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Abstract

We are interested in controlling and removing singularities of the Dirichlet problem involving the bilaplacian
operator in a domain with corner. It’s possible of making the solution to the bilaplacian operator regular, through
acting on a small part of a cracked domain with corner. Then, the best singularity coefficients can be controlled by
simultaneous actions of two controls on a small part of the boundary.
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1. Introduction and Statement of Problem

We consider the Dirichlet problem for the bilaplacian operator in a bounded polygonal domain Q of R?. Since
the domain is polygonal, the solution of this problem does not only depend on the regularity of data, but also on
the geometry of the domain (Grisvard, P., 1974; Grisvard, P., 1992; Kondratiev, V. A., 1967). This solution is
singular in the neighbourhood of non-convex vertices of Q (see Bayili, G., 2009; Seck, C., Bayili, G., S¢ne, A., &
Niane, M. T., 2011). Niane et al. (2006) proved that it is possible by acting on a small part of the domain or on
a small part of the borders, a regular solution of the Laplace equation can be obtained. Let m + 1 the number of
non-convex angles of Q and O a non empty open bounded Q. We will show that there are infinitely differentiable
functions with support in O and satisfying the following condition if f € L*(Q), (1;)1<i<x are the coefficients of the
singularities and (g;);<;< the singularities of the problem

Find v € HS(Q) such that
()
“Av=FfinQ
then the problem
Find y € Hg(Q) such that
(2)
~Ny = [~ 3L, Aigi in Q

has an unique solution y € H*(Q).

We will also prove the following result if I'j and I, are two analytical open sets of I' whose measure of the
intersection is non zero, then there exist k functions (4;, g;)1<i<x of D(I'1) X D(I';) with compact support contained
in I'; NI, such that

-AN’y=fin Q
yy =—Y5, hi on T 3)
g—;‘; = :-czl /ligi on Fz

has an unique solution y € H*(Q).
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2. Bi-orthogonality Property of Biharmonic Functions
Let H be a Hilbert space with a scalar product (-, ).

Lemma (Density lemma) Let H be a Hilbert space, D a dense subspace in H and {eq, ..., e,} a subset of H. Then,
there exist {dy, ...,d,} in D such thatV 1 <i< j<m, <e,-,dj>H = 0jj.

Proof. According to the hypothesis and by Gram-Schmidt orthogonalization, there exist vy, ..., v, such that

(vi,ejyg = 6;j, Y1 < i < j < m. As D is dense in H, there exist sequences (VE")) of elements in D, such that
(n) (n)
v

» — v;in H as n — oo, for all i € {0,...,m}. This implies that (v;",e;)y — (vi,e;)y = 6;j asn — oo,

and hence the matrix K, = ((VE"),e j)H)o<i<j<m 1s invertible for n large enough. Fixed this value of n, write

7(‘1 = (¢ij)o<i<j<m- The requested elements are d; = 3, cikvli"), since (dj, ey = XL, c,'k(vg'), ey = 0jj.

Theorem Let Q be an open set of R" and O a non-empty open set of Q. If (wi)1<i<k is a set of linearly independent
of biharmonic functions of L*(Q), then there exists a family (g N<j<k of C= functions with compact support in 0,
such that

VO<j<i<k, wehavefwigjdxzéij 4)
Q
Proof. Let H = L*(O). The family (wip)1<i<k 18 linearly independent ?

Effectively, assume that there exist real numbers (@;)1<;<x not all of them zero such that
k
Z aw; =0 in O 5)
i=1

We know that Z;‘:l a;w; 1s an analytical form, according to the unicity theorem of Holmgren’s-Kovalevska in L.
Hormander (1976), we have Zf-‘zl a;w; = 0 on Q, we can deduce by hypothesis that ; = 0, Vi € {1,...,k} and
consequently (w;5)1<i< i8 linearly independent.

Since D(O) is dense in L*(0), Niane et al. (2006) and Density Lemma imply that there exists a family (g;)1<;< of
functions of D(Q) with support in O such that:

VYO<j<ic<k, fwigjdx = 0ij ©)
Q

Theorem Let Q be a non-empty bounded open polygon with R" of boundary T'. Let T'y and Ty be two non-empty
analytic open sets of T such that mes(I'y N T,) # 0. Let (w;)i<i<x be a linear independent family of biharmonic
functions of L*(Q) verifying

0 i 0A i
w; = a—a; =0 on I' and (ya—s)lfl,yAwilfz) € L2(Fl) X Lz(l“z), (7

then there exist k functions (h;, gi)1<i<x of D(I'1) X D(I'y) with compact support contained in I'y N Ty verifying
OAw;
VOSj<i$k,ij(Aw,vgj+a—:)hj)da'zéij. @®)

Proof. Let the space H = L>(T'}) x L*(I';) with the following scalar product

Y(x1, 1), (X2, ¥2) € H,{(x1,y1), (x2,¥2)) = {x1, X2) +{y1,¥2) )

With this product, H is a Hilbert space. Next we prove that the family {(‘M“" Ir, Aw,|r,) k} is linearly indepen-
dent.

Assume the existence of real numbers («;) such that

k
0Aw;
Zal( 9y |F|,Awl|l"2) =0

i=1 I<i<k

This implies that
k 0Aw;iy
2, 1 @i g):,u =0

Zé(:] a; (Awilr,) =0
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Since ¥ = Zle a;w; 1s an analytical form in virtue of the Holmgren and the Cauchy-Kovalevska theorem (see
Hormander, L., 1976). Hence, we can deduce under our hypothesis that

A =0 inQ
zp:z—‘ffzo onT

(10)
% =0 onT}

Ay =0 on T,

According to the Cauchy-Kowalevska Theorem, there exists a non-empty open neighbourhood O c I'y N T'; such
that Zle a;w; = 01in O. By Holmgren Theorem (Hormander, L., 1976), we obtain:

k
Z ajw; =0in O
i=1

Consequently, we have:

k
Z QWi = 0in Q
i=1

So we can deduce that @; = 0, Vi and the family

0Awi
(Wh", , Awi|1"2)

1<ick
is linearly independent.

Since D(I';) x D(I') is dense in L?(T';) x L*(I';), Niane et al. (2006) proved the existence of a family (/;, g;)1<i<k
of compact support contained in I'j N I'; such that

0Aw;
VOSj<iSk,f(Awigj+0_whj)do-=6ij (11)
r v

3. Cancellation of Singularities
3.1 Preliminary Results on Dual Singular Functions

We show that, in a cracked domain, we can obtain a regular solution of the biharmonic problem by acting two
simultaneous controls on two small parts of the boundary of intersection not empty and not reduce to a point on
the small part O of Q not intercepting any vertices.

Lemma (P. Grisvard, 1985) If f € L*(Q), the solution u of Problem (1) related to the crack O; is writen as
U= ug+ Zle A;S; where ug € H*(Q) and A; € R for i € {1, ...,4). This singular part is described below by its
polar coordinates

Si(r,0) = rsin(a;0)n;(r) (12)

where a; = L is the singularity exponent related to the crack O; and n; is cut-off function equal to 1 on the
o 8 P n q

neighbourhoocli of vertex of the open O;.

By Grisvard Lemma, in each non-convex vertices, we have finite number of dual singular solutions associated with
the domain Q.

Pose w; = IS i(r,0) = r*Isin(a;0ni(r) for 1<i<k and j € {1,3}. According to Grisvard (1985; 1989) and
Timouyas (2003), (w])1<i< is the family of dual singular solutions associated to m angles of non-convex vertex of
domain Q. This family is linearly independent and verifies

A2a):f =0inQ
Viell,.. k), w € X(Q)N Vand (13)

oW}

ya—V;:yw?=0 inT’
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with V; the i’ open neighbourhood of vertex of O; of the domain Q.
The singularity coeflicients (A;)<;<x associeted with problem

Find u € Hg(Q), such that
(14)
Yv e HX(Q) : [, AuAvdx = [ fvdx
are obtained as
A = ffw;*dx (15)
Q

3.2 Cancellations of Singularities

Theorem It exist k infinitely differentiable functions with compact support contained in O such that if f € L*(Q)
and (A;)1<i<k the singularity coefficients corresponding to the problem

ANu=finQ
(16)
yu = % =0onTl
then the solution of problem
N =f-Fi AigiinQ
(17)

ygoz%—szonF

verifies ¢ € H*(Q) N H(Z)(Q).

Proof. The dual singular solutions of (16) verifies hypotheses of Theorem 2.2. Hence it exist a family (g;)1<i<x of
functions with compact support contained in O such that

V0§i<jSk,fwigjdx=6ij (18)
Q

Let (4;)1<i<x the singularity coefficients associeted with (15) and (¢;);<;<x the singularity coefficients of (16). So we
have:

i

k
f a)fAzgodx = f wi(f - Z Aigdx
Q Q =1
k k
fw;ffdx—Zasz;*g,dx: A= by = A= ;=0
Q I=1 Q =1

¢ = 0. Consequently and the solution is ¢ € H*(Q) N H3(Q)
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Figure 1. Non-convex cracked domain
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