new tree, as shown in the figure

< Figure 13>
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