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Abstract

It is proved that the arbitrary nondegenerate system in a linear complete topological space has a correspondence
complete topological space of coefficients with canonical basis. Basicity criterion for systems in such spaces is
given in terms of coefficient operator.
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1. Introduction

The concept of the space of coefficients belongs to the theory of bases. As is known, every basis in a Banach space
has a Banach space of coeflicients which is isomorphic to an initial one (see, e.g., Dremin, Ivanov, & Nechitailo,
2001; Singer, 1970; Singer, 1981). Every nondegenerate system (to be defined later) in a Banach space generates
the corresponding Banach space of coefficients with canonical basis (see, e.g., Bilalov & Najafov, 2011; Dremin,
Ivanov, & Nechitailo, 2001). Similar results are obtained in fuzzy structures (Bilalov, Farahani, & Guliyeva, 2012)
which have recently gained a great scientific interest. Therefore, space of coefficients plays an important role in
the study of approximative properties of systems. It has very important applications in various fields of science,
such as solid body physics, molecular physics, multiple production of particles, aviation, medicine, biology, data
compression, etc (see, e.g., Chui, 1992; Edwards, 1969 and references within). All these applications are closely
related to wavelet analysis, and there arose a great interest in them lately (see, e.g., Chui, 1992; Christensen, 2003
& 2004; Dremin, Ivanov, & Nechitailo, 2001). It is well known that many topological spaces are nonnormable.
Therefore, the study of various properties of the space of coefficients in topological and, in particular, in metric
spaces is of special scientific interest.

Our work is dedicated to the study of topological properties of the space of coefficients generated by nondegenerate
system in a Hausdorff linear topological spaces. It is structured as follows. In Section 2 we state basic concepts and
facts to be used later. In Section 3 we state and prove our main results. We prove that the arbitrary nondegenerate
system in a linear complete topological space generates complete linear topological space of coefficients with
canonical basis. Basicity criterion for systems in such spaces is given in terms of coefficient operator.

2. Needful Concepts and Facts

We will use the usual notations: N will be the set of all positive integers, R will denote the set of all real numbers, C
will stand for the set of all complex numbers, L (X; Y) will be the linear space of continuous linear operators from X
to Y, and F will denote the field of scalars. By the linear topological space (X; 7) (LTS in short) we mean the linear
space X over field F (F = R or F = C) with a topology 7, where linear operations are continuous and every point
is a closed set. Set M C X is said to be bounded if for an arbitrary neighborhood of zero O,, 36 > 0 : AM C O,,
VA : |4] < é. By the neighborhood O, (x¢) of point xy € X we mean an open set xo+O,, where O, is a neighborhood
of zero. Local base in X is a family of the neighborhoods of zero % such that the every neighborhood of zero
contains some neighborhood belonging to Z. (X; 1) is called a metrizable space if its topology 7 is generated
some metric. Metrizable and complete space is called Frechet space or F -space. By L[M] we denote the linear
span of the set M C X. The closure of this set in topology 7 is denoted by M. We also state some facts from the
theory of LTS which will be used later in this work.

Let M be some set and “ < ” an order relation (partial) in it. (M; <) is called directed set if Yo, € M, Iy € M :
a <y AL < y. {x1}em C X is called net in X if M is a directed set. Let (X; 7) be some LTS. Net {x,} e, converges
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to ko € X over M, if for any neighborhood O,, of the point xp, 1y € M : x; € Oy,, YA > Ap. This fact we will

denote by }1111\1/} X, = Xp or x; — X9, A4 € M. The net {x,},c) is called Cauchy net, if for arbitrary neighborhood of
€

zero O in X, g € M : (x) — x,) € Og, YA.u > Ay. If any Cauchy net converges in (X; 1), then this space is called

complete.

Definition 1 System {x,,},,cy C X is called complete in X if L [{x,},en] = X.

Definition 2 System {x,},,cy C X is called minimal in X if x; € L[{x,},2¢], Yk € N.

Definition 3 System {x,},cy C X is called w-linearly independent in X if )}, 4,x, = 0 in X implies that 4, =
0, Vn e N.

Definition 4 System {x,},cy C X is called a basis for X if Vx € X, 3! {4, },eny C Fix = 27, ApXp.
We will use the following concept.

Definition 5 System {x,},cn C X is called nondegenerate if x,, # 0, Vn € N.

Also recall some facts which will be needed to obtain our main results.

Theorem 1 (Chui, 1992) If & is a local base in LTS (X; 7), then every neighborhood of zero belonging to it
contains the closure of some other neighborhood of zero in A.

Theorem 2 (Rudin, 1975) Every LTS (X; 7) has a balanced local base.

Just recall that the set M C X is called balanced if aM c M for Va € F : |a| < 1. Set M C X is compact if every
open covering of it has a finite sub-covering. Set M C X is pre-compact if its closure is compact. The arbitrary
family of sets {My}yea : M C Ugen M, is called the covering of the set M, where A is an index set. More details
of these and other facts and concepts can be found in the monographs (Bourbaki, 1959 & 1968; Edwards, 1969;
Heil, 2011; Rudin, 1975).

3. Space of Coefficients

Let (X; 7) be a complete linear topological space and let {x,},.ny C X be some nondegenerate system. Assume

Tz = {{/ln}neN C F : the series Z AnX, is convergent in X}

n=1

Obviously, #; is a linear space with regard to usual operations of component-specific addition and multiplication
by a scalar. Every neighborhood of zero O, in X generates corresponding neighborhood of zero Ofg in J£5:

O;}gz{/_lz{/ln}neNE%: Z/l,,x,,eog,\/meN}.

n=1

The set of neighborhoods of zero O in #; generates corresponding topology 7. in .#;. Every linear topological
space is a Hausdorff space. Consequently, every compact in such spaces is bounded. Therefore, every Cauchy
sequence is pre-compact and, consequently, is bounded in such spaces. More details about these facts can be found
in Bourbaki (1959) and Heil (2011).

Let us show that (J#;; 7 ) is complete. We will need the following:

Lemma 1 Let (X; 7) be an LTS, x € X, x # 0,{f1} ey € F— be some net and fx — 0 as A € M. Then f — 0 as
e M.

Proof. Suppose that the net {f,},c,, does not converge to zero. Also suppose that {f,},.,, has a bounded subse-

quence {4, },n. Then it is possible to derive a convergent subsequence from it, and, without loss of generality,

we will assume that 1,, — 4o, k — oo. We have 4,,x — Apx as k — oo. Hence, 1y = 0, because (X; 1)

is a Hausdorff space (see, e.g., Bourbaki, 1968). Thus, every bounded subsequence {A4,},cy converges to zero.

It follows from the assumption made above that {4,},y contains unbounded subsequence. Let A,, — oo as
1

k — co. Then pp = - — 0, k — oco. As a result, klim i (A x) = klim Uk klim (Ay,x) = 0. On the other hand,
Nk —00 —00 —00

i (A x) = %/lnkx = x # 0. So we came upon a contradiction which proves the lemma.
nk

Take an arbitrary Cauchy net { ﬁ}AeM C X5 with f E{ kw}keN' Take a neighborhood of zero O in .#; generated

by an arbitrary neighborhood of zero O, in X. Definitionally this means that 31y € M : f; — f, €0, YA, u = A.
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Consequently
p

() )
D=1 x €0, Vre N, Yau > A.
k=1
And this, in turn, means that the net {Z,’{ | f(/l) } ey 18 convergent for Vr € N. In particular, { l“)xl }EM is
convergent. From Lemma 1 we obtain that { (’U}Ae is convergent. As {Z,% 1 fu) } Mis convergent, we obtain
from f(/l)xz = Zk ] (A)xk fu)xl that the net{ WDy } em is convergent in X, and, as a result, { @ }AeMis convergent.
Continuing this process, we obtain that{ (A)})EM is convergent for Yk € N. Let fu) — A, A€ M. Assume

f = {fi)aey- Let us show that f €#; and f, — fas 1 € M. Let 2 be some local base of the neighborhoods
of zero in X. By virtue of Theorem 2, such base always exists in LTS. Take YO,, € . Due to Theorem 1,
0., € #: O‘,,;2 C O,. Let 0% be the neighborhood of zero in J#; corresponding to O,,. Obviously, 1y € M :

( f,1 — f,l) , YA, u > Ag. According to the definition, this implies
Z( W f(")) X € Oy, C Oy, YreN, VA, u> Q. (1)
k=1

It follows from the arbitrariness of O, that the net { DI A % } e is Cauchy net in X for Vr € N. Passing to the
limitin (1) as u € M yields

r

(A~ £) % € 0n € 0uy Vre N, Va2 A, )
k=1

In what follows, we will use the following assertion:

Assertion 1 (Rudin, 1975) For every neighborhood of zero W in X there exists a symmetric neighborhood of zero
U(in the sense that U = —U) which satisfies the relation U + U + U C W.

By virtue of Theorem 1, we have directly from this assertion the following.
Corollary 1 For every neighborhood of zero W in X there exists a neighborhood of zero Usuch that U+U+U c W.
Taking neighborhood W as O, and assuming O, = U, we have

O, + 0, + 0, C O, 3)

As fy €#; , itis clear that Iry € N :

r+p

Z % €0y, Yr>ry, YpeN. 4)

We have

r+p r+p r+p r+p r+p —1

D fxe= Y 10 D (fe= 1) me= D A+ Y (e 1) e+ Z & -
k=r k=r k=r k=r k=1

Taking n > my, by virtue of inclusions (2)-(4) we get

r+p

S fik € 0 405 + 00, € Oy,
k=r

Consequently, the series Y fiXx is convergent in X. Hence, f €.%#;. It follows directly from (2) that f; — f as
A€ Min K.

Let us show that the linear operations are continuous in .#;. Take ¥ f €.%; and assume a — ag in F. Let us show
that (a — ap) f — 0asa — ag. Let S, " faXn, With f = {f,},en. As the sequence {S ),y i convergent in

X, it is evidently bounded there. Take an arbltrary neighborhood of zero O, in X. Then 36 > 0: £S,, € O,, Vm €
N, Vz : |t| < 6. Consequently, (a —ag) S,y € Og, Vm € N, Va : |a —ag| < 9, i.e.

Z(a—ao)/l,,x,, € 0,YmeN,Va: |a—ag| <6.

n=1
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Definitionally this means that af — aof as a — ag in #;. Now let fY — f, 8@ — g 1 € M in #;, where
Jo = ,i”}keN f = {fiher> 8V = &’} L & = (@abere- Let SO =20, £0% S, () =i fixes
S 5,/,1) (&) =2, gk ) X4s Sm (g) = 2= &Xk> Ym € N. Take an arbitrary nelghborhood of zero O, in X and consider
another neighborhood of zero O, such that O,, + O,, C O,,. It is clear that 34y : (S f,f) ) =Sn(f) € O,
S () = S, (g) € O, YA = Ao, Ym € N. Consequently, (S5 (f) + S5 (8) = (S,, (f) + S (g) € Oy, + O, C
0,,,Y1 > g, Ym € N. And this, in turn, means that Y + g — f + 3, 1 € M in #;. Thus, linear operations
are continuous in 5. Let f # 0, f = {fu},ey € % Obviously, Ir € N : f. # 0. Set np = min{r: f, # 0}.
As fu,Xn, # 0, there exists a neighborhood of zero O, in X such that f, x,, ¢O.. Let this nelghborhood be
corresponded by a neighborhood of zero Ofg inJ#s:

Ofgz{gejﬁ—c: ZgnxneOg,VmeN,gE{g,,}neN}.

n=1

It is absolutely obvious that 3" fuxy = fu X & O,. Asaresult, f ¢ O . It follows directly that the space 5 is
a Hausdorft space. So we obtain that every one-point set in 75 is closed. Thus, we have proved the following:

Theorem 3 Space 5 with a topology T has the following properties: 1) it is complete; 2) every one-point set in
it is closed; 3) linear operations are continuous in it.

Let’s consider the operator T :.%#; — X defined by

Tf Zfl’lxm fn neN € %

Let f — f, 1€ M in %z, where fV = { k(/l)}keN €.#;. We have
TFY - TF = Z(z}? - fi) X VA € M.
=1

Take an arbitrary neighborhood of zero O,, in X and consider another neighborhood of zero O,, such that O,,c O, .
Let O be a neighborhood of zero in #; generated by O,,. Obviously, 319 € M :( f - f) €0l VA= Ay, .

Z (£V = i) 3 € Os,, YA 2 A9, Ym € N.
k=1

Passing to the limit in this relation as m — co yields

8

DAY= fi)x €O, € 05,922 A
k=1

Thus, TfY — Tf, 1 € M in X. It follows directly that T is a continuous operator. Let f € KerT, ie. Tf =
0 =37, fuxa = 0, where f = {fuluen €45 Itis clear that if the system {x,},cy is w-linearly independent, then
f» =0, Vn e N, and, as a result, KerT = {0}. In this case there exists an inverse operator TV ImT - %,

Denote by {e,},eny C#5 a canonical system with e, = {0, }reny, Where 8, is the Kronecker symbol. Let us show
that {e,},cn forms a basis for #z. Take Y f = {f,},cn €% and prove that the series Yo | f e, is convergent in 5.
Take an arbitrary neighborhood of zero O in .#;, generated by a neighborhood of zero O, in X. As the series
Yimey fuxy is convergent in X, we have Img € N:

m+p

anx,, € Og, Ym > mgy, Vp e N,

n=m

Consequently
m+p

anen € Of/, VYm > mgy, Yp e N.

n=m
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For partial sums S, corresponding to the element Y= f,e, we have
0, 1<r<m-1,
S,=3 Yrenfuxn, m<r<m+p,
D X, VP> m o+ p-

Therefore it is evident that S, € O,, ¥r € N. As a result, the series ) - | fye, is fundamental in %% and, conse-
quently, is convergent in it. Assume f,, = f — 2o Anen = {305 finers ... Let 07 be an arbitrary neighborhood
of zero J#%, generated by the neighborhood of zero O, in X. The convergence of the series ), f,x, implies that
Amy € N: S0P £.x, € O, Ym > mg, Vp € N. For partlal sums S, corresponding to the element f,, we have

0, 1<r<m,
Sy =
remal JoXn, Yr>m+ 1.
As aresult, we get f,, € O, ¥Ym > my. Consequently, ”gn‘}o >, faen = f in ;. Consider linear functionals
e (f) = f,, Vn € N. Let us show that they are continuous. Let f¥ — f, 1 € M in #; where f¥ =

n

{ ku)}k N C 5. As already established above, f - fr, A€ M. Consequently, (f (/l)) Ty W Je =¢; (f_ ) as

A € M, and therefore, ¢; is continuous Vk € N. It is easy to see that e, (e;) = 6,,k, Vn,k € N. As a result, we
obtain that {e;}, . is a system biorthogonal to {e,},cn. This proves the basicity of system {e,},cy in %5 . So the
following theorem is true.

Theorem 4 Let (X; 1) be complete LTS and let {x,},cy C X be some nondegenerate system. Then the corresponding
space of coefficients (5, T x.) is also a complete LTS with canonical basis.

Now suppose that the system {x,},cy 1S w-linearly independent and the value area of operator 7T is closed, i.e.
ImT = ImT. 1tis easily seen that Te, = x,, ¥n € N. Then it is clear that the system {x,},cy forms a basis for ImT.
Indeed, it directly follows from the definition of the basis and from the expresiion of the operator 7. If this system
is complete in X, then it forms a basis also for X. We will call T a coefficient operator. Converse is also true, i.e.
if the system {x,},cy forms a basis for X, then it is clear that it is complete in it and w—linearly independent. It is
evident that in this case ImT = ImT. Hence, it is easy to see that ImT = X. Thus, the following theorem is true.

Theorem 5 Let (X; 1) be complete LTS, {x,},eny C X be a nondegenerate system, (£, T ) be the corresponding
space of coefficients, and T : &z — X be the corresponding coefficient operator. System {x,},en forms a basis for
X if and only if the following conditions are satisfied:

1) it is complete in X; 2) it is w-linearly independent; 3) ImT = ImT.
4. Conclusion
Summing up, we arrive at the following conclusions:
1) In a complete topological vector space every non-degenerate system generates a similar space of coefficients;

2) The space of coeflicients has a canonical basis, regardless of whether the system is complete, minimal or
forms a basis;

3) A basicity criterion, different from the one for classical case, is obtained in terms of coefficient operator.
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