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Abstract

We use Pascal matrices to show that every coefficient of Jones polynomial of a knot is the pointwise limit of a
sequence of Vassiliev invariants. We also find an explicit finite sum formula expressing the coefficients of Jones
polynomials bounded by a given degree as integral linear combinations of Vassiliev invariants.

Keywords: Jones polynomial, Pascal matrices, Vassiliev invariants
1. Introduction

The well-known Vassiliev conjecture is that Vassiliev invariants are dense in the space of all numerical link invari-

ants. This was stated in Birman and Lin (1993) as follows: Given any numerical link invariant f : £ — Q, does

there exist a sequence of Vassiliev invariants {v£ L - Q}%Q such that , for any fixed L, lim v£ (L) = f(L). Ver-
n—oo

bally, is any link invariant a pointwise limit of Vassiliev invariants? See also Przytycki (1993). The importance of
this conjecture is that it predicts completeness of Vassiliev invariants if we consider them as one invariant involving
all Vassiliev invariants of all orders. In other words, Vassiliev invariants distinguish all links.

It was proved in Birman and Lin (1993) and Stanford (1996) that an appropriate change of variable of Jones poly-
nomial followed by a Taylor series expansion induces an infinite power series with coefficients that are Vassiliev
invariants. For similar results concerning some other Polynomial invariants see Kauffman, Saito and Sawin (1997),
Kanenobu (1997) and Bataineh (2013). Kofman and Rong (2000) used this fact to prove that each coefficient of
Jones polynomial for knots is the pointwise limit of a sequence of Vassiliev invariants. Consequently, Jones poly-
nomial at any complex number is also the pointwise limit of a sequence of Vassiliev invariants. In Helme-Guizon
(2007), this result carries over with slight modification for links.

In this article we use a different change of variable than that used in Kofman and Rong (2000) to prove the result
of Kauffman and Rong. Kofman and Rong used the same substitution of Birman and Lin (1993), and this gave rise
to the interesting Vandermonde matrices. While we use another substitution that gives rise to the interesting Pascal
matrices. Moreover, our work occurs in the special group S L, (Z), which lets us with the nice features of elements
of S L,(Z).

In Section 2, we give the basic concepts and terminology to be used in the later sections. In Section 3, we show the
existence of the sequence of Vassiliev invariants converging pointwise to a Jones coefficient. In section 4, we give
a new explicit formula for each Jones coefficient of a Jones polynomial of degree bounded by a given d, in terms
of Vassiliev invariants.

2. Basic Concepts and Terminology
Let K be a given knot, and Jg(#) be the Jones polynomial of K. Suppose that

n
Jk@D =apt™+ - +a " +ap+ait+-+a, = Z ap(K)t*,

k=—m
where a_,, and a, are nonzero. The degree of this Laurent polynomial is defined to be d = max(m, n). Let ¢t = €%,
then

e

Jx(eh) = i [zl' i kiak(K)} X = Zv,-(K)xi.

i=0 k=—m i=0
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It was proved in Birman and Lin (1993) and Stanford (1996) that v; is a Vassiliev invariant of order i. The sequence
{v;} is referred to as the Vassiliev invariants obtained from the coefficients of the expansion using ¢ = ¢*. In Kofman
and Rong (2000), this is reformulated as follows:

V
1 1 111 11 VT
3 2 -1 01 2 3 “l 210,
(-3 (=2 (-1p 0 12 22 3 a0 31y
(=373 (=2 (=1» 0 13 23 33 @

It turns out that the (2d + 1)*> Vandermonde matrix of coefficients of the following system is invertible.
ag+---+a_+apg+a +---+aq=vo,

(—d)a_d + e+ (—1)61_1 +a+---+ (d)ad =V,

(—da_q+---+(D*a_y +ay + - + (d)ag = 2d)!vaa.
Kofman and Rong (2000) find the solution of this system, and they prove the following two theorems:

Theorem 1 Given any knot K, Let Jx(t) be the Jones polynomial, and a; be its it coefficient. Then for each i, a;(L)
is the limit of a sequence of Vassiliev invariants.

Theorem 2 For any Jones polynomial of a knot of degree < d,

<

2 d i
i -
a, = Zfé,z)((o)"i’ where  fyi(v) = H k- B
i=0 J#k
Jj=-d

Note that gy is given by a linear combination of Vassiliev invariants with coefficients from Q. For example, when
d=1,a_, = —%Vl + vy, a9 =vg—2vy,and a; = %V[ + v;.

The substitution # = e* used by Kofman and Rong is not the only one that produces a sequence of Vassiliev
invariants like {v;} above. In fact Birman and Lin proved in 1993 that there are many possible substitutions that
induce other sequences of Vassiliev invariants.

Theorem 3 Ift = f(x) is any function with the property that f(x) and ﬁ have convergent power series expansions

in some neighborhood of x = 0 and if in addition lim0 f(x) = 1, then each coefficient in the power series expansion
X
determined by t = f(x) is a Vassiliev invariant of order i.

It is not always easy to solve the systems resulting from a substitution # = f(x) satisfying the conditions of the last
theorem. In this paper, we work on a substitution that gives rise to interesting matrices involving Pascal matrices,
and we give solutions of the resulting systems. Also, we give some consequent results from these solutions.
Moreover, we observe that each coefficient of the Jones polynomial is a linear combination of Vassiliev invariants
from a sequence {w;}, but the coefficients come from the integers Z instead of the rationals Q.

The following upper triangular matrix U, is one version of what is called a Pascal matrix:

I A I R O O (1
B0 6 - oot s Y
THO 0 e oo e
(2) () () = ) Vo000 ()
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One can easily see that det(U,) = 1, with entries of U, from Z. Hence U, € S L,(Z). Therefore, the inverse
Ul e SL,(Z).

3. Jones Polynomial Coefficients as Integral Linear Combinations of Vassiliev Invariants

As in the previous section, let K be a given knot, and Jk(¢) be the Jones polynomial of K. Suppose that

n
Jk@®) =apt™ + - +a it " vagFat+ -+ agt" = Z ar(K)t*,
k=—m
where a_,, and a, are nonzero. The degree of this Laurent polynomial is defined to be d = max(m, n).

Letr =1+ x = f(x). Note that the function f(x) satisfies the conditions that guarantee that each coefficient in the
power series expansion determined by r = f(x) is a Vassiliev invariant of order i. Using the substitution r = 1 + x
and using the binomial series of (1 + x)*, we get:

Je(1 +x) = Z ar(K)(1 + x)k = Z ap(K) [i(’f)x} = i [ Z (];)ak(K)} x.

k=—m k=—m i=

Let wi(K) = [ Zn] (f)ak(K)] , then

k=—m
Jr(1+x) = i [ Z (];)“"(K)] i iwl“()xi-
i=0 Lk=—m i=0

The sequence {w;} is referred to as the Vassiliev invariants obtained from the coefficients of the expansion using
t = 1 + x. This is reformulated as follows:

) @ @) © 6 6 6
@000 0 - e
OO0 ||
GGG 60660
Or equivalently
N
6 3 1 00 1 3 aw |=| ™
-10 -4 -1 0 0 O 1 w3

Let M be the infinite matrix of coeflicients in this infinite system. Let the entry m; ; = ({), i >0and jeZ. The

following formula is a well-known fact
J J J+1
+ = .
[)+2)-07)

M j+ Miyyj = My jil-

Hence

Let s, € Z such that s < t. Let M(s,1) be the square block of M of size (t — s + 1) intersecting the first
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row of M and given by M(s,t) = . Let N,_,; be the (f — s + 1)* matrix given by

Nigi1 =

Lemmal N, - M(s,t) = M(s+1,t+1).
Proof. Note that

Ni_g11 - M(s,1) =

(202 ()2
(=1 (D=1 = ()=
I I G

= =M(s+1,t+1).

(=) + ()

s+1 s+2 1
() (%) (i)
So all what N;_y. does is that it shifts the block M(s, ) one step to the right in the infinite matrix M. One can
easily prove the following corollary:

Corollary 1 For any g € N, we have (Ny—g1)? - M(s,t) = M(s + q,t + q).

Theorem 4 Let r > 0, then the following (2r + 1)* system has a unique solution

wi

GO0 O (m

T ...

2r

- -1 0 1 )

(2:) T (Zr) (2r) (2r> T (er) ar

Proof. Note that the matrix of coefficient in this system is M(—r, r) and it is of size (27 + 1)>. We want to show that
M(-r, r) is invertible.

Note that (Ny,41)" - M(—r,r) = M(0,2r). Since det(N,,41) = 1, N,y is invertible. Hence

M(=r,1) = (N2r1)™" - M(0,2r).
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Note that M(0,2r) = U,,,;. Hence
M(=r,1) = (Nops1)™" - Uspy1.

As (Nyr41)™" and Uy, are both invertible, M(—r, r) is also invertible. This completes the proof.

The following lemma says that not only the solution of the system of the previous theorem exists, but also each
a;(K) is an integral linear combination of {wy(K), wi(K), ..., wy(K)}.

Lemma 2 Let K be a given knot with Jones polynomial of degree < d. For each coefficient a;(K), we have
a(K) € Zwo(K), wi(K), ..., w(K)].

Proof. Note that from M(—d, d) = (Nag41)™ - Usgs1, we have

M7 (=d,d) = Uy, - (Nags)™.
Moreover, using Uzgi1, Nogr1 € S Logr1(Z), we get
Ustsrs Nagi))! € S Lo (2).
That is, M~'(—=d, d) € S L,4.1(Z). Hence,

a-a(K) wo(K)
wi(K)
a(K) =M (~d,d)| 2K | = a(K) e Ziwo(K), wi(K), ..., wau(K)],

a d(. K) w24(K)
forl=-d,...,d.
We now use our results to prove the following two results similar to those of Kofman and Rong (2000).

Theorem 5 [f a; is the I coefficient of the Jones polynomial, then there exists a sequence 3, of Vassiliev invariants
such that, for any fixed knot K, lim B, ;(K) = a;(K).
r—o0

Proof. Letd > 0 and r > d. Consider the system

@) - @) 0 6 DV @) ¢ w

: wi

@ - GO 0 Ol a |=|

6 606 @) e
Let the unique solution of this system be (a_,, ..., as,...,a;) = Br—rs- -+ Bris- - - Brr) . However, when r > d, a, =
a_, = 0. By uniqueness of the solution, the solution of the r? system is (0,...,0, Ba—as ---sBaits - - -+Bda0,...0),

which implies that 8,; = B4, for any r > d (So {,B,J}ZO is a sequence of constant tail). Let K be a fixed knot with a
Jones polynomial of degree d. Hence, If we fix [, we have lim S, ;(K) = a;(K).
Corollary 2 For any knot K and any fixed complex number z, Jx(2) is a limit of Vassiliev invariants.

Proof. Let g.(K) = B, (K)z7" + -+ + B,4(K) + - - - + B8,,(K)Z". Note that g,(K) is a linear combination of Vassiliev
invariants, and hence a Vassiliev invariant. Moreover, when r > d, we have ,,(K) = a/(K) for all [. Thus
8r(K) = Jk(2).

4. Explicit Formulas of Jones Polynomial Coefficients

Lemma 3 Let r > 2 be fixed, and 1 < k < r. Let N»,+ be the (2r+ 1)? matrix given by Ny =
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Then (Nort) = | (

(Nars ) = (Napi 1 )(Naps1)* =

B

k

T

When k = r, we have the following corollary.

102
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Corollary 3 (N,,11)" =

The inverse of the upper triangular Pascal matrix U, is known to be given by the following lemma, and this should
be easy to prove. See Edelman and Strang (2004).

=17

()

Lemma 4
1 -1 1 -1
0 1 -2 3
0 0 1 =3
Ul =
" 0 0 0 1
0 0 0

(_1)n+l(n;1>

0. ( 1)2n 2(" 1)

(_l)n_l (nal>
(_1)n(”I1)

(_1)0+0 (8) (_1)1+0 ((1)) (_1)2+0 ((2)) (- 1)3+0 (3)
0 (_l)l+l (}) (_l)2+l (% ( 1)3+1 (
0 0 (_1)2+2 (; (- 1)3+2 (;
B 0 0 0 (UH%Q
0 0 0 '

Therefore, the inverse of the upper triangular Pascal matrix U, is given by

(_1)0+0 (8) (_1)1+0 ((1)) (_1)2+0 ((2))

0 (_1)1+1 (i) (_1)2+1 (%)

U_l ) 0 0 (_1)2+2 (;)
241 = 0 0 0
0 0 0

It is also easy to observe the following remark.

( 1)3+0 (3)
( 1)3+l
( 1)3+2

(_1)3+3

(_1)n+1 (Vl;1>

(—1>2";2(::})

0 H)

Remark 11f A = (a,-, j) is an upper triangular n?> matrix, B = (b,', j) is a lower triangular n> matrix, and C = AB, then

>

g=max{i,j}

Cij = Qigbg.;.

Now, we obtain the formula of ;.

Theorem 6 For any Jones polynomial of a knot K of degree < d,

2d

ar = Pa; = Z

2d

q

2

+l+d
eV @+J&

=0 g=max{l+d,j}

g-j<d
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a_g wo
. Wl
Proof: Recall that| ag |=M"'(—=d,d)| ™2 | and M™'(=d,d) = Uy}, - (Naas1)*; Uy}, =
ay Wad
(_1)0+0 (8) (_1)l+0 (1)) (_1)2+0 (2)) ( 1)3+0 3) ( 1)24(261)
0 (_1)1+1 {) (_1)2+1 %) (- 1)3+1 1) (- 1)2d+1(2]d)
oo e el el y
0 0 0 (- 1)3+3 (g) = (a[’j)i,j=0,l,2,...,2d » where a; ;= (~1)"™ ({)
0 0 0 - 0. (—1)‘.‘d(§j)

for j > iand g;; = 0 for j < i, and

(Naar1)! = (3) (b’?f )i, j=0,12,...2d

A
T ox
S—"
Il

where b; ; = ( )f0r1<]

d u u +i d
Let U2d+1 (Nogi)® = (Ci’j)i,j:O,l,Z,...,Zd' Then ¢;; = q:mg([ij}ai,qbq,j = q:mé{ij} (-D? (?)(q—/) However, when
2d
q-j>d, (q‘fj) = 0. Therefore ¢; ; = > (- 1)q+’( )(qdj)
g = max {i, j}
g-j=<d

2d 2d 2d
Note that a; = Y, ciq,w;. Hence, a; = Bay = Y, 3 (=1)a+i+d (l+d>( d ) wj.

=0 =01 g = max {l +d, j}

g-j<d

Example 1 When d = 2, we have
B2 = w3+ wy.
Bo—1 = 5wz — 4wy,
Bao = wo —wi +wa + 9wz + Owy.
B =wi = 2wy — Tws — 4wy,
Boo = wa +2ws + wy.
One benefit of the integral coefficients of the Vassiliev invariants making a Jones polynomial coefficient S84, is,

in Example 1, that if w3 is integer-valued Vassiliev invariant, then wy is also integer-valued. This is because
,82’,2 =ws+wyand Jx(t) € Z [[, l‘_l] .
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