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Abstract

As one of the most important achievements in nonlinear science, population system has drawn wide attention and
extensive research in the past few decades. However, population control is a systematic social project with much
complexity for the reason that it involves knowledge in many aspects, such as functional analysis, differential
equations, partial differential equations, operator theory. Through initiating a series of groundbreaking work on
the issue of population control in China, our scientific workers have made a lot of achievements, which are valuable
in terms of theory and practice, in understanding and addressing this issue in a correct way.

To conduct intensive research on the issue of optimal control is a right way to achieve that. They have made strict
and detailed analysis to population system, whose results have a great influence on the family planning policy in
China.

This paper starts from deducing the population equation and explaining its parameters meaning. Next, it gives the
answer to a simple model. Based on stationary population model, this paper, considering population mortality and
gaining factor (can only depend on age), gives its prediction to a more general case and tries to gain the optimal
control towards population.

keywords: stationary population, optimal control, gaining factor
1. Introduction

Overpopulation has always been the issue that Chinese government lays much emphasis on. It is also a serious
crisis we are facing at present. The problems in basic necessity of life and employment as well as the shortage
of natural resources brought by overpopulation have become great constraints in the development of Chinese
economy. What’s worse, it has brought society many problems as the overpopulation of rural labor forces have
already caused. Since the policy of family planning was carried out in the 1970s, better control over the population
has been achieved and the rate of population increase has decreased intensively. This will be more persuasive
if it is analyzed from the perspective of statistics. It is necessary to analyze the population issue in the angle of
mathematics, and that is, predicting and controlling the population by gaining population index from the number
of population.

At the end of the 1970s and the beginning of the 1980s, Song Jian and other people began to analyze population
issue from the perspective of mathematics. They established the partial differential equation model in the devel-
opment of population, analyzed parameter equation like the mortality function and fertility function parameter
equation, and answered the numerical value on the basis of population development equation. By doing so, it can
be used to predict the number of population and various population indexes, such as birth rate, mortality, index of
aging, number of the aged, number of labor force, index of labor force. All of these will bring Chinese population
research into quantitative analysis and research from the pure qualitative analysis.

The optimal control on population system with age structure has been researched extensively in recent decades as
many domestic and foreign scholars have done much work in this field. To our knowledge, many workers have
devoted themselves in researching the optimal control since M. Brokata researched the optimal control with age
structure and population dynamic system for the first time. Population system has formed into a huge system,
spreading itself into the vast sea of documents.

The paper explains the optimal control of the dense population.Especially for the stationary population, this pa-
per explains the meaning of the parameters and I obtain the optimal control by the theory of partial differential
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equations. I do some detailed study of a population equation, which is established on the emergence of the birth
rate, mortality rates, gain factor (not depended on age) and other parameters. I prove the existence of the optimal
control by the control convergence theorem.

The optimal control on population system with age structure has been researched extensively in recent decades as
many domestic and foreign scholars have done much work in this field. To our knowledge, many workers have
devoted themselves in researching the optimal control since M. Brokata researched the optimal control with age
structure and population dynamic system for the first time. Population system has formed into a huge system,
spreading itself into the vast sea of documents.

The paper explains the optimal control of the dense population. Especially for the stationary population, this
paper explains the meaning of the parameters and I obtain the optimal control by the theory of partial differential
equations. I do some detailed study of a population equation, which is established on the emergence of the birth
rate, mortality rates, gain factor (not depended on age) and other parameters. I prove the existence of the optimal
control by the control convergence theorem.

2. Derivation of Population Equation

The population issue is one that many people show their interest to. The ordinary differential equation model
has often been used in the research of population development. The model only takes the total number of the
population and its aggregate growth rate into consideration, and the age structure of population is not included. As
a matter of fact, the age structure of population has a great effect on the change of the number of population. If you
compare the youth-oriented society and the old age-oriented society, you will find great differences in the changing
of population. In order to take the age structure into account, it is necessary to approach partial differential equation
model. Here is the continuous model which considers the age of population.

Let x, 7 said the age, time, and function N(x, ¢) expressed the total number of population in the age of less than x at
t. And let function N(x, ?) on x, ¢ is continuously differentiable, in which a,, is the maximum age, N() is the total
number of population at z. Obviously, N(x, f) has the following properties:

(1) N@©O,7) =0;
(2) Toany a b > a,,, N(b,t) = N(1).

Then let p(x,t) = %, call p(x,t) as the population density function. Due to function N(x,¢) about x is not

reduced and the above-mentioned properties (1) and (2), population density function p(x,7) has the following
properties:

(1) p(x, 1) 2 0;
(2) When b > ay,, p(b, 1) = 0.

When the population density function p(x, f) is known, apparently,
N(x,1) = f p(y,Ddy, N(1) = fﬂ p(y,dy
0 0

and the number of population is fx Tz p(y, )dy when the age is in the [x;, x,].

The mortality is different for people in different age, thus mortality function has a great influence on the population
development. Regard M(x, Ax, 1) is the average death toll of those whose age is between [x, x + Ax] at the unit time
t, and the mortality function can be defined as:

. M(x,Ax,t)
u(x, 1) = lim —A
A0 [ ply, 1)y

Set p(x, 1) as continuous and differentiable function. When Ax, Ar is small to the full, in the ¢ to 7 + At time, the
number of death of the people whose age are between the x and the x + Ax is

u(x, H)p(x, HAxAL,
And the age of the survived are between x + At and x + Ax + Ar at t + Az. Thus it can be deduced that

p(x, H)Ax — p(x + At, t + AHAx = u(x, t)p(x, 1)) AxAt + a(Ax, At),
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In which, the a(Ax, Ar) is infinitesimal quantity at Ax — 0, At — 0. The above function can be rewritten into:
p(x + At, t + AtH)Ax — p(x,t + AH)Ax + p(x,t + A)Ax — p(x, H)Ax = —u(x, 1) p(x, ) AxAt + a(Ax, At),
Both sides are divided by AxAt at the same time and make Ar — 0, and the following can be expressed like this:

. p(x + At t + At) — p(x,t + Ar)  Ip(x,t)
im = )
At—0 At ox

Thus 5 s

DD 4 PPED — i, pl ) (M)
Equation (1) is partial differential equations of first order. In order to work out the population density function
p(x, 1), initial conditions and boundary conditions also should be given. Set the latest census time is t+ = 0, and
p(x,0) = po(x) is known. Set po(f) = ¢(¢) is the birth population at unit time #, and when ¢(¢) is known, the
mathematical model for population is

D) D b

ox ot )
p(x,0) = po(x), p(0, 1) = @(0); 2)
p(am’ t) = 0

The Equation (2) can be addressed as the continuous equation on population development.
3. The Solution of the Model

When predicting the future population situation in short term, we often address it in a simple way: assuming
that the social conditions remains relatively stable over a period of time, the mortality function u(x, f) = u(x) has
nothing to do with time and it is only a function of one variable regarding age as its variable quantity. The death
function of the following years can be replaced by the mortality function of the starting year. This simple operation
makes it easy to work out population development equation, which helps to predict population in short term in a
highly accurate way.

A relatively stable society refers to a society remains unchanged in sex ratio of population, childbearing patterns
of women, birth rate and mortality for a long time when social conditions remained relatively stable.

Here, set b(x) is birth rate, and it is only associated with age and has nothing to do with time ¢. Mark a(> 0) is the
minimum age of child-bearing, then

p@0=fﬂmmwm@
This is a boundary condition and the Equation (2) becomes

ap(x, 1) . Ip(x.1) _ —u(x, Hp(x, 1);

ox ot
pmm=mmm@0=famwmmm @)
P, ) = 0.

And it also assumes that the society is closed, and that is to say, the migration rate is f(a,t) = 0.

Here suppose the py(x) meets the following consistency condition

zmmif%wmw@ @)

And the following equation is acceptable
pO(am) =0.

To get the solution easily, first make a substitution of unknown function, and the equation is homogeneous. Make

q(x, 1) = p(x, Deb #OU (1> 0,0 < x < ay,),
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Then Equation (3) can be evolved into

aq(x, 1) N aq(x, 1)
ox ot ‘
q(x,0) = go(x) = po(X)eh *OU 0 < x < ay; ®)

40, 1) = fﬂ " BOYa(y. )dy. 1 > 0.

=0,t>0,0<x<a,;

In which,
B(x) = b(x)e™ b Ho0 (6)

and compatible condition (4) can be turned into Here we use method of characteristic curves in solving Equation
(6), and the characteristic equation is
de _,
dr

So the characteristic curve is y(f) = t + xo — ty crossing the point (xo, fy), and g(x, ¢) along characteristic lines
differential is

>

dqO(t).1) _ 9q  0qdy() _ g g _
dt ot  Ox dt ot  Ox

Namely it is constant along any feature line. The following is the discussion of the expression of solution in
different regions.

0.

In the region {(x,1);t < x < a,,t > 0}, the feature line crossing any point (x, #) must intersect the initial interval
0 < x < a,y, in the decreasing direction of ¢. So it is

q(x,t) = qo(x —1),(t £ x < apy,t >0). (7

In the region {(x,#);f—a < x <t,t > 0,0 < x < a,}, the characteristic lines crossing any point (x, ) must intersect
the point 7 — x on the zone [0, a] in ¢ axis in the boundary region in the decreasing direction of . Hence, from
boundary condition

Q(x9 t) = Q(Os r— X)
= f ’ By)q(y,t — x)dy

=f B(y)qo(y — 1 + x)dy.

This is because of 0 <t — x < a,a <y < a,, and ¢g(y, t — x) under the integral sign can be expressed by Equation
().

Likewise for any point (x, ) in the region {(x,);t—2a < x < t—a,t > 0,0 < x < a,,}, its solution can be expressed
as
q(x,1) = q(0,1 - x)

- f " B 1 - x)dy

= fﬂm B(y)dyf ' B(s)qo(s —t + x + y)ds.

Repeat the above approach, and we can solve it in the whole area {(x,#);0 < x < a,,t > 0}. The following
recursion formula can be used:
CIO(X - t)s-x > t’

q(x7 t) = m
f B)q(y,t — x)dy, x < t;

Then the solution of question (3) is p(x, 1) = e~ fox”(”‘hq(x, 1.

Although the solution is obtained in divided area, the solution in the entire region is smooth and satisfies the
equation due to the smooth of go(x) and B(x).
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According to the theory of partial differential equations, in the population development Equation (2), when u(x, 1),
Ppo(x), ¢(1) is given, we can get the solution of the population density function p(x, ¢), by which we can gradually
predict the number of population and age structure.

4. The Optimal Control of Population

If we complicate the Equation (3), we can set P(¢) as the total population at #; ®(P(r)) is the external mortality rate,
such as earthquake, tidal wave, traffic accident etc., that doesn’t rely on age; u(r) is the gaining factor of human
population. In this way, we can get the equation

dp(x,1) N ap(x,1)
Ox ot

2(0,1) = f " bOp(x, dx, 1 > 0;
0

+ u(x)p(x, t) + ©(P()p(x, 1) = —u(t)p(x,1),0 < x < ay, t > 0;

(8)
p(x,0) = po(x),0 < x < a,

P() = f " p(x, Hdx, £ > 0.
0

Here, in order to get the solution of (8), we might as well separate the variables:
px, 1) = y(Or(x, 1),
Thus we can change Equation (8) into (Specific derive are detailed documentation (Li & Yao, 2006)
ret+re+u(x)r=0,0<x<ayt>0;

0, 1) = f  bp(e Nt > 0; )
0
r(x,0) = po(x),0 < a < ay.

And

{y'(t) + O(Po()y(0)) + u()y(t) = 0,1 > 0; (10)

y(0) = 1.
In which Py(¢) = fo”"' r(x,dx,t > 0.

Apparently, there is only one solution to the Equations (9) and (10) as it has been proved that the Equation (9)
has a unique solution and Equation (10) is an ordinary differential equation which is easy to know it has a unique
solution. Therefore, the Equation (8) has a unique solution.

Next, we move to the question of control:

T
Maximize J(u) := f m(t)u(t)y"(t) (11)
0

in which y*(¢) is the solution of (10); Here u(z) € {u(t) : 0 < u(t) < v(¢), V¥t € (0, T)}, with fixed v(f) € L' (0, T); T is
the upper limit of the time £; m(f) = foa’” g(x)r(x, t)dx, t € [0,T], in which g(x) is a factor that only depends on age
and satisfies g(x) € L*(0, a,,), g(x) > 0.

The main result drawn from this section is:

Theorem (11)-(10) exists an optimal control at least.

T
Proof. We consider d = sup f m(t)u(t)y"(t)dt, obviously, d € [0, +o0]. Make u, € A, so that:
0

ueA

1 T
d—-< f m(O)u,(1)y"Vdt < d;
n 0

This is decided by the definition of the supremum.

Now we will explain weak compactness of u,,.
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(1) Obviously, in L'(0,T), A has uniformly boundness;

(2) For Ve > 0, necessarily 4 6 > 0, so that when E c (0, T) satisfies u(E) < ¢, then we have: fE u,(x)dx <
J v(x)dx < &, for Yu, € A;

(3) For Ve > 0, necessarily 4 compact k c (0, T), so that: f(o,T)—k u,(x)dx < f(O,t)—k v(x)dx < g, for Yu, € A.
Therefore, according to the Douford-Pettis theorm:

(one) u, is at the weak convergence u* in L'(0, T).

We can achieve that:
y — y* in L0, T);
Consequently,
my"“ — my*" in L'(0, T);

With the condition thatm € L*(0, T), we can achieve:

(two)
T T *
f m(f)un(l)y””(’)dt - f m(t)u*(t)yu (t)dl
0 0

Combining (one) and (two), we can immediately achieve this:

T
d:j‘mmwmymm.
0

Thus the (1*,y*) is the superior pair of (11)-(10).
Therefore, the original issue has been proved.
5. Summary

To sum up, I do some explanations to the optimal control of the stationery population in this paper. I made detailed
analysis and obtained the existence of the optimal control for the gain factor of more general case especially. It is
feasible and the conclusion is objective.

But the practical value to the conclusion is not high, specific performance in: First of all, in the real world popula-
tion is generally not stable, and those parameters are generally not having the above properties, this paper is about
the demographic idealized vision; Secondly, this paper simply explains the existence of optimal controls, without
pointing out how to control them; Finally, the nature of some parameters as well as the characteristic of the gain
factor is special in this paper.

Due to lack of funds and other reasons, I will be find a way to try to resolve the problem later.
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